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ADVERTISEMENT, 



Lacroix's Alqebri has been in use in the French schools for 
a considerable time. It has been approved by the best judges, 
and been generally preferred to the other elementary treatises, 
which abound in France. The following translation is from the 
eleventh edition, printed at Paris in 1815. Mo alteration has 
been made from the original, except (o substitute English instead 
of French measures in the questions, where it was thought neces- 
sary. When there has been an occasion to add a note by way 
of illustration, the reference is made by a letter or an obelisk, 
the author's being always distinguished by an asterisk. 

In a review of the two first parts of the Cambridge course of 
Mathematics, which appeared in the American Journal of Sci- 
ence and the Arts for 1832, after many favourable remarks, the 
writer, speaking of Lacroix's Algebra, observes, that " there are 
instances of incorrect translation at pages 18, 23, 54," It is re- 
gretted that the passages referred to were not more particularly 
pointed out. The places mentioned, however, have been care- 
fully examined and compared with the original. At page 18 the 
only passage to which the above remark can be supposed to 
apply, is the following ; " and by arranging the letters in alpha- 
betical order, they are more easily read ;" of which the original 
reads thus : 

" et en interverlissant t'ordre des multiplications pour conserver 
I'ordre alphabetiqae, plus facile dans I'enonciatioD des lettres." 
Here, as in other parts, a little latitude is used for the sake of 
perspicuity, and of preserving the English idiom ; but it is pre- 
sumed that the sense is fully and exactly rendered. At page- . 
33 there was clearly a mistake, the sense being the reverse of that 
of the original, and of that which the connexion obviously re:- 
quires. At page 54, the only inaccuracy to be found b in print- 
ing " multiplier" for " multiple." " At page 37" [97], says ihe 
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reviewer, " the last clause, ' and retaining the accents which be- 
longed to the coefficients,' does not express the meaning of the 
original." The original of the whole passage runs thus ; 
" en ckangeant k eoeffideitl de Vincotmue qu'on chercht, dtms U feme 
tmtl eonnu, et en conserrant d'mtUurs Us accens teU qtt'ib sonl." 
It is not easy to perceive in what the defect of the translation 
consists. A literal rendering would not be very good English; 
moreover, there is an ambiguity in the original which does not 
exist in the translation. A doubt might arise in the mind of the 
learner which accents are meant, those which belong to the 
terms changed, or those which belong to the terms into which 
the change is made. In the translation the sense ia precise, cor- 
rect, and clear. Speaking of explanatory notes, the reviewer 
says, " in that given at page 95, doubtless by inadvertence, the 
parentheses, which ought to indicate the multiplication between 
the factors, are ^omitted." Parentheses in this case would be 
superfluous, the line separating the numerator from the denomi- 
nator answering that purpose. In proof of thb, examples might 
be quoted from writers of the first authority. Thus, page 82 of 

this very work, we have c — b — "^ . , perfectly similar to the 
case in question, and which is represented as faulty. r, ci \ t' 

Camtriffee, Jwfo, 1825. „ ^ 

. _ ,..:,:,. ' ■- ><-■ - >'•'■■ > ' 
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ELEMENTS OF ALGEBRA. 



Preliminary Remarks upon the Transition from Arithmetic to Alg^ 

bra — Explanation and Use of Alg^raic Signs. 

1. It mjst have been remarked in the EUmtnlary Trtalise of 
Arithmetic^ that there are many questions, the solution of which 
is coraposed of two parts ; the one baring for its object to find 
to which of the four fundamental rule« the determination of the 
unknown number by means of the numbers given belongs, and 
the other the application of these niles. The first part, inde- 
pendent of the manner of writing numbers, or of the system of 
notation, consisia entirely in the development of the consequences 
which result directly or indirectly from the enunciation, or from - 
the manner in which that which is enunciated connects the num- 
bers given with the numbers required, that is to say, from the 
relations which It establishes between these numbers. If these 
relations are not complicated, we can for the most part find by 
simple reasoning the value of the unknown numbers. In order 
to this it is necessary to analyze the conditions, which are in- 
volved in the relations enunciated, by reducing them to a course 
of equivalent expressions, of which the last ought to be one of 
the following ; the unknomn quantil}/ equal to the sum or the differ- 
ence, or the product, or the quotient, of such and mch mt^itudeg. 
This will be rendered plainer by an example. 

To divide a given. number into two such parts, that the first shall 
exceed the second by a given difference. 

In order to this we would observe 1, that, 

The greater part is equal to the less added to the given excess, and 
that by consequence, if the less be known, by adding to it this 
excess we have the greater; 3, that, 

Alg. 1 
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The grtater added to tht leas forma the number to he divided, 

Siibstitutbg in this last proposition, instead of the words, the 
greater part, the equivalent expression given above, namely, the 
lets part added to the given txcesa, we find that 

The lets part, added to the given excess, added moreover to the 
hss part, forms the nvmber to be divided. 

But the language maj be abridged, thus. 

Twice the less part, added to Ike given excess, forms the number (♦ 
be divided ; 
whence we infer, that. 

Twice the less part is equal to the number to be divided diminished 
6y the given excess ; 
and that, 

Once the less part is equal to half the difference between the num- 
ber to be divided and the given excess. 

Or, which is the same thing. 

The less part is equal to half the number to be divided, diminished 
by half the given excess. 

The proposed question then is resolved, since to obtain the 
parts sought it is sufficient to perform operations purely arith- 
metical upon the given numbers. 

If, for example, the number to be divided were 9, and the 
excess of the greater above the less 5, the less part would be, 
according to the above rule, equal to | less f, or |, or 2; and 
the greater, being composed of the less plus the excess 6, would 
be equal to 7. 

2. The reasoning, which is so simple in the above problem, 
but which becomes very complicated in others, consists in gen- 
eral of a certain number of expressions, such as added to, dimin- 
ished by, is equal to. Sic. often repeated. These expressions 
relate to the operations by which the uragniludes, that enter into 
the enunciation of the question, are coniKCied among themselves, 
and it is evident, that the expressions might be abridged by 
representing each of them by a sign. This is done in the fol- 
lowing manner. 

To denote addition we use the sign +, which signifies ^Au. 

For subtraction we use sign — , which signifies minus. 

For multiplication we use the sign X, which signifies multi- 
plied by. 

To denote that two quantities arc to be divided one by the 
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other, we place the second under the first with a straight line 
between them ; | signifies 5 divided In/ 4. 

Lastly, to indicate that two quantities are equal, we place 
Wtween them the sign ^ which signifies equal. 

These abbreviations, alihough verjr considerable, are still not 
sufficient, for we are obliged often to repeat tht number to bi 
divided, the number given, the less part, the number lotight, Slc, hj 
which the process is very nluch' retarded, 

With respect to given quantities, the expedlsnt which first 
offers itself is, to take fiir representing them determinate num- 
bers, as in arithmetic, but this not being possible with respect to 
the unknown quantities, the practice has been to substitute in 
their stead a coiiventional sign, which varies as occasion re- 
quires. We have agreed to employ the letters of the alphabet, 
generally using the last j as in arithmetic we put x for the fourth 
term of a proportion, of which only the three first are known. 
b is from the use of these several signs that we derive the 
science of Algebra. 

I now proceed by means of them to consider the question 
stated above (1). 1 shall represent (he unknown quantity, or 
the less number, by the letter x, for example, the number to be 
divided and the given excess by the two numbers 9 and 5 ; the 
greater number, which is sought, will be expressed bj x + 5, 
and the sum of the greater and less by x + 5 + xi we have 
then 

x + 6+x = 9i 
but by writing 2x for twice the quantity x there will resuh . 
2 a^ + 5 = 9. 

This expression shows that 5 must be added to the number 
2 a: to make 9, whence we conclude that 

21 = 9 — 5, 
or that 2^=4, 

and that lastly j; = } = 2, 

By comparing now the import of these abridged ezpreasioiis, 
which I have just given by means of the usual signs, with the 
process of simple reasoning, by which we are led to the solution, 
we shall see that the one is only a translation of the other. 

The number 2, the result of the preceding operations, will 
answer only for the particular example which is selected, while 
the course of reasoning considered by itself, by teaching us, that 
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the Ui» pari u tqual to half the number to be dwided, mmua half 
the given exctss, renders it evident, that the unknown number is 
composed of the numbers given, and furnishes a rale by the aid 
of which we can resolve all the particular cases comprehended 
in the question. 

The superiority of this method consists in its having reference 
to n 1 I ne number in particular ; the numbers given are used 
throughout without any change in the language by which they 
are expressed; whereas, by considering the numbers as deter- 
minate, we perform upon them, as we proceed, all the operaliiHis 
which are represented, and when we have come to the result 
there is nothing to show, how the number 2, to which we may 
arrive by any nuQ>F)er of different operations, has been formed 
from the given numbers 9 and A. 

3. These inconveniences are avoided by using characters to 
represent the number to be divided and the given excess, that 
are independent of every particular value, and with which wc 
can therefore perform any caiculalion. The letters of the alpha- 
bet are well adapted to this purpose, and the proposed question 
by means of them may be enunciaied ihus. 

To dhidt a given nvmber repristnled by a into two avch partt 
that the greater shall hone with respect to the less a given txcttt 
rtprtstnled by h. 

Denoting always the less by x ; 

The greater will be expressed by a; -|- 6 ; 

Their sum, or the number to l>e divided, will be equal Eo 
x + x + b^orQx + b; 

The first condition of the question then will give 
2a^-|-6 = a. 

Now it is manifest that, if it is necessary to add fo double of 
X, or to 21, the quantity b in order to make the quantity a, it 
will follow from this, that it is necessary to diminish a by fc to 
obtain 2 x, and that consequently 3 x =: a — b. 

We conclude then that half of 2 » or a? z= ° , 

2 2 

This last result, being translated into ordinary language, by 
substituting the words and phrases denoted by the letters and 
signs which it contains, gives the rule found before, according to 
vhich, in order to (Alain the less of iteo parts sougM we mbtract 
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/ran half of the number to he divided, or from - lialf of the gtwn 

b 

ixcesa, or -. 

Knoming the less part we have the greater by adding to the 
less the given excess. This remark is sufficient for effecting the 
solution of the question proposed ; but Algebra does more ; it 
furnishes a rule for calculating the greater part without the aid 
of the less as folions ; 
2 — - being the value of this, augmenting it.bj the excess A, 

we have for the greater part - — 5 + &• Now - — 9 + ^ showi 
that after having subtracted from - the half of 6, it is necessary 
to add to the remainder the whole of b, or two halves of 5, 
which reduces itself to augmenting - by the half of b, or by -. 

It is evident then that - — - + 6 becomes = + r ! and by trans- 
lating this expression we learn, that of iht tao parts sovght the 
greater is tqual to half of the nitmber to be dimdtdpliu half of the 
given excess. 

In the particular question which I first considered, the num- 
ber to be divided was 9, the excess of one part above the other 
5 ; in order to resolve it by the rules to which we have just 
arrived, it will be necessary to perform upon the numbers 9 and 
5, the operatiiMis indicated upon a and 6. 

The half of 9 being J and that of 5 being 5, we have for the 
less part 

and for the greater 

S + t=V = 7- 

4. I have denoted in the above the less of the two parts by «, 
and I have deduced from it the greater. If it were required to 
find directly this last, it should be observed, that representing it 
by X, the other will he x — 6, since we pass from the greater to 
the less by subtracting the excess of the first above the second ; 
the number to be divided wilt then be expressed by t-|- x — fc, 
or by 2 a; — 6, and we have consequently 2 a; — 6=0. 

This result makes it evident that 2 x exceeds the quantity a 
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by the quantity 6, and that consequently 2« = «-{-6. By 
taking the half ol 2x and of the quantity which is equal to it, 
ne obtain for the value of x 

• = °- + \ 

2 2' 
vhich gives the same rule as the above for determining the 
greater of the two parts sought, I will not stop to deduce from 
it the expression for the smaller. 

The same relation between the numbers given and the num- 
bers required may be enunciated in many different ways. 1 hat 
which has led to the preceding result is deduced also from the 
following enunciation : 

Knowing the sum a of two twmbers and their difference b, tojind 
each of those mtmbers ; since, in other words, the number to be 
divided is the sum of the two numbers sought, and their differ- 
ence is the excess of the greater above the less. The change in 
the terms of the enunciation being applied to |he rules found 
above, we have 

The less of two ntin^ers sought is equal to half of the sum tainut 
half of the difference. 

Thtgrtater is equal to half of the samplus half of At difference. 

5. The following question is similar to the preceding, but a 
little more complicated. 

To divide a given nutnber into three stich parts, that the excess of 
ihi mean above the least may be a given nurr^r, and the excess of 
the greatest above the mean may be another given number. 

For the sake of distinctness I will first give determinate values 
to the known numbers. 

1 will suppose that the number to be divided is 330 ; 
that the excess of the middle part above the least is 40 ; and 
ihat of the greatest above the middle one is 60. 

Denoting the least part by a^, 
the middle onB will be the least plus 40, or x -|- 40, and the 
greatest will be the middle one plus 60, or a; + 40 4- 60. 

Now the three parts taken together must make the number to 
be divided ; whence, 

a; + it-|-40-fir-f-40 + 60=: 230. 

If the given numbers be united in one expression and the un- 
IcnowD ones in another, x is found three limes in the result, and 
for the sake of conciseness we write 

3j:+ 140= 230. 
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But since it is necessary to add 140 to triple of x to make 330, 
it follows, that by taking 140 from 230 we have exactly the 
triple of «, or 

3a: = 230— 140, 
or 3a: = 90, 

whence it follows that 

a: = V = 30. 

By adding to 30 the excess 40 of the middle part above the 
least, we have 70 for the middle part. 

By adding to 70 the excess 60 of the greatest above the mid* 
die part, we have 130 for the greatest. 

6. If the known numbers were different from those which I 
have used in the enunciation, we should still resolve the question 
by following the course pursued in the preceding article, but we 
should be obliged to repeat all the reasonings and all the opera- 
tions, by which we have arrived at the number 30, because there 
is nothing to show how this number is composed of 230, 40, 
and 60. To render the solution independent of the particular 
values of numbers, and to show how the value of the unknown 
quantity is 6xed by means of the known quantities, I will enun- 
ciate the problem thus ; 

To divide a given number a into three aucA parts, that ike excess 
o/lhe middle one above the Itast shall be a given number b, and the 
txctss of the greater above Ae middle arte shall be a given number c. 

Designating as above by x the unknown quantity and making 
use of the common signs and Che symbols a, b, c, which repre- 
sent the known quantities in the question, the reasoning already 
given will be repeated. 

The least part = x, 
the middle part = a: + 6, 
the greatest = x + b + c. 

and the sum of these three makes the number to be divided ; 
hence, 

x + x-{-b + x + h + c=a. 

This expression, which is so simple, may be still further 
abridged ; for since it appears that a: enters three times into the 
number to be divided and 6 twice, insle.id of at + a: + t. I i^hall 
write 3 x, and instead of ^ b -|- 6, I shall write + 2 />, and it will 
become 

3 a: -1- 2 6 + c = a. 
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From this last expression it is evident, that it is necessary to 
add to triple the number represented by x, double the number 
represented bjr b, and also the number c, in order to make the 
number a ; it follows then, that if from the number a we take 
double the number 6 and also the number c, we shall have ex- 
actly the triple of x, or that 

3x?=(i — 2ft — c. 
Now c being one third of three limes a:, we thence conclude 
that 

a — n — e 
.= 1 

It should be carefully observed, that having assigned no par- 
ticular value to the numbers represented by a, 6, c, the result to 
which we have come is equally indeterminate as lo the value of 
X', \i shews merely what operatious it is necessary to perform 
upon these numbers, when a value is assigned to them, in order 
thence to deduce the value of the unknown quantity. 

In short, the expression ~ , to which x is equal, may 

be reduced to common language by writing, instead of the let- 
ters, the numbers which they represent, and inslead of the signs, 
the kind of operation which they indicate; it will then become, 
as follows ; 

From ike numbtr to he divided, auhtract dovbk the excess of ike 
middle part ahove the least, and alio the excess of lite greatest above 
the middie pari, and idee a third of the remainikr. 

if we apply this rule, we shall determine, by the simple oper- 
ations of arithmetic, the least part. The number to be divided 
being for example 230, one excess 40, and the other 60, if we 
suhlract as in the precedmg article twice 40, or 80, and CO from 
230, there will remain 90, of which the third part is 30, as we 
have found already. 

If the number to be divided were 520, one excess 50, and the 
other 120, we should subtract twice 50, or 100, and 120 from 
620, and there would remain 300, a third of which or 100 would 
be the smallest part. The others are found by adding 50 to 100, 
whi^h makes 150, and 120 more to this, which makes 270, s* 
that the parts sought would be 

100, 150, 270, 
and their sum would be 520, as the question requires. 
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It is because the results in algebra are fpr the pipst part onlj 
an indication of the operations to be performed upon numbers 
in order to find others, that they are called in general fortmtlas. 

This question, although more complicated than that of article 
1, may still be resolved by ordinary language, as may be seen 
in the following table, where against each step is placed a trans- 
lation of it into 'algebraic characters. 



To divide a number into three sucb parts, that the excess of 
the middle one above the least shpp be a given number, 9nd the 
excess ot the greatest above the middle one shall be another 
given number. 



<'" langu^. By algebraic charactert. 

Let the number to be divid- 
ed be denoted l^y a. 
the excess of the middle part 
above the least by fc. 
the excess of the greatest 
above i^e middle one by c. 
The least part being x. 

The middle part wiU be the ) 

leaet, plus the excess of the > The middle part will be x -f* &• 

ipe^n above the least. ) 

The greatest part will bp the"^ 

middle one, plus the excess of i 

the greatest above the middle t ^.^ „„.(„, „ii| he * -I- i -I- <• 

one. The three parts will to- ^ "^ greatest mllbex + b + c. 

gether form the number pro- I 

posed. J 

Whence the least pari, plus' 

the least part, plus the excess 

ftf the middle one above the 

least, plus also the least part, Whence 

plu^ ttie excess of the middle J-i + * + ^ + ^ 

one above the least, plus the 

excess of the greatest above 

the middle one, will be equal 

to the number to be divided. 
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Whence three times the least*] 

part, plus twice the excess of 

the miLldle part above the | 

least, plus also the excess ofS3x-f~ ib + c:= a. 

the greatest above the middle J 

one, will be equal to the num- 1 

ber lo be divided. J 

Whence three times the least"\ 

part will be equal to the num- 1 

ber to be divided, minus twice 

the excess of the middle part >3* = <i — 26 — c. 

above the least, and mmus I 

also the excess of the greatest i 

above the middle one. J 

Whence in fine, the least part" 
will be equal to a third of 
what remains after deducting 
from the number to be divid- 
ed twice the excess of the mid- 
dle part above the least, and 
also the excess of the greatest 
above the middle one. 

7. The signs mentioned in article 2 arc not ihc only ones 
used in algebra. New considerations will give rise to others, 
as we proceed. It must have been observed in article 2, that 
the multiplication of x by 2, and in articles 5 and 6 that of x by 
3 aiid that of 6 by 2, is denoted by merely writing the figures 
before the letters x and h without any sign between them, and I 
shall express it in this manner hereafter; so that a number 
placed before a tetter is to be considered as multiplied by the 
number represented by that letter, 6x, 5 a, &c. signify five times 

a:, five times a, Sic. J a: or — , &c. signifies | of a; or three tiracB 

X divided by 4, &:c. 

In general, mukiplicalion will be denoted by writing the fac- 
tors in order one after the other without any sign between them, 
whenever it can be done without confusion. 

Thus the expressions ax, be, &c. are equivalent to a X x, 
. b X e, &.C., but we cannot omit the sign when numbers are con- 
cerned, for then 3X6. the value of which is 1 5, becomes 35. In 
this case we often substitute a point in the place of the usual 
sign, thus, 3 . 5. 
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Equations, 

■8. If ihe solution of the problems in articles S and 6 be exam- 
ined with attention, it will be found to consist of two parts entirely 
distinct from each other. In the tirsl place, we express by 
means of algebraic characters the relations et^tablished by the 
nature of the question between the kooivn and unknown quan- 
tities, from which we infer the equality of two quantities among 
themselves ; for instance, in article 3 the quantities 3 x -{- 6 and a, 
and in article 6 the quantities 3 x -|- 3 b -{- c and a. 

We afterwards deduce from this eq'iality a series of conse- 
quences, which terminate in showing the unknown quantity x to 
be equal to a number of known quantities connected together by 
operations, thai are familiar to us ; this is the second part of the 
solution. 

These two parts are found in almost every problem which be- 
longs lo algebra. It is not easy, however, at present to give a 
rule adapted to the first part, which has for its object to reduce 
the conditions of the question to algebraic expressions. To be 
able to do this well, it is necessary to become familiar with Ihe 
characters used in algebra, and to acquire a habit of analyzing 
a problem in all its circumstances, whether expressed (u* implied. 
But when we have once formed the two numbers, which the ques- 
tion supposes equal, there are regular steps for deducing from 
thbt expression the value of the unknown quantity, which is the 
object of the second part of the solution. Before treating of 
these I shall explain the use of some terms which occur in 
algebra. 

An equation is an expression of the equality of two quantities. 

The quantities which are on one side of the sign s taken 
together are called a metier ; an equation has two members.' 

That which is on the left is called the Jirst member, and the 
other the second. 

In the equation 3X'|<6 = a, 2x-]-bisthe Jirst mender, and 
a is the second mtmhtr. 

The quantities, which compose a member, when they are 
separated by the sign -|- or ■ — , are called terms. 

Thus, the first member of the equation 3 x -4^ 6 := a contains 
two terms, namely, 3 x and + ^• 
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The equation | jc + 7 = 8 a; — 12 has two terras in each a{ 
its members, namely, 

I X and + 7 in the firsl, 
8 a: — 13 in (he second. 

Although I have taken at random, and to serve for an exam- 
ple merely, the equation J j; -f- 7 ^ 8 a; ^ 1 2, it is to be consid- 
ered, as also every other of which I shall speak hereafter, as 
derived from a problem, of which we can always find the enun- 
ciation by translating the propos(!d equation into common lan- 
guage. This under consideration becomes. 

To find a nuTiAer x 3Uch, that by additxg 7 Jo f x, the lum skaH 
be equal to 8 limes t minus 13. 

Also the equation nx-f-fic — ex := ac — fca;, in which thi 
letters a, 6, c, are considered as representing known quantities, 
answers lo the following question ; 

To find a number x juch, that muUiplifit^ tl by a given numbers, 
and adding the product of two 'givtn numbers b and c, and auhtract- 
itigfrom this gum the product of a given number c by the number X, 
iDt shall have a resuU e^al lo the producl of the namhera a and c, 
diminished by thai of ike numbers h and x. 

It is by exercising onie'a self frequently in translating questions 
from ordinary language into that of algebra, and from algebra 
mto ordinary language, that one becomes acquainted with this 
science, the difficulty of which consists almost entirely in the 
perfect understanding of (he signs and the manner of using them. 

To deduce from ah equation the value of the unknown quan- 
tity, or to obtain this unknown quantity by itself in one membet 
and all the knowh qaantilies ill the other, is called resolving the 
equation. 

As the different qoeslibns, which are solved by algebra, lead 
to equations more ot* less cbnlpOunded, it is usnal to divide them 
into several kinds of di^eies. I shall begin with equations of the 
first degree. Under this denomination are included those etjua- 
ttons in which the unknown quantities are neither multiplied by 
themselves nor into each other. 

Of the reaolulion of Egitalians of the First Degree, having 6tll one 
UrUbrMten gvantiO/. 
9. We have already seen that to resolve an equation is to 
arrive at an expression, in wfait^i 'i^e unknown quantity ftlbne in 
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Mb taember is equal to known quantities combined together hj 
operations which are easily performed. It follows then, that in 
order to bring an equation to this stale, it is necessary to free 
the unknown quantity (ram known quantities with which it is 
connected. Now the unknown quantity may be united to known 
quantities in three ways ; 

1. By addition and subtraction, as in the equations, 
a + 5 =1 9 — ic, 

9. By addition, subtraction, and multiplication, as in tfao 
equations, 

71^5= 12 + 41, 
ax — b = ex -\- d. 
3. Lastly, by addition, subtraction, multiplication, and divis' 
ion, as in the equations, 

3 ^ 12 ~ ' 

The unknown quantity is freed from additions and subtrac- 
tions, where it is connected with known quaniiiies, by coUecling 
together into one member all the terms in which it is found; and 
for this purpose it is necessary tojtnow how to transpose a term 
from one member to the other. 

10. For example, in the equation 

7a: — 5 = 12 + 4 31, 
it is necessary to transpose 4 x from the second member to the 
first, and the term — 5 from the first member to the second. 
In order to this, it is obvious, that by cancelling + 4 r io the 
second member, we diminish it by the quantity 4 x, and we must 
make the same subtraction from the first member, to preserve 
the equality of the two members; we write then — 4a; in the 
first member, which becomes 7 1 — 5 — ix and we have 

7a; — 5 — 4i=12. 
To cancel — 6 in the first member, is lo omit the subtraction 
of 5 units, or in other words, to augment this member by 5 units ; 
to preserve the equality then we must increase the second mem- 
ber by 5 units, or write + 5 in this member, which will make 
it 12 + 5 ; we have then 

7x — 4x—n-\- 5. 
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By performing the operations indicated there will result the 
equation 3j:.^17. 

From this mode of reasoning, which may be applied to anj 
example whatever, i( is evident, that to cancel in a member a 
terni affected with the sign -f-i which of course augments thb 
member, it is necessary to subtract the term from the other 
member, or to write it with the sign — ; that on the contrary 
when the term to be etiaced h^ the sign minus, as it diminishes 
the member to which it belongs, it is necessary to augment the 
other member by the same term, or to write it with the sign -)- ; 
whence we obtain this general rule ; ' 

To transpose any Itrm whatever of an eguaHon from one me/nber 
to the other, tl is necessary to tffact it in the member where it it 
found, and to write it in the other with the contrary sign. 

To put this rule in practice, we must bear in mind that the 
first term of each member, when it is preceded by no sign, is 
supposed to have the sign plus. Thus, in transposing the terra 
c I of the literal equation ax — b = c x -\- d from the second 
member to the first, we have 

ax — b — cx^d; 
transposing also — b from the first member to the second, it 
becomes 

ax — C!c = d + b. 

1 1 . By means of this rule, we can unite together in one of the 
members all the terms containing the unknown quantity, and in 
the other all the known quantities ; and under this form the 
meifiber, in which the unknown quantity is found, may always 
be decomposed into two factors, one of which shall contain only 
known quantities, and the other shall be the unknown quantity 
by itself. 

This process suggests itself immediately, whenever the pro- 
posed equation is numerjcal and contains no fractions, because 
then all the terms involving the unknown quantity may be re- 
duced to one. If we have, for example, 

10a: + 7a: — 2a:=26+7, 
by performing the operations indicated in each member, we shall 
have in succession 

171 — 2 a; = 32, 
15a; = 32; 
and 15xis resolved into two factors IS and x; we have then 
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the unknown factor x by dividing'the number 33, which is equal 
to the product 15 a; by the given factor 15, thus, 

X = f |! 

This resolution b effected in like manner in the literal equa- 
tions bf the form 

ax = bci 
because the term a x signifies the product of a by ic ; we hence 
conclude, that 



Let there be the equation 

ax — hx -\- cx:r:ac — be, 
which contains three terms involving the unknown quantity. 
Since .a x, bx,c x, represent the products respectively of x by the 
quantities a, b, and c, the expression oa: — bx -i- ex translated 
into ordinary language is rendered as follows, 

Ftoiu X t(^en jirst, so many limes as there are units tn a, sub- 
trad to many limes x as there are units in b, and add to the resuft 
the same quantity x, taken so many limeii as there are units in c. 

It follows then on the whole, that the unknown quantity x is 
taken so many limes as there are units in the difference of the 
numbers a and 6, augmented by the number c, that is to say, so 
many times as is denoted by the number a — fc + c ; the'two 
factors of the first member are therefore o — 6 + c and x ; we 
have then 

ae — bc 

Prom this reasoning which may be applied to everr other 
example, it is evident, that after collecting together into one mem- 
ber the different terms containing the anknov>n quantity, the factor, 
by which the unknown quantity is multiplied, is composed of all those 
quantities by which it is separately multiplied, arranged with their 
proper signs, and the unknown quantity is found by dividing all the 
terms of the knoien member by the factor which is thus obtained. 

According to this rule, the equation ax — 3x ^:^bc gives 



Also the equation x -\- ax =. c — d'ti reduced to 
_ c — d 
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for it is necessarj to observe that the letter », taken singly, 
must be regiirded as mulliplied by one. It it besides manifest, 
that m X -{• ax, the unknown quantity x is contained once more 
than in a x, and is consequently multiplied by 1 -|- a. 

IS. It is evident that if there be a factor, which is common to 
all the terms of an equation, it may be dropped without destroy- 
uig the equality of the two expressions, since it is merely divid- 
ing by the same number all the parts of the two quantities, 
which are by supposition equal lo each other. 
Let there be, for example, the equation 

&abx — 9bcd— \'2bdx -\- Ibahc. 
I observe in the iirst place, thai the numbers 6, 9, 13 and 15 are 
divisible by 3, and by suppressing this factor, I merely take a 
third part of all the quantities which compose the equation. 
] have after this reduction, 

2abx~-^hcd=Ahdx-\- babe. 
1 observe, moreover, that the letter fc, combined in each term as 
a multiplier, is a factor common to all the terms ; by cancelling 
it the equation becomes 

^ax~-Zcd=idx-\-5ac. 
Applying the rules given in articles 10 and 11, I deduce suc- 
cessively 

Zax — Adx — 5ac-\-^cd, 
5ae + 3cd 

13. I now proceed to equations, the terms of which have divi- 
sors. These may be solved by the preceding rules whenever 
the unknown quantity does not enter into the denominators; 
but it is often more simple to reduce all the terms to the same 
denominator which may then be cancelled. 

Let there be, for example, the equation 

y + ^ = V' + --y- 

Arithmetic furnishes rules for reducing fractions to the same 
denominator, and for converting whole numbers into fractions of 
a given kind, (jjrilh, 79, 69.) Let all the terms of the pro- 
posed equation be transformed by these rules into fractions of 
the same denominator, Ijeginning with the fractions, which are 
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IcoDvert them by the first of the rules cited into the following ; 
5X7X2X 3X7X 41 SX 5X5t 

3X5xr' 3X5X7' 3X3X7' 

Since, for convertiBg the whole numbers 4 and 13 into fractions, 
nothing more is necessary than to multiply them by the common 
(leaommator of the fractions, namely, 3 X 5 X 7 j we have 
3X5X7X4, 3XSX7X12. 
By placing all these ternv in order in the proposed equation, 
it will become 



3X5X7 3X5X7 
_SX7X4i , 3X5X7X12 3X5X5z 



3X5X7 3X5X7 3X5X7 

The denominator may now be cancelled, since by doing it we 

only multiply all the parts of the equation by this denominator, 

{Arith. 54), which does not destroy the equality of the members. 

It will become then .^ 

5X7x2a! + 3X5X7X4 
= 3X7X4a; + 3X5X7X 12 — 3X5X5 iC. 
or 70a^ 4- 420 = 84a! + 1260— 75i, 

an equation without a denominator from which we deduce the 
value oix by the preceding rules. 

It is evident from inspection, as also from the mere appUca* 
tion of the arithmetical rules referred to, that in the above oper* 
ation the numerators of each fraclion mu»t be multiplied by thepro- 
duct of the denomhtators of all the otkert, the whole numbers by the 
prod^Kt of all the derwminators ; then no aceounl need be taken of 
the common denominators of the fractions thus obtained. 

The equation 70 1 + 420 — a4x + 1260 — 7&x, becraies 
snccessively 

70ar -]- 75ic— 84a; = 1260 — 420, 
61 ic = 840, 

The same process is applicable to lUeral equations, it being 
observed, that it is necessary only to indicate the inultiplications, 
which are actually performed wbeii numbers are concerned. 
Let there be, for example, the equation 
^_._*^* 4_/ff. 
b e ^ h ' 

we deduce from it 

ehX ax~-beh X c = 6Ax d» + bexfg, 
•SIg. 3 
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a result which may be more simply expressed by placing thcf 
factors of each product one after the other without any sign be- 
tween them, according to the method given in article 7 ; and by 
arranging the letters in alphabetical order, they are mwe easily 
read, it then becomes 

a thai — -frceA = bdhx + 6e/g, 
from nhkh is deduced 

atho! — bdhx — hefg -^ bceK, 

and x~ — ■ \ - -i— ir- 

aek — oak 

14. Although no general aiid exact rule can be given for 
forming the equation of any question whatever; there is not- 
withstanding, a precept of extensive use, which cannot fail to 
lead (0 the proposed object. It is thiff. 

To indicate htf ike aid of aigebraic signs vpan the ktumn quanti- 
ties represented either by numbtn or letters, and upmi the unknown 
quantities r^resented always igr letters, the same reasonings and 
the same operations, which it would have been necessanf to perform 
nt order to ■oerify the values of Ae unAmotm qwmlitiet, had theg 
been known. 

In making use of this precept, it is necessary, in the first 
place, to determioe with care what are the operations which are 
contained in the enunciation of the question, either directly or 
by implication ; but this is the very thing which constitutes the 
difficulty of putting a question into an equation. 

The following examples are intended to illustrate the above 
precept., I have taken the two first from among the questions 
which are solved by arithmetic, in order to show the advantage 
of the algebraic method. 

1. Lei Aere be tao fountains, the first of which running for 2Jft^ 
fills a certain vessel^ and the second fills the same vessel by running 
3|h. what time, mill be employed by both the fountaijis running 
together infillit^ the vessel? 

If the time were given we should verify it by calculating the 
quantities of water discharged by each fountain, and adding 
them together we should be certain, that they would be equal to 
the whole content of the vessel. 

To form the equation we denote the unknown time by x, and 
we indicate upon x the operations implied by the question ; but 
ia order to render the soLulion independeat of the given num- 
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bers, and at the same time to abridge the expression where frac> 
^ns are concerHed, we will represent them also by letters, a 
being written instead of 9^b. and h instead of 3}h. 

This being supposed, by putting the capacity ot the veuel 
equal to unity, it is evident, that, 

The first fountain, which will fill it in a number of hours de> 
noted by a, will discharge into'' it in one hour a quantity of 

water expressed by the fraction -, and that consequently, in a 

number x of hours it will furnish the quantity x x -i or -. 
{^rith. 53). 

The second fountain, which will fill the same vessel in a num- 
ber of hours described by 6, will discharge into it in one hour a 

quantity of water expressed by the fraction -, and consequent- 
ly in a number x of hours, it will furnish the quantity a> X t* 

*"" r 

The vholc quantity of water then furnished by the two foun- 
tains, will be 

. l + p 

and this quantity must be equal to the content of the vessel, 
which was considered as unity ; we have then the equation 



This equation reduced by tlte foregoing rules, becomes 
6a; + ax ^ ab, 
ah 

The last formula gives this simple rule for resolving every 
case of the proposed question. 

Himde the product oftht numbers, which denote the times employ 
ed 6y tack fountain in filling tht vessel, 6y the sum of (ftwe mmibers ; 
the quotient expresses the time reijuired by both the finmtaitu run- 
ning together to fill the vessel. 

Applying this rule to the particular case under consideration, 
we have 

2i K 3| = J X y = V, 

2i + 3| = i + y = V + V = V, 
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whence a; = || =: |, 

Q. Let A be a number (o be dtvided into Are* para, haetng among 
Aaneelvea the same raliot as the given numbert m, n, and p* 

It is evideal that the veri&cfttion of the question would .be as 
follows ; 
deootiog the 1st part by x, we have 

m : n : : iT : the 2d part = ^ {Arith. 1 16.) 

fa : p :: X i the 3d part = — ; 

the three parts added tc^ther must make the number to be 
divided. We have then the equation 

» + — +^ =0- 
By reducing all the terms to the denominator m, it becomes 

mx -j- nx + px = ami 
and we deduce from this 



This result is nothing more nor less than an algebraic expres- 
sion of the rule of FelloTeghip, {Aritk, 124); for by regarding 
the numbers m, n,^, as denoting the stocks of several persons 
trading in company, m •]- n -{• p is the whole stock, a the gain 
to be divided, and the equation 



m + n+p 
shows that a share i» obtained btf multiplying (^ cofreaponding 
ttock into the whole gain, and dtvidittg the product btf the twn oftiu 
atoda i which reduced to a proportion, becomes 
the mhole stock : a particular stock 
; : the vhofe gain ; to the particular gain. 
15. To form an equation from the following question, re- 
quires an attention to some things, which have not yet been con- 
sidered. 

^Jiaherman, to encourage his iim, promises him 5 cents for each 
ihroa of the net in tohich he shall lake any fsh, but the son, on tht 
other hand, is to remit to the father 3 cents for each utuwceetiful 
throm. After 12 Ovroaa the father and the son settle their account, 
and the former is found to owe the latter 38 cents. What vias the 
tmnAer of successful throKs of the net t 
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If we represent this number by x the number of unsuccessful 
ones will be 12 — x; and if these numbers were given, we should 
verify them by multiplying 5 cents by the first, to obtain what 
the father was bound to pay the son, and 3 cents by the second, 
to find what the son engaged to return to the father. The first 
number ought to exceed the second by 28 cents, which the 
father owed the son. 

We have for the first number x times 5 cents, or 5x. With 
respect to the second, there is some difficulty. How are we to 
obtain the product of 3 by 12 — a:? If instead of x we had a 
given number, we should first perform the subtraction indicated, 
and then multiply 3 by the remainder ; but this cannot be done 
at present, and we must endeavour to perform the multipUcatioD 
before the subtraction, or at least, to give the eipression as 
entire algebraic form, similar to that of equations that are rea- 
dily solved. 

With a little attention we shall see, that by taking 12 times 
the number three, we repeat the number 3 so many times too 
much, as there" ai* units in the number x, by which we ought . 
first to have diminished the multiplier 12, so that the true pro- 
duct will be 36 diminished by 3 taken x times or 3 x, 
or more simply 36 — Sx. 

This conclusion may be verified by giving tax a num«^c!^ 
value. If, for example, x were equal to 8, we should have 3 to 
be taken 12 tiroes — 8 times, and, if we neglect — 8 times, w« 
shonld make the result 8 times the number 3 too much ; the 
true product then will be 

3 X 12 — 3 X 8 = 36 — 24= 19. 
This result agrees with that which would anae from first sub- 
tracting 8 from 12; for then 

12 — 8 = 4, and 3x4=12. 
This being admitted, since the money due from the father to the 
BOD is expressed by bx, and that which the son owes the father 
by 36 — 3 X, the second number must be subtracted from the 
first in order to obtain the remainder 38 ; but here is another 
difficulty; how shall we subtract 36 — 3x from 5x, without 
having first subtracted Zx from 36? 

We shall avoid this difficulty by observing, that if we neglect 
^e term — ix, and subtract from 5 x the entire number 36, we 
shall have taken necessarily 3 x too much, since it is only what 
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remains after having diminished 3C by 3 x that is to be subtract- 
ed from 5 X ; so that the difference 5x — 36 ought to he aug> 
mented by 3 x in order to form the quantity that should remain 
after having taken from 5 x the number denoted by 36 — Zx, 
- This quantity will then be 

5 a: — 36 + 3 « ; 
and we have the equation 

6ar_ 36 + 3at = 28, 
which becomes successively 

8 a; — 36 = 98, 
8 a; = 28 + 36, 
8 a: =: 64, 
, a; = V = 8. 
There have been then S successful throws of the net and 4 
unsuccessful ones. 
Indeed 8 throws at 5 cents a throw give 40 cents, 
4 throws at 3 cents a throw give 13 

difference 38 

as required by the conditions of the question. 

To render the solution general, let a represent the sum given 
by the father to the son for each successiul throw of the net, and 
i the sum returned by the son for each unsuccessful one, and c 
the total number of throws, and d the sum received on the whole 
by the son. If x be put equal to the number of successful throws, 
e — X will express the number of unsuccessful ones ; each throw 
of the former kind being worth to the son a sum a, x throws 
would be worth ay. x ok ax, and the unsuccessful throws would 
be worth to the father the sum b multiplied by the number c — x. 

The reasoning by which we have found the parts of the pro- 
duct of 3 by 1 2 — a?, applies equally to the general case. If we 
neglect in the first place — a? in forming the product be of b by 
the whole of c, the sum b will be repeated x times too much, and 
consequently the true product will be 6 c — bx. 

In order to subtract this product from the sum ax, it is neces- 
sary to observe, as in the numerical example, that if we subtract 
the whole of the quantity 6 c we take the quantity bx too much, 
by which the former ought to have beeu first diminished, and 
that consequently the true remainder is not merely ax — &c, 
but ax — he -\-bx. . 



rmn-n-.;Goog\c 



Quantitiei reprtaented htj Litltrs. S3 

As this sum is equal to d, we have the equatioD 
ex — be -^ bx =: d, 
whkh gives 

ax-\-bx=::d-H-bc, 
_ d+be 
" ~ a + b' 
As this general formula indicates what operations are to be 
performed upoa the numbers a, b, c, d, in order to obtain the 
unknown quantity x, we may reduce it to a rule or carefully 
write instead of the letters a, b, c, d, the numbers given. This 
last process is called si^sUfuHng the values of the given quanti- 
ties, or jntUw^ At formula into numbers. Applying here those of 
the foregoing example, we have 

_ 28 + 8 X 12 . 
*~ 5-1-8 ' 
by performing the operations indicated, it becomes 
_28_+36 _ 64 _ 



Mdiais for performing, as fur as m po»s\bU, Ikt OpereOions indicated 
upon Quantities tkal are rtprtsenUd hy t-^tert. 

16. From the preceding question it is evident, that in certain 
cases a multiplication indicated upon the sum or difference of 
several quantities is made to consist of several partial multipli- 
cations; and in art. 11, we have exactly the reverse, by resolv- 
ing the quantity ax — bx -\- ex, which represents the result of 
several multiplications, followed by additions and subtractions, 
ipto the two factors a — b ■\- c and x, which indicate only a sin- 
gle multiplication preceded by addition and subtraction. The 
reasoning pursued in these two circumstances, will suggest rules 
for performing, upon quantities represented by letters, operations 
which are called algebraic multiplication and division, from the 
analogy which they have with the corresponding operations of 
arithmetic. 

We have also by the same analogy two algebraic operations, 
which bear the names of addition and subtraction, in which the 
object is to unite several algebraic expressiops in one, or to take 
one expression from another. But these operations, like the 
preceding, differ from those of arithmetic in this, that their 
results are, for the most part, only indications of the operations 
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to be perfM^ed ; they present only a transformation of ihe 
operations originally Indicated into others, n hich produce the 
same efieci. All' that is done, is either to simplify the ezpres' 
sions, or to give them a proper form for exhibiting the conditions 
that are to be fulfilled. 

In order to explain these operations, we, give the name of 
nmph qwtntiliea to those which consist only of one term, as 
-{- 2 0, — ^ 3a b, &c. binomials to those which consist of two, as 
a -\- b,a — b, 3 a — 2x, &c. trinomials to those which consist 
of three terms, qvadrinamiats to those which consist of four terms, 
aad polyiomials to those which consist of more than four terms. 
It may be observed also, that we call polynomials compound 
qwtntitiM. 

Of the Addition ofAlgAraic Qam^itt. 

17. The addition of simple quantities is performed by writing 
them one after the other, with the sign -^ between them ; thus, a 
added to 6 is expressed by a 4- ^- But when it is proposed to 
add together several algebraic expressions^ we aim at the same 
time to simplify the result by reducing it to as small a number 
of terms as possible by uniting several of the terms in one. 
This b done in articles 3 and 5, by reducing the quantity x -i^-x 
to 2 X, and the quantity x-f-x-f^toSx. It can take plac£ 
only with respect to quantities expressed by the same letters^ 
and which are for this reason called similar quantities. A literal 
quantity that is repeated any number of times is regarded as a 
unit, it is thus, that the quantities 3 a and 3 a considered as two 
and ttiree units of a particular kind, form when added 5 a or 5 
units of the same kind. Also 4 ah and 5ab make 9 a 6. 

In this case, the addition is performed with respect to the 
%ures which precede the literal quantity, and which show how- 
many times it is repeated. These figures are called coefficxenii. 
The coefficient then is the multiplier of the quantity before which 
it is placed, and it must be j-ecollected, that when there is none 
expressed, unity is Understood ; for l a Is the same as a. 

18. When it is proposed to unite any quantities whatever, a» 

4o + 66and2c + 3rf, 
the sum total ought evidently to be composed of all the parts- 
joined together ; we must write then * 
Aa-\-Ah-\-Ze-\- id. 
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If w« have 4m the contrary 

4a + 5b and 2c — 3 d. _ 
The siga •«- must be retained in the sum, (o mark ^ subtractive 
(be quantity 3 d, which, as it is to be taken from 3 c, must neces- 
sariljr diminish by so much the sum formed by uniting 3 c with 
the first of the quantities proposed^ we have then, 
4a + Sb + ic—3d. 

From these two examples it is evid^t, ^at m algebra Ae addv- 
tioti of pob}nomials ia ptrformtd by mritingin order, ont after the 
other, the qtumtines to be added mth their proper signs, it being ob- 
served that tht terms which ha-ot no signs bt/ore them are considered 
at having the sign -\-, 

The above operation is, properly speaking, only an indication 
by which the union of two compound quantities is made to con- 
sist in the addition and subtraction of a certain number of simple 
quantities ; but, if the quantities to be added contained siiailar 
terms, these terms might be upited by performing the operation 
upon their coefficients. 

Let there be, for example, the quantities 

4a + 9b — ic, 

So — 3c + 4d, 

7 6+ c — e ; 

the Biun indicated would be, according to the rule just given, 

40 + 96 — 2c + 2o — 3c + 4d+76 + c — e. 

But the terms 4 a, + 3 0, being formed of similar quantities, 
may be united in one sum equal to 6 a. 

Also the terms + 9 6, + 7 6 give + 16 6. 

Tte terms — 2 c and — 3 c, being both subtractive, produce 
on the whole, the same efiect as the subtraction of a quantity 
equal to their sum, that is to say, as the subtraction of 5 c ; and 
as by virtue of the term + c, we have another part c to be add- 
ed, there will remain therefore to be subtracted only 4 c. 

The sum of the expressions proposed then, will be reduced to 
60+ 16 6 — 4c + 4d— e. 

The last operation exhibited above, by which all similar 
terms are united in one, whatever signs they have, is called 
reduction. It is performed by taking the sum of ainular quanti^ 
having the sign -\-, that of similar qaaritities having the sign — , 
and tu6f racftng the less of the two sums from the greater, and giving 
h tht remamder th4 «ign o/" Ae greater. 

Alg. 4 • 
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It is to be remarked, that reduction is applicable to ail algebraic 
operations. 

The following ezamplea of additioa, with Hieir , answers, are 
iotended as an exercise for the learner. 

1 . To add the quantities ■ 

7m + 3n— 14;)-f- Hr 
30 + 9n— llffl+ 2r 
Bp ■ — 4m+ 8n 
Hn — 26 — m— f + ». 

Answer, 7m+3n— 1 Ap-{- 1 7r-}-3a+9n— 1 Im+2r+6/i — 4m+8n 
+ lln — 26 — n» — r + ». 
By making the reduction, this quantity becomes 

— 9ni + 3In— 9^+ 18r+3a — 26 + s, 
or 31»— 9m — 9/> + 18r+ 3o — 26 + s, 

_ by beginning with the term liaving the sign -|-. 

2. To add the quantities 
n&c+4a(I— 8ac + 5cd 

8ac+ 75c — 2a(i + 4nin 
2cd— 3fl6 + Sac + an 
9an— 26c — 2a<i + 5cd. 



Ubc-^ 4ad— 8oc + 5 C(f+ 8 0C + 7 6e — 2 ad + 4™ rt 
2c(i— 3a6+ 5oc ^a» +9aM— 2 6c— 2ad+5 cd. 
By reducing this quantity it becomes 
]6 6c+5ac+ 12cd + 4win — 3a6+ 10 on. 

Of the Subtraction o/Mgebraic Quantities. 

20. The subtraction of single quantities, according to estab- 
Tished usage, h represented by placing the sign — between the 
quanlity to be subtracted, and that from which it is to be taken ; 
b subtracted from a is written a — 6. 

When the quantities are similar, the subtraction is performed, 
dirertly by means of the coefficients. 

If 3 a be subtracted from 6 a, we have for a remainder 2 a. 

With regard to the subtraction of polynomials, it is necssary 
to distinguish two cases. 

1. If the terms of the quantity to be subtracted have each the 
sign -)-, we must clearly give to each the sig^ — , since it is 
required to deduct successively all the parts of the quantity to 
be subtracted. 
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If for example, from 5 a — 9 b -^-icwt would take 

we must write 6a — 9fc + 2c — 2 d — 3 e — 4/. 

3. If any of the terms of the quanlitj to be subtracted have 
the sign — , we must give- them the sign plus. Indeed, if from 
the quantity a we would take 6 — c, and should first write a — b, 
we should thus diminish a by the whole quantity b ; but the sub- 
traction ought to have been performed after having first dimin- 
ished b by the quuitity c ; we have taken therefore this last 
quantity too much, and it is necessary to restore it with the 
sign -\-, which gives for the true result a — b -\- c. 

This reasoning, which may be applied to all similar cases 
shows that the sign — of c must be changed ioto the sign -j- ; and 
by connecting this result with the preceding, we conclude, that 
the jvbtraclion ofalgdtraic quanttlits is performed by wrilwg them in 
order after the quantities, from which thfjj art to be taktn, having 
first changed the signs -\- into — and the signs — into +• 

After this rule has been applied, the quantities are to be re- 
duced when they"" will admit of it, according to the precept given 
in article 19, as may be seen in the following examples ; 

1. To subtract from 17a + 2M— 9 5 — 4e + 23 d 
the quantity 61 o — 27 6 + 1 1 c — 4 d. 

Result I7b + 2nt— 9 6 —4c + 23d 

— 510 + 276— 1Ic + 4d. 
When reduced it becomes 

— 34a4- 2i» -f 18 6— 15c + 27 d, 
or rather 2m— 34a-l-186— 15c+27d. 

2. To subtract ft'om Sac — 8o6-|-96c — 4am 
the quantity "Sam — 2a6 + 11 ac — 7c d. ■ 



Result 5ac — 8a6-f-96c — 4am 

— 8am4-2o6 — llcc+ 7c d. 
Reduced it becomes 

— 6 ac — 6o6 + 96 c— 12 am -f 7cd, 
or 96c — 6ac — Ga6 — 12am -|- 7cd. 

Of the Multiplication of Algebraic Quantities, 
91. So far as letters are considered as expressing the numeri- 
cal values of the quantities for which they stand, multiplication 
in algebra is to be regarded like multiplication in arithmetic. 



n,g,t,7rJM,GOOglC 



M JBiMlmlt o/Algihnu 

(^rith. 31, 66.) Thas, to ntult^ abjf hit to cotnpownd with A* 
^uantittf r^traented 6y a another quantity, in the i ante manner at 
the quantiU/ repramitd btfhit nilA unify. 
^ We have already explained, in articles 9 and 7, the Bigni uSed 
to indicate multipliCetion ; and the product of a by 6 is express- 
ed by a X 6, or bj a . 6, or lastly, by a b. 

We have often occasion to express several successive multipli- 
cations, as that of a by b, and that of the product a fr by c, also 
that of this last ptvdurt by d, and so on. In this case, it is evi- 
dent, that the last result is a number having foryocfon the num- 
bers a^b,c,d, {ArUh, 32) ; and to give a general expression of 
this method, roe indicait tht product by wrilir^ the factors compot- 
ing it in order, one after the other, wi^uMt ar»/ sign betaeen than f 
we have accordingly the expression abed. 

Reciprocally every expression, such as ahcd formed of sev- 
eral letters written in order one after the other, designates always 
the product of the numbers represented by these letters. 

1 have already availed myself of this method, in which the 
numerical coefficients are also included, since they are evidently 
factors of the quantity proposed. Indeed iSabcd, designating 
the quantity abed taken 15 times, expresses likewise the pro- 
duct of the five factors 15, a,h,c,d. 

It follows from this, that in order to indicate the multiplication 
of several simple quantities, such as 4abc, 5def, 3ntn, it is 
necessary to write the quantities in order, one after the other, 
without any sign between them, and it becomes 

4a6(;5ije/3nin; 
but since, as is shown in arithmetic^ (art. 83) the order of the 
factors of a product may be changed at pleasure without alter- 
ing the value of this product, we may avail ourselves of .this 
principle, to bring t<^ther the numerical factors, the multiplica- 
tion of which is performed by the rules of arithmetic ; to express 
then this product, as indicated in the order 4. 5 .Sabcdeftnnt 
we multiply together the numbers 4, 6, 3, which give simply 
GO abcdefmn.* 

' As the use of algebraic symbob abridges very much the demon- 
stration of this proposidon, I have thought it proper to suggest here 
a method by these symbols. 

Ifwe write the pro(hict«icde/ as fell«wi,«(c X tie X/iftitd 
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33. The m^Hresaion of the product may be mnch abridged 
when it contains equal foctors. Instead of writing several times 
iu order, the letter which represents one of the factors, it need 
be written only once with a number annexed, showing how 
many times it ought to have been written as a factor ; but as 
this number indicates successive multiplications, it ought lo be 
carefully distinguished from a coefficient, which indicates only 
additions. For this reason, it is placed on the right of the letter 
and a little higher up, while a coefficient is always placed on the 
left and on the same line. 

Agreeably to this method, the product of a by a, Which would 
be indicated according to article 31, by a a becomes a*. The 
3 raised, denote? that the number, designated by the leuer a, is 
twice a factor in the expression, to which it belongs. It ought 
not to be confounded with 3 a which is only an abbreviation of 
a-\- a. lo render evident the error, which would arise from 
mistaking one for the other, it is sufficient to substitute numbers 
instead of the letters. If we have, for example a = fi, 3 a would 
bect^ne 3 . 5 z= lo, and «» = a X a =: 6 . 5 = 25. 

Extending this method we should denote a product in which a 
u three tines a factor by writing a* instead of aaa; also a* 
represents a product in which a is five times a factor, and is 
equivalent Xoaaaaa. 

94. The products formed [n this manner by the successive 
DoItipUcations of a quantity, are called in general ptmtrs of that 
quantity. 

The quantity itself, as a, is called the first power. 

The quantity multiplied by itself, as a a, or a', is the second 
power. It is called also the square. 

The quantity multiplied by itself twice in succession, as a a a, 
or a', is the third power, and is called also the cub«.* 

change the order of the factors of the product to^d instead of de, 
(j4rili. 27) it becomes ab e X e d X f, or a b et df. It is evident 
that we may, by analysing tfae prodact differently, produce any 
diange which we wish in the order of the Actors of the product ia 
question: 

* The denominations square and cube refer to geometrical con- 
siderations. They interrupt the uniformity in the nomenclature of 
products formed by equal factors, and are very improper in algebra. 
B«t they are ^quently used for the sake of conciseness. 
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In general, any power whatever 13 designated by the number 
of equal factors from which it is formed ; a* or a a a a a is the 
Jiflk power of a. 

I take the number 3 to illuatrate these denominations, and I 
have 

1st. power 3 

2d. 3.3=9 

3d. 3 . 3 . 3 = 9 . 5 = 27 

4th. 3. 3. 3. 3 = 27. 3 = 81 

«th. 3 . 3 . 3 . 3 . 3 = 81 . 3 = 243 

&c. 
The number which denotes the power of any quantity is call- 
ed the (xponent of this quantity. 

When the exponent is equal to unity it is not written; thus a 
is the same as a'. 

it is evident then, that lo find, Ae power of any mtmhtr, it is 
mcessary lo multiply thit number by itself as many times less ont, 
«a there are vnits m Ike exponent of the power. 

25. As the exponent denotes the number of equal factors, 
which form the expression of which it is a part, and as the pro- 
• duct of two quantities must have each of these quantities as fee- . 
tors; it follows that the expression a' in which a is five times a 
factor, multiplied by a', in which a is three times a factor, ought 
to give a product in which a is eight times a factor, and con- 
sequently expressed by «', and that in general the product of 
too powers of the same number ought to have for an exponent the 
sum of those of the mutliplicand and multiplier. 

36. It follows from this, that when two simple quantities have 
common letters, we may abridge the expression of the product of these 
quantities by adding together the exponents of such Utters of the 
muUijulicand and multiplier. 

For example, the expression of the product of the quantities 
a' 6' c and a* h' c' d, which would be a' 6' c a* b' c* d, by the 
foregoing rule, art. 21, is abridged by collecting together the 
factors designated by the same letter, and 
o' a* b" b' cc' d, 
becomes. a* 6' c^ d, 

by writing a' instead of a» a' 

6' instead oft' 6' 
c» instead of c c" or of c' c^. 
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97. Aa we distinguish powers by the mumber of equal factors 
fixtm which they are formed, so also we denote any products by 
the number of simple factors or firsts which produce them ; and 
1 shall give to these expressions the name of degrees. The pro- 
duct a* b^ c, for example, will be of the sixth degree, because it 
contains six simple factors, viz ; 2 factors a, S factors b, and 1 
factor c. It is evident that the factors a, h, and c, here regarded 
as firsts, are not so, except with respect to algebra, which does 
not permit us to decompose them ; they may, notwithstanding, 
represent compound numbers, but we here speak of them only 
with respect to their general import.* 

The coefiicients expressed in numbers are not considered in 
estimating the degree of algebraic quantities ; we have regard 
only to the letters. 

It is evident, (21, 35) that when wc multiply two simple quan- 
tities the one by the other, the number which marks the degree 
of the product is the sum of those which mark the degree of 
each of the simple quantities. 

38. The multiplication of compound quantities consists in that 
of simple quantities, each term of the multiplicand and multiplier 
being considered by itself; as in arithmetic we perform the 
operation upon each figure of the numbers which we propose 
to multiply. {Arith. 33.) The particular products added to- 
gether make up the whole product. But algebra presents a 
circumstance which is not found in numbers. These have no 
negative terms or parts to be subtracted, the units, lens, hun- 
dreds, &x. of which they consist, are always considered as 
added together, and it is very evident, that the whole product 
must be composed of the sum of the products of each part of 
the multiplicand by each part of the multiplier. 

* We apply the term dimensions, generally to what I have here 
called degrees, in conformity to the analogy already pointed out in 
the note to page 29. This example sufficiently proves the absurdity ' 
of the ancient nomenclature, borrowed from the circumstance, that 
the products of 2 and 8 factors, measure respectively the areas of the 
suifaces and the bulks of bodies, the former of which have two and 
die latter three dimensions ; but beyond this Lmit the correspond- 
ence between the algebraic expressions and gepmetrical figures fiuls, 
-as extension can have only three dimensions. 
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The same is true cf literal expressions wbeo all the terms are 
connected together by the sign -{-. 

The product of a + b 

multiplied bj c 

it ac -\- be 

and is obtained hy multiplying each part of the multiplicand by 
the multiplier, and adding together the two particular products 
ac and be. The operation is the same when the multiplicand 
contains more than two parts. 

If the multiplier is composed of several terms, it is manifest 
that the product is made up of the sum of the products of the 
multiplicand by each term of the multiplier. 

The product of a + 6 

multiplied by c -{- d 



. < ac + bc 

** ( -\-ad + bd; 

for by multiplying first a -|- 6 by c, we obtain ae -^ be, then by 

multiplying a -^ 6 by the second term d of the multiplier, we 

have ad -]- bd, and the sum of the two results gives 

ac + bc + ad + bd 
for the whole. 

99. When the multiplicand contains parts to be subtracted, 
the products of these parts by the multiplier must be taken from 
the others, or in other words, have the sign — prefixed to them. 
For example, 

the product of n — b 

multiplied by c 



is ac — be; 

for each time that we take the entire quantity a, which was t* 
have been diminished by b before the multiplication, we take the 
quantity 6 too much; the product ac therefore, in which the 
whole of a is taken as many times as is denoted by the number 
e, exceeds the product sought by the quantity 6, taken as many 
times as is denoted by the number c, that is by the product b c ; 
ire ought then to subtract b c from a c, which gives, as above^ 
ac — be. 
The same reasoning will apply to each of the parts of the mul- 
tiplicand, that are to be subtracted, whatever may be the niun- 
ber, and whatever may be that of the terms of the multiplier, pro- 
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vided thej all have the sign +. Recollecting that the terms 
which have ho sign are considered as having the sign -|-, we see 
by the examples, that the terms of the multiplicand affected by 
the sign + give a product affected by the sign +, while those 
which have the sign — give one having the sign — . It follows 
from this, that mhm the multiplier haa the sign -J-, the product has 
the same sign as the corresponding part of the multiplicand. 

30. The contrary takes place when the multiplier contains 
parts to be subtracted; the products arising from these parts 
must be put down with a sign, contrary to that which they 
would have had by the above rule. This may be shown by 
the following example. 

Let the multiplicand be a — h 

and the multiplier c — d 

the product will be | _ ^ j~ ^ ^ , 

for the product of the multiplicand, by the first term of the mul- 
tiplier, will be by the last example ac — be; but by taking the 
whole of c for the multiplier instead of c diminished by d, we 
take the quantity a — 6 so many times too much as is denoted 
by the number d; so that the product ac — be exceeds that 
sought by the product of o — 6 by d. New this last is, by what 
has been said, ad — bd, and in order to subtract it from the 
first it is necessary to change the signs (20). We have then 
ac — be — ad -{• bd for the result required. 

31. Agreeably to the above examples, we conclude, that the 
multiplication of polynomials is performed by multiplying successively 
according to the rules given for simple guanlitits (21 — 26), all ike ■ 
terms of the multiplicand by each term of the mttlttpiier, and by 
observing that each particular product must have the same sign, as 
the corresponding part of the multiplicand, mhen the multiplier kas 
the sign +, and the contrary »tgn mhm the individual multiplier 
has the s^ — . 

If we develop the different cases of this last rule, we shall find, 

1. That a term having the sign +, multiplied by a term hav- 
ing the sign -|-, gives a product having the sign -|- ; 

2. That a term having the sign — , multiplied by a term hav- 
ing the sign -(-? gives a product which has the sign — ; 

3. That a term having the sign +, multiplied by a term having 
the sign — , gives a product which has the sign — ; 
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4. That a term having the sign — , mullipliecl by a term hav- 
ing the sign — , gives a product which has the sign -|— ' 

It is evident from this table, that Tnhen ihe muUiplicand and 
multyilier have the same sign, the product has the sign -{-, and that 
whtn /Aty have different signs, the product has iht sign — . 

To facilitate Ihe practice of the multiplication of polynomials, 
I have subjoined a recapitulation of the rules to he observed. 

1. To determine the sign of each particular product according to 
the rule just given ; this is the rule for the signs. 

2. To form the coefficierits by taking the product of ihos* of each 
multiplicand and muUiplitr (23); this is the rule for the coeffi- 
cients. 

3. To write in order, one afier the other, tke different letters con- 
tained m each multiplicand and multiplier (21); this is the rule 
for the letters. 

4. To give to the letters, common to ike mull^ticand imd multi- 
plier, an exponent equal to the sum of the eaporunts of these^ letters 
in the multiplicand and multiplier (35); this is the rule for the 
exponents. 

32. The example below will illustrate all these rules. 
Multiplicand 5 a* — 2o»6 + 4 a' b' 
Multiplier a" — 4a'b +2 6' 

Several ^ ^ "' — 2 a« 6 + 4 a» 6» 

products. Jo J3::: 4^= 6*+ sa'b^ 



Result reduced Sa"" — 22a<'6+12o=6' — 6a*b'> — 4a=6'+8a"6'. 
The first line of the several products contains those of all the 
terms of the muliiplicand by the first term a' of the multiplier ; 
this term being considered as having the sign +, the products' 
u'hich it gives have the same signs as the corresponding terms 
of the multiplicand (31). 

The first term 5 a* of the multiplicand having the sign plus, 
we do not write that of the first term of the product, which would 
be + ; the coefficient 5 of a* being multiplied by the coefiicient 
I of o', gives 6 for the coefficient of this product; the sum of 
the two exponents of the letter o is 4 + 3, or 7, the first term of 
the product then is 5 a''. 

The second term — 2 a' 6 of the multiplicand having the sign 
J the product has the sign minus; the coefficient 2 of a' 6 mul- 
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tipliedby the coefficieDt 1 of a', gives 3 for the coefficient of the 
product ; the exponent of the letter a, common to the two terms 
which we multiply, is 3 + 3, or 6, and we write after it the 
letter b, which is found only in the multiplicand. The second 
term of the product then is — 2 a» fc. 

The third term -)- 4 a* t* gives a product affected with the 
sign -|-, and by the rules applied to the two preceding terras, we 
find it to be 4- ia'b'. 

The second line contains the products of all the terms of the 
multiplicand by the second term — 4 a* 6 of the multiplier. This 
last having the sign — , all the products which it gives must 
have the signs contrary to those of the corresponding terms of 
the multiplicand ; the coefficients, the lettei-s, and the exponents 
are determiued as in the preceding line. 

The third line contains the products of all the terms of the 
multiplicand by the third term -)- 2 6' of the multiplier. This 
term having the sign -f~) ii" t^^ products which it gives have the 
same sign as the corresponding terms of the multiplicand. 

After having formed all the several products which compose 
the whole product, we examine carefully this last, to see whether 
it does not contain similar terms ; if it does, we reduce them 
according to the rule (19), observing that two terms are similar, 
which consist of the same letters under the same exponents. In 
this example there are three reductions, viz ; 

— 2a'b and — 20a"6, which give — 22o»6; 
-j- 4o» 6" and + 8a» fc', which give + 11 a' b' ; 

— 16 a* b' and + 10 a* b', which give — 6 a* b'. 
These reductions being made, we have for the result the last 
line of the example. 

See another example to exercise the learner, which is easily 
performed afler what has been said. 
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33. From tlie manner of proceedtng in mnltiplication, it a 
evident that if all the terms of the multipiicand are of the same 
degree (27), and those of the multiplier are also of the same 
degree, all the terms of the product will be of a degree denoted 
by the sum of the numbers, which mark the degree of the terms 
of each of the factors. . 

In the first example, the multi^icand is of the fourth degree, 
the multiplier of the third ; and the product is of the seventh. 

In the second example, (he multiplicand is of the sixth degree, 
the multiplier of the third ; and the product is of the ninth. 

Expressions of the kind just referred to, the terms of which 
are all of the same degree, are called komogtiuoui expressions. 
The above remark, with respect to their products, may serve to 
prevent occasional errors, which one may commit by forgeltiog 
some of the factors in the several parts of the multiplication. 

34. Algebraic operations performed upon literal quantities, as 
they permit us to see how the several parts of the quantities 
concur lo form the results, often make known some general pro* 
perties of numbers independent of every system of notation. 
The multiplications that follow, lead to conclusions of the great- 
est importance, and of frequent nse in the subsequent parts of 
this work. 



a + h 




a + S 


— 4 




c + b 








a. +.6 




„■ +ab 


— oJ — S- 




+ „b + b- 


0"— f 


a* +2o6 + 6' 




O" + 20 


b + b' 




+ S 






a'+2t 


•i + ab' 


+ «' 


■t + 2» 


b' +b' 



a> + 3a"6 + Sat" + 6=. 

It appears from the first of these products, that the quantity 
a -f* is multiplied by a — 6, gives o* — h' i whence it is evi- 
dent that, if we mult^hf tht ntmoftmo numben by their difftrmce, 
AeproAiCt mil bt tht digHrtnee of the tquarei of these numbers. 

If we take, for example, the sum 1 1 of the numbers 7 and 4, 
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and multiply it bj ihe difference 3 of these numbers, the product 
3 X 11, or '33, will be equal to the difference between 49, the 
square of 7, and 16, the square of 4. 

By the second example, in which a -|- b is twice a factor, we 
learn ; that the second powtr, or the square of a quanlity composed 
of two parts a and h coatamsthe squareof the first part, plus double 
(Ae product of the first part iy the second, plus Ae square of iht 
second. 

The third example, in which we have multiplied the second 
power of a -^ bhy the first, shows; that, the third pomer or cube 
of a quantity composed of two parts contains the cube of the firsts 
plus thru iimts the square of the first multiplied by the second, plus 
three timet the first multiplied by the square of the second plus the 
cube of the second. 

35. As we have often occasion to decompose a quantity into 
its factors, and as the algebraic operations are dispensed with, 
when it can be done, in order to exhibit the formation of the 
quantities to be considered, as distinctly as possible, it is neces- 
sary to lix upon some signs proper to indicate multiplication 
between complex quantities. 

We use indeed the marks of a parenthesis to comprehend the 
factors of a product. The expression 

{5a* — 3a'b' +6')(4o6»— oe» + d') (6« — c»)> 
for example, indicates the product of the compound quantities 
6a« _ 3a» 6" + b*, 4ab' ~ ac" + d', and b" — c». 
Bars were used formerly by some authors placed over the fac- 
tors thus, 



5 o» — Sa' b' +6* X 4 O it» — ac* -\- d' X b' — c* ; 
but as these may happen to be too long or too short, they are 
liable to more uncertainty than the marks of a parenthesis, 
which can never admit of any doubt with respect to the quantity 
belonging to each factor. They have accordingly been preferred. 

Of the Division of Algebraic QMmtittes. 

36. Ai^^BRAic division, like division in arithmetic, is to be 
regarded as an operation designed to discover one of the factors 
of a given product, when the other is known. According to this 
definitron, the quotient multiplied by the divisor must produce 
anew the dividend. 
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By applying wbat is here said to simple quantities we shall 
see hy art. 21, that the dividend is formed from the factors of the 
divisor and those of the quotient ; whence, by mj^essing in Ike 
dividend all the factors which compose the divisor, the result will be 
Ike quotient sought. 

Let there he, for example, the simple quantity 72a' 6* c* d to 
be divided by the simple quantity 9a' be* ; according to the 
rule above given, we must suppress in the first of these quantities 
the factors of the second, which are respectively 

9, a', b, and C. 
It is necessary then, in order that the division may be perform- 
ed, that these factors should be in the dividend. Taking them 
in order, we see in the first place that the coefficient 9 of the divi- 
sor, ought to be a factor of the coefficient 72 of the dividend, or 
that 9 ought to divide 73 withoul a remainder. This is in fact 
the case, since 72 = 9 X 8. By suppressing then the factor 9, 
there will remain the factor 8 for the coefficient of the quotient. 

It follows moreover, from the rules of multiplication (25), that 
the exponent 5 of the letter a in the dividend, is the sum of the 
exponents belonging to the divisors and quotient ; this last ex- 
ponent therefore will be the difference I^etween the two others, 
or 5 — 3 =:i 2. Thus the letter a has in the quotient the expo- 
nent 3. For the same reason, the letter 6 has in the quotient an 
exponent equal to 3 — 1, or 3. The factor c* being common to 
the dividend and divisor is to be suppressed, and we have 

Sa'b* d 
for the quotient required. 

The same will apply to every other case ; we conclude then, 
that, in order lo effect the division of simple quantities, the course to 
he pursued is, 

To divide the coefficient of the dividend by Ihal of the divisor ; 

To suppress in the dividend ike letters lehtch are common to t( and 
the divisor, when they have the same exponent ; and when Ike expo- 
nenl is not the same, to subtract the exponent of the divisor from 
that of the dividend, the remainder being the exponent to bt affixed 
lo Ae letter in the quotient ; 

To write in the quotient the leflera of tke dividend which are not 
in the divisor. 

87. If we apply the rule now given for obtaining the eifff 
nent of the letters of the quotient, to a letter which has the lam^ 
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exponent in ihe dividend and divisor, we sball find zero to be 
the espoflCDt which it ought to have in the quotient ; a' divided 
by a', for example, gives a*. To understand what is the im* 
port of such an expression, it is necessarj to go back to its ori- 
gin and to consider, that if we represent the quotient arising 
from the division of a quantity by itself, it ought to answer to 
unity, which expresses how niany times any quantity is contain- 
€d in itself. It follows from this, that t/i« txpression a» i* a sym- 
bol equivatent to unity, (Bid may consti]utnlltf be rtpresented by 1. 
We may then omit writing the letters which have zero for their 
exponent, since each of them signifies nothing but unity. Thus 
a* 6 c* divided by a* bC, gives a' b* c', which becomes a, as is 
very evident by suppressing the common factors of the dividend 
and divisor. 

We sec by this, that the proposition, evtry qtianCity which has 
zero for tU exponent, is equal to \, is nothing, properly speaking, 
but the explanation of a conclusion to which we are brought by 
the common manner of writing the powers of quantities by ex> 
ponenls. 

[n order that the division may be performed, it is necessary, 
1. that the divisor should have no letter which is not found in 
the dividend ; 2. that the exponent of any letter in the divisor 
should not exceed that of the same letter in the dividend ; 3. 
that the i::oefficient of the divisor should exactly divide that of 
the dividend. 

38. When these conditions do not exist, the division can only 
be indicated in the manner pointed out in the 2d article. Still 
we should endeavour to simplify the fraction by suppressing 
such factors, as are common to the dividend and divisor, if there 
are any such; for {Arith. 57) it is manifest, that the theory of 
arithmetical fractions rests upon principles which are indepen- 
dent of every particular value of their terms, and which would 
apply to fractions represented by letters, as well as to those 
vhich are represented by numbers. 

According to these principles, we in the first place suppress ike 
numerical fiictors comrncm to Ihe dividend and divisor, and then 
(Ae letters which are common to the dividend and divisor, and mhicn 
have the same exponent in each. When the exponent is not the same 
in each, we subtract the less from the greater, and affix the remain- 
der, as the exponent to the letter, which is written only in that term 
of the fraction which has the highest exponent. 
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The folltming example t^ill illustrate this rQle. 

Let4Ba'b''c' dbedividedhy Sia'b'c* e; the qnoiiehl Can 
SDly lie indicated iti the form of a fraction 
48 g' fc * c' rf 
64 o» A' c* e 
But the coefficients 48 and 64 being divisible by 16, bj sti^ 
pressing this coinmon factor, the coefficient of the numerator be- 
comes 3, and that of the denominator 4. The letter a having 
the same exponent 3 in the two terme of the (baction, it follows 
that a' is a ftictor common to the dividend and divisor, and may 
consequently be Suppressed. 

To find the number of factors h oonnnert to the \V/o t«p|rt9 of 
tbe fraction, we must divide the bighe^ b' by the to«er V, ac- 
cording to the rule above given, and the qoeilent b' shows, that 
b' = b" X b*. Suppressing then the cOtfimoti factor 6*, there 
will remain in the numerator the factor 6". 

With respect to the letter c, the higher fdctor being c* of the 
denominator, if we divide it by c* we shall decompose it into 
e* >< C } and by snppresaing tbe factor c* certithon to the two 
terms, this letter disappears from the nUnieratOp, but friU remain 
in the denominator with the exponent 2t 

Finally, the letters rf and e will renteih in their respective 
places, sinoe in tbe state in which they arrej they itidicate no- 
fector common to both. 

By these several operations the propbsed fraction is reduced to 

4c* e' 
and it is the most simple expression of tbe quotient, except we 
give numerical values to the letters ; in which case it might be 
further reduced by cancelling the common factors as tiefbre. 

39. It ought to be retuarked, that, if all the fectors of the divi- 
dend ento- into the divisor, which besides cont^'ns others pecu- 
liar to it, it is necessary after suppressing the former to put unity 
in tbe place of the dividend, as the numerator of the fraction, la 
tfiis case indeed we may suppress all the terms of tbe numera- 
tor, or, in other words, divide the two terms of the fraction by 
the nuineralor; but this being divided by itsel^i^ust give unity 
for tbe quotient, which becomes the new numerator. 

Silppose for example the fraction 
40' be 
12 a" b^cd' 
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the factors 13, a*, h', aod c may be divided respectivetjr by the 
factors 4, a', b, and c, or we may divide the two terms of the 
fraction by the numerator 4 a' be. Now the quantity 4 a' be, 
divided by itself, gives i for the quotient, and the quantity 
12 a' 6* cd, divided by the first, gives by the above rules 3 &■ d; 
the new fraction then is 

1 
8ft» d' 
40. It follows from the rules «f muttiplicatiou, that wfa«i a 
compound quantity is multiplied by a simple quantity, this last 
becomes a factor common to all the teroos of the former. We 
may make use of this observation to simplify fractions of which 
the numerator and denominator are polynomials, having factors 
that are common to all their terms. 
Let there be the expression 

fig*— 3q'Sc+ lZa*e' 
9o» 6— 15o> e + 24a»' 
by examining the quantity 6 o' — So* 6c + 12a* c*, we see 
that the factor a* is common to all the terms, since a* =ra* X a*, 
and that, besides, 6, 3, and 12 arc divisible by 3; so that, 
6o' — 3a'6c+ 12a»c» =; 2a* X 3o* — hcX 3o* +4c= x 3o». 
Also the denominator has for a common iactor 3 a' } for the 
factors a* and 3 enter into all the terms, and we have 
9a»6— l5ff*c + 24o' = 36 X 3n» — ScX 3a* +8ax 3o», 
Suppressing therefore the 3 a' as often in the numerator as in 
the denominator, the proposed fraction will become 
Za' — be + Ae' 
36 — 5c+8a * 
41. 1 pass now to the case where the numerator and denomi- 
nator are both compound, and in which one cannot perceive at 
first whether the divisor is or is not a factor of the dividend. 

As the divisor mnltiplied by the quotient must produce the 
dividend, it is necessary that this last should contain all the sev- 
eral products of each term of the divisor by each term of the 
quotient; and, if we could Gnd the products arising from each 
particular term of the divisor, by dividing them by this term, 
which is knowtMme should obtain those of the quotient, after the 
same manner as in arithmetic we discover all the figures of the 
quotient by dividing successively by the divisor the numbers, 
which we regard as the several products of this divisor by the 



n,g,t,7rJM,GOOglC 



Ditiiion ofAigibrak Quantitite. 4S 

difierent figures of the quotient. But in numbers the several 
products present themselves in order, beginning with the units at 
the last place on the left, on account of the subordinatiiui estab- 
lished between the units of each figure of the dividend according 
to the rank which the; hold. But as this is not the case in alge- 
tra, we supply the want of such an arrangement by disposing all 
the terms of the dividend and divisor in the order of the expo- 
nents of the power of the same letter, beginning with tlic highest 
and proceeding from left to right, as may be seen with reference 
to the letter a in the quantities 

5 a' — 22 a" 6 + 12 a* 6^ —6 a' 6» — 4a»t' + 8a»6», 
5 a* — 2o'6 + 4a«6*, 
of which one is the product and the other the multiplicand in the 
example of art. 3?. This is called arrangit^ the proposed quan- 
tities. 

Wten they are thus disposed, it is evident, that whatever be 
the factor by which it is necessary to multiply the second to ob- 
tain the first, the term 5 a', with which this begins, results from 
the multiplication of 5 a*, with which the other begins, by the 
term in the factor sought, in which a has the highest exponent, 
and which takes the first place in this factor when the terms of it 
are arranged with reference to the letter a. By dividing then 
the simple quantity 5 a'' by the simple quantity 5 a*, the quotient 
a" will be the first term of the factor sought. Now as the entire 
product ought by the rules of multiplication to contain the several 
particular products arising from the multiplication of the whole 
multiplicand by each term of the multiplier, it follows that the 
quantity here taken for the dividend, ought to contain the pro- 
ducts of all the terms of the divisor, 5 a' — 2 a' 6 -f 4 a» 6", by 
the first term of the quotient a' ; and consequently, if we subtract 
from the dividend these products, which are 5 a'-— 2a»6-f- ia'b*, 
the remainder — Wa'b-^Sa' b' — 6 a* 6' — 4a» 6* + 8 a' 6» 
will contain only those, which result from the multiplication of 
the divisor by the second, third, &c. terms of the quotient. 

The remainder then may be considered as a part of the divi- 
dend, and its first term, in which a has the highest exponent, can- 
not be obtained, otherwise than by the multiplication of the first 
term of the divisor by the second term of the quotient. But the 
first term of this part of the dividend having the sign — , it is 
iMKessai^ to assign that which is to be prefixed to the corres- 
ponding terra of the quotient. This is easily done by the first 
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Ijile art. SI, for the quantity — 20 a' b, being regarded as a part 
of the product, having a sign conCrarj to that of the multiplicand 
5 a*, it follows that the multiplier must have the sign — . . Divi- 
sion then being performed upon the simple quantities, — 30 a* 1| 
and 5 a*, gives — 4 a' 6 for the second term of the quotient. 
If now we multiply thb by all the terms of the divisor, and sub- 
tract the product from the partial dividend, the remainder 
4- lOo* b' — Aa^h* -f 8 a' t» will contain only the producu 
9f the thir^ &;c. terms of ihf! quotient. 

Regarding this remainder as a new dividend, its first ten^ 
10 a* h^ iQust be the product of the first term of the divisor by 
the third of the quotient, and consequently this last isohtained 
by dividing the simple quantities, 10a* 6^ and 5a*, the one by 
the other. The quotient 2b^ being multiplied by the whole of 
the divisor furnishes products, the subtraction of which, exhaust- 
ing the remaining dividend, proves that the quotient has only 
three terms. ' 

If the question had been such as to require a greater number 
of terms, they might evidently have been found like the preceding, 
and if, as wc have supposed, the dividend has the divisor for a, 
factor, the subtraction of the product of this divisor by the last 
tern) of ihe q^uotient ought alvrays to eshauSit the correspondiiig 
dividend. 

42. To facilitate the practice of the above rules ; 

\, Wt dispose the dividend and divisor, as for the division of 
tti(m6erJ, by arranging^ them with reference to some iptter, that is, bu 
V>riiing the lertns iii the order of the exponents of this Utter, begin' 
ning wUh the highest ; 

2. W.e ditiide llie first term of the dividend by the first term of 
Ae divisor, and mrite Ike result in the place of the quotient ; 

3. We mxill^b/ the whole divisor by the term of the quotient jt/ttt 
found, aublrorl it from the dividtrid, and.redtfce similar terms. 

4. We regcfrd ikit remainder as a nem dividend, the first term of 
mkich ne divide by the first term of the divisor, and write the result 
as the second term of the quotient, and continue the operation till all 
the terms of the dividend ar,e exhausted. 

Recollecting that when a proi^uct h^s the sa^e sign as the 
multiplicand, the multiplier has the sigQ -|-, and, thai when a 
^pduct has the contrary sign to that of the mult^licand, the 
multiplier has the sigi^— (31), we infer that, tahen, the term of 
(he dividend and the first term of the divisor have Ihe same siff^ A^ 
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<}iJotMn/ wg&i io have iht sign -^, and, i/lhty have contrary tigm, 
the (fuolunt ought to haw ihe sign — ; this is the rule for the signs.- 

The individual part* of the operation are performed by the 
rule for the division of simple quantities. 

We divide the, coepcitnt of the dividend bt/ that of the divisor ; 
this is the rule for the coefficients. 

Wi write in tht quotient the ktten common to Ihe dividend and 
divisor with an exponent equal to the difference of the exponents of 
ihtse Utters in the two terms, and the letters which belong only to tht 
dividend; these are the rules for the letters and exponeots. 

43. To apply these rules to the quantities, 

5a-' —22a'b+ 12 a' 6» — 6o* 6' — 4a»6' -f 80* 6', 
5a* — 2b> 6 + 4a» 6*, 
which have been employed as au example above, we place them 
as we place the dividend and divisor io arithmetic. 



Dividend. 
5a'— 22fl''6+12a'6»-6a^6»— 4a»i.'+aa»M 


5a 


Divisor. 
-2a»6+4a»fe« 


— 5<i'+ 2a»6— 4a'b' 


= 


Qaotiml. 
— 4«»6+2&» 


Rem.— 20j'6+8a'i»— 6a'6=— 4a'6'+8a*6' 

+20a"6— 8tt'6» + 16a'6' 






rem. +10o'6»— 4a'M+8a>6» 





The sign of the first term 5 a'' of the dividend being the same 
as that of 5 a*, the first term of the divisor, the sign of the quo- 
tient must be -{-, but, a& it is the first term, the sign is omitted. 

By dividing 5 o' by 5 a*, we have for the quotient a', which 
we write under the divisor. 

Multiplying successively the three terms of the divisor by {he 
first term a' of the quotient, and writing the products under the 
corresponding terms of the dividend, the signs being changed to 
denote their subtraction (30), we have the quantity 

— 5a' -\- 2a» S — 4a'iS 

which with the dividend being reduced, we obtain for a remaindei- 

— 20a'6 + 8(i» 6"— 6a' (.=■ — 4(i'6' +Sa'b'. 

By continuing the division with this remainder, the first term 
— 20 a* 6, divided by5a»,will give for a quotient 4a* t, this 
■quotient having the sign — , as the dividend and divisor have 



n,g,t,7rJM,GOOglC 



46 Elements ofAlgthrOi 

different signs. Multiplying it hy all the terms of tlie divisor 

and changing the signs, we obtaiu the quantity 

20a'6 — 8o»6» -|- 16 a* ft', 

which taken with the dividend and reduced, gives for a remainder 

-f 10(i» i' — 4a»i' + 8o» 6*. 

Dividing the first terra of this new dividend, 10 a* &?, by the 
first term, 5 a*, of the divisor, and multiplying the whole divisor 
by the result + 2i', writing the producu under (he dividend, 
the signs being changed, and making the reduction, we find that 
nothing remains, wliich shows that -)- 2 fc* is the last terai of the 
quotient sought. The quotient therefore has for its expression 
o3 — 4o» i 4- 2i'. 

44. It is proper to remark here, that in division, the multipli- 
cation of the dilTerenl terms of the quotient by the dfvisor often 
produces terms that are not to be found in the dividend, and 
which it is necessary to divide by the first term of the divisor. 
These Icrms are such as destroy themselves, since the dividend 
has been formed by the multiplication of the two factors, the 
quotient and the divisor. See a remarkable example of these 
reductions ; 

Let a' — 6' be divided by a — b. 



Division, 
a' — 6' la — & 


MuUiplication. 


— a' + a'b\a' +a6 + 6» 


a' +a&-f-fc» 


+ «■ i — 6" 
-.•i + of 


o3 — a' b 
^a'b — ab' 
+ ab'-b^ 

Result a* — A'. 


4-af—t' 



The first term a^ of the dividend, divided by the first term ct 
of the divisor, gives for the quotient a* ; multiplying this quotient 
by the divisor, and changing the signs of the products, we have 
— a" -|- a« i ; the first term -j- a' destroys the first term of the 
dividend, but there remains the term a" ft, which is not found al 
first in the dividend. As it contains the letter a, we'can divide 
it by the first term of the divisor, and obtain + " fi- Multiplying 
this quodenl by the divisor, and changing the signs of the pro- 
ducts, we have — a' b +a 6' ; the term — a' A' cancels the one 
above it, but there remakis the term + a b', which is not in the 
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dividend. This being divided by a gives for the quotient -\- b' ; 
multiplying this quotient by the divisor and changing the signs, we 
have — ab' -\-b* ; the first term — oi^ destroys the first term 
of the dividend, and the second + 6^ destroys the other — A'. 

The mechanical part of the operation will be better under- 
stood, if we look for a moment at the multiplication of the quo- 
tient a« + a 6 4" fc» by the diviEor a — b. We see that all the 
terms reproduced in the process of dividing are those which 
destroy each other in the result of the multiplication. 

45. It sometimes happens that the quantity, with reference to 
which the arrangement is made, has ibe same power in several 
terms both of the dividend and divisor. In this case, the terms 
should be written in the same column, one under the other, the 
remaining ones being disposed with reference to another tetter. 

Let there be 

— o>63 _[.J»c*^^a>c* — o" -f-2a,'e« +6* +2fi«c» -|-a'6', 
to be divided by a' — i» — c' . 

Arranging the first of these quantities with reference to the 
letter. a, we place in the same column the terms — a* b' and 
+ 2 o* e^, in another, the terms + a* b* and — a' c* ; and io 
the last column, the three terms + ft', -p 2 b* c', + b' c*, dispos- 
- ing them with reference to the letter b, as may be seen in the 
next page. 

The first term a" of the dividend being divided by the first 
term fl" of the divisor, gives for the first term of the quotient 

— a* ; forming the products of this quotient by all the terms of 
the divisor, changing the signs of the products in order to sub- 
tract them from the dividend, and placing in the same column 
the terms containing the same power of a, we have, after the 
reduction of similar terms, the first remainder, which we take for 
the second dividend. 

The first term — 2 o* 6" of this new dividend, being divided 
by a^, gives for the second term of the quotient — 2 a* 6* ; form- 
ing the products of this quotient by all the terms of the divisor, 
changing the signs of the products to indicate their subtraction 
from the dividend, and placing in the same column the terms con- 
taining the same power of a, we have, after the reduction of simi- 
lar terms, the second remainder, which we take for the thiit^ 
dividend. 

The operation being conlinvicd in the same manner with the. 
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second remainder and the following ones, we shall have three 
terms in the quotient. The last being multiplied hj all the 
terms of the divisor, furnishes products which, being subtracted 
from the fourth remainder, exhaust it entirely. As the division 
admits of being exactly performed, it follows, that the divisor is ' 
a factor of the dividend. 



— flj— a'6» +fl*6» +b* 


a*~b* — C 


+ b'c* 
+ a'—a*b' 
— a*c' 


-a* — 2a-fr'— 6* 



Isu rem 


— 


2o> 


fci -f- a» 6' + 6' 




+ 


"' 


c» — o'e* + 26'c» 
+ I".' 




+ 


2a 


ti_2«"i' 
— 2 «■ *• ef 


2d rem. 


+ 


" 


!• — a-b- +b- 
— 2a»6»c» -i-26'c' 






a 


C + ». 6- C 
+ 'a'c' 


3d rem. 






— H'b* + i« 

— o"i"c" +2J'c' 

+ 6-C- 
+ o'f -i- 

— 6•<:■ 


4th rem 






— o-i-e' + !.•«• 



46. The form tinder which a quantity appears, will sometimes 
immediately suggest the factors into which it may be decom- 
posed. If we have, for example, 

8n-_4a» J' + 4 a» + 2o' — i» -}- ], 
to be divided by 2 a* — b' + 1 ; as the divisor forms the three 
last tenns of the dividend, it ia only necessary to see if it is a fac- 
tor of the three first ; but these have obviously for a common fac- 
tor 4a% for 8 a«—4a»i' + 4o» = 4o»(2aJ^— 6* + l). 
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The dividend then may be represented by 

4 0= (2 a'— 6" 4- 1) + 2o' —b' + 1, 
or (2o'— J' + l)(4a' + 1). 

The division ia performed at once by suppressing the factor 
to' — b' + i, equal to the divisor, and the quotient will be 
40' + 1. 

After a little practice, methods of this kind will readily occur, 
by which algebraic operations are abridged. 

By frequent exercise in examples of this kind, the resolution of 
a quantity into its factors is at length easily performed ; and it is 
often rendered very conspicuous, when, instead of performing 
the operations represented, they are only indicated. 

Of Algebraic Fractiom. 

47. When we apply the rules of algebraic division to quantt- 
lies, of which the one is not a factor of the other, we perceive 
the impossibility of performing it, since in the course of the oper- 
ation we arrive at a remainder, the first term of which is not 
divisible by that of the divisor. See an example ; 
flS +a"6-j-26' [ a' + b' 



-ab' 



1st rem. a' b -^ ab' -f- 26^ 



I o +6 



■ —aft" +6'. 
The first term, r— a b', of the second remainder cannot be divid- 
ed by o", the first term of the divisor; so that the process is 
arrested at this point. We can however, as in arithmetic, annex 



mainder for the numerator, and the divisor for the denominator; 
and the quotient will be 

fts — afi. . 

" + '' + ^T^- 

It is evident, that the division must cease, when we come to a 
ramtinder, the first term of mhick does not contain the klter with 
reftreMe to nhtch the terms are arranged, or to a power inferior to 
titaf of the same letterin the first term of (he divisor. 

48. When the algebraic division of tne two quantities cannot 
be performed, the expression of the quotient remains indicated 
under the form of a fraction, having the dividend for the nume- 

Mg, 7 
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rator, and the divisor for the denominator ; and to abridge it as 
much as possible, we should see if the dividend and divisor have 
not common factors, which may be cancelled (38), But when 
the tenos of the fraction are polynomials, the common foctors are 
not so easily found, as when they are simple quantities. They 
are in general to be sought by a method analogous to that, which 
is given in arithmetic for finding the greatest common divisor of 
two numbers. 

We cannot assign the relative magnitudes of algebraic expres- 
sions, as we do not give values to the letters which they contain ; 
the denomination of greatest common divisor therefore, applied to 
these expressions, ought not to be taken altogether in the same 
sense as in arithmetic. 

In algebra, we are to understand hy the greatest common dtvitor 
of two expressions, that which contains the most factors in alt 
its terms, or which is of the highest degree (27). Its determi- 
nation rests, as in arithmetic, upon this principle ; Every common 
divisor to two quantities must divide the remainder ajttr their division. 

The demonstration given in arithmetic (art. 61) is rendered 
clearer by employing algebraic symbols. If we represent the 
common divisor by D, the two quantities proposed might be 
expressed by the products AD and BD, formed from the com- 
mon divisor and the factor by which it is multiplied in each of 
the quantities. This being supposed, if Q stands for the entire 
quotient, and R for the remainder resulting from the division of 
AD by BD, we have AD = BD X Q + R {Arith. 61) ; divid- 
ing now the two members of the equation by D, we obtain 

and fince the first member, which in this case must be composed 
of the same terms, as the second, is entire, it must follow, that 

y- is reduced to an expression without a divisor, that is to say, 

that R is divisible by D. 

According to this principle, we begin, as in arithmetic, hy 

inquiring Tuketker one of the quantities is not itself the divisor of the 
other ; if the division cannot be exactly performed, we divide the 
first divisor by the remainder, and so on ; and that remainder, 
vhich will exactly divide the preceding, will he the greatest common 
divisor of the two quanHties proposed. But it will be necessary, in 
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the divisions indtcaCect, tojiave regard to what belongs to the 
nature of algebraic quantities. 

We are not, in the first place, to seek a common divisor of two 
algebraic quantities, except when they have common letters ; 
and we must select from them a letter, with reference to which 
the proposed expressions arc- to be arranged, and that is to be 
taken for the dividend in which this letter has the highest expo- 
nent, the other being the divisor. 
Let there be the two quantities 

3a» — 3a"6 + b6» — 6', 
4o" 6 — 6(i6' + b", 
which are already arranged with reference to the letter a ; we 
take the first for the dividend, and the second for the divisor. 
A difficulty immediately presents itself, which we do not meet 
with in numbers, and this is, that the first term of the divisor 
will not exactly divide the first term of the dividend, on account 
of the factors 4 and b in the one, which are not in the other. 
But the letter b being common to all the terms of the divisor and 
not to those of the dividend, it follows (40) that 6 is a factor of 
the divisor, and that it is not of the dividend. Now every divi- 
sor common to two quantities, can consist only of factors which 
are common to the one and to the other ; if then there be such a 
divisor with respect to the two quantities proposed, it is to be 
looked for among the factors of the quantity 4 o' — Sab -f- 6', 
which remains of the quantity 4 a' b — 5 ab* + fr', after sup- 
pressing b ,- so that the question reduces itself to finding the 
greatest common divisor of the two quantities 
Sa' — Za'b + ab' —b', 
4a' — 5ab + b*. 
For the same reason that we may cancel in one of the pro- 
posed quantities the factor 6 which is not in the other, we may 
likewise introduce into this a new factor, provided it is not a 
factor of the first. By thb step, the greatest common divisor, 
which can consist only of terms common to both, will not be 
afiected. Availing myself of this principle, 1 multiply the quaiH 
tity 3 a* — 3 a» 6 + ab* — 6= by 4, which is not a factor of 
the quantity 4a' -~ 5ab + 6* , in order to render the first tena 
of the one divisible by the first term of the othei". 
I shall thus have for the dividend, the quantity 
12 o» — 12o»6 -t- 4o6»— 4 6^ 
for the divisor the quantity 
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4a» — 5oJ4: 6', 
and tbe qnotient will be 3 a. 

Multiplying the divisor by this quotient, and subtractiag die 
product from tbe dividend, 1 have for a remainder 

3a* J + ab' —4b' ; 
a quantity which, according lo the principle stated at the com- 
mencement of this article, must have with 4 a* — Sab -{-b', the 
same greatest common divisor as the first. 

Profiting by the remarks made above, I suppress tbe factor 6, 
common to all the terms of this remainder, and multiply it by 4, 
in order to render the first term divbible by that of the divisor; 
I have then for a dividend, the quantity 

l2o« + 4oA— 164*, 
and for a divisor, the quantity 

4a' — 5ab + 6* ; 
and the quotient thence arising is 3. 

Multiplying the divisor by tbe quotient, and subtracting the 
[Hwluct from the dividend, we obtain the remainder 

19o6— 19t', 
and tbe question is reduced to finding the greateit common divi- 
sor lo this quantity, and 

4a* — Sab -^-b'. 
But the letter a, with reference lo which the division is made, not 
being in the remainder, except of the first degree, while it is of 
the second degree in the divisor, it is this which must be takes 
for tbe dividend, and tbe remainder must be made the divisor. 

Before beginning this new division, I expunge from the divisor 
19 d 6 — 19 6', the factor 19 b, common to both the terms, and 
' which is not a factor of the dividend ; I have then for a dividend, 
the quantity 

4o". ~5fl6 + 5«, 
and for a divisor 

a — b. 
The division leaves no remainder ; so that a — A is the greatest 
common divisor required. 

By retracing these steps, we may prove a posteriori, that the 
quantity a — b must exactly divide the two quantities proposed, 
and that it is the most compounded of those which will do it. Ib 
dividing by a — b the two quantities proposed, 

3o»_3a»5+"o6»— 6", 4a*i — 5a6» +iS 
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yre resolve them as follows ; 

(3o» +i*){o — 6), (4o6 — t^)(a— t). 
49, When the quantity, whicb we take for a divisor, contains 
several tenns having the letter, with refcreace to which the 
arrangement is made, of the same degree, there are precaniioDS 
to be used, without which the operation would not lernunate* 
See an example of this. 
Let there be the quantities 

a' b -\- ac' — J', ab — ac -\- d* ; 
if we make the preparation as for common division, 
a'b + ac*~d' l gb — ac + d' 
— a'b + a'c — ad'la 



Rem* a' c -{- ac" — ad' — d', 

by dividing, first, a* 6 by a b, we have for the quotient a ; multi- 
plying the divisor by this quotient, and subtracting the products 
from the dividend, the remainder will contain a new term, io 
which a will be of the second degree, namely, a' c, arising from 
the product of — a c by a. Thus no progress has been made j 
for by taking the remainder 

a' c -it vc* — ad' — d* 
for a dividend, and multiplying by b, to render the division poS* 
sible by a 6, we have 

a' bc-\-abc^ — abd* — 6d* | ab — ac + d* 

— fl* 6 c 4- a* C — acd' | ac 

rem. a* c* + o 6 c» — a c d* — abd* — bd', 

and the term — ac produces still a term a* c*, in which a is of 

the second degree> 

To avoid this inconvenience, it must be observed, that the 
divisor ab — oc-f-d"=:a(6 — c) + d*, by uniting th^terms 
ab — ac in one ; and, for the sake of shortening the operation, 
■ making b — c = nt, we have for the divisor am •\- d* ; but then 
the whole dividend must be multiplied by the factor m, to make 
a new dividend, the first term of which may be divided by am, 
the first term of the divisor ; the operation then becomes 
a*bm-{- ae' m — d*m I am-^d' 

— a' bm — abd' I ah -^ c* 

1st. rem. — abd' -{-ac'm — d' m 

— ac'm — c* d' 
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The terms involving a* now disappear from the dividend, atxl 
there remain only the terms which have the first power of a. 
To make these disappear, we first divide the term o c* m by om, 
and it gives for a quotient c* ; muUiplying the divisor by this 
quotient, and subtracting the products from the dividend, we 
obtain the second remainder. Taking this second remainder for 
a new dividend, and suppressing the factor d*, which is not a 
factor of the divisor, we have 

— a b — c* — dm, 
which being maltiplied anew by m, becomes 

— abm~c*m^dm* j am ■\- d* 
■{■ahm-\-hd* 1 —h 

Rem. +6d* — c'm— -dm». 

The remainder hd* — c* m — dm* of this last division, not 
involving a, it follows, that tf the proposed quantities have a com- 
mon divisor, it is independent of the letter a. 

Having arrived at this point, we can continue the division no 
longer with reference to the letter a } but it will be observed, 
that if there be a common divisor, independent of a, to the quan- 
tities hd* — Cm — dm' anddm -|- d*, it must divide separ- 
ately the two parts a m and d* of the divisor ; for if a quantity 
is arranged with reference to the powers of the letter a, every 
divisor of this quantity, independent of a, must divide separately 
the quantities multiplied by the different powers of this letter. 

To be convinced of this, we need only observe, that, in this 
case, each of the quantities proposed must be the product of a 
quantity depending on a, and of the common divisor, which does 
not depend upon it. Now ifwe have, for example, the expression 

A a* ■\- B a^ -^ C a* -^ D a -\- E, 
in winch the letters A, B, C, D, E, designate any quantities 
whatever, independent of a, and it be multiplied by a quantity M, 
also independent of a, the product 

JIM a' -\-MBa* -^ MC a' -irMDa-^ME, 
arranged with reference to a, will contain still the same powers 
of a as before ; but the coefficient of each of these powers will 
be a multiple of Jlf. 

This being supposed, if we restore the quantity {b — c) in the 
place of m, we have the quantities 

i d» — c» (6 — c) — d (6 — c)*, 
« (fc — c) + d« } 
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and it is evident, that b — c and d' bave no common factor; 
the two quantities then under consideration have not a common 
divisor. 

If it were not evident by mere inspection, that there is no 
common divisor between 6 — c and d*, it would be necessarf to 
seek their greatest common divisor by arranging them with 
reference to the same letter, and then to see if it would not also 
divide the quantity 

6 (/> — c« (5 — c) — rf (6 — c)». 

50. Instead of putting off to the end of the operation, the inves- 
tigation of the greatest common divisor independent of the letter 
with reference to which the quantities are arranged, it is less 
trouble to seek it at first, because, for the most part, the opera- 
tion becomes more complicated at each step as we advance, and 
the process is rendered more difficult. 

Let there be, for example, the quantities 

a* b' -)- o' 6' 4" ^* *■' — a' c* — a' 6c* — b* c*, 

a» 6 + o 6* -)- ft'" — a' c — ate — b* c; 

having arranged them with reference to the letter a, we have 

(6« — C) a' + (6^ — 6 c") a" + b* c* — b> c*, 

(6 — c) a' -i- (b" —b c) a + b' — b' c, 

I observe, tn the first place, that if they have a common divisor 

which is independent of a, it must divide each of the quantities, 

multiplied by the different powers of a (49), as well as the 

quantities 6* C — b' c* and b'-^b' c, which do not contain this 

letter. 

The question is reduced then to finding the common divisors of 
the two quantities b' — c» and 6 — c, and determining whether 
among these divisors there is to be found one which will divide 
at the same time 

b' — 6c* and 6* — he, i>* c' — 6* c' and b* — 6* c. 
Dividing b' — c* by 6 — c, we find an exact quotient 6 + c ; 
b — c then is a common divisor of the quantities 6* — c' and 
h — c, which evidently admit of no other, since the quantity 6 — c 
is divisible only by itself and by unity. We must now see 
whether b — c will divide the other quantities referred to above, 
or whether it will divide the two quantities proposed ; it is found 
that it will, and it gives 

(6 + c) 0* + (6* + 6 c) a' -I- 6' c« + 6* C, 
a» + ia 4- 6». 
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To bring thete last expressions to the greatest degree of siu- 
pliciiy, we should see if the first is not ditisible by 6 + c; it 
appears upon trial that it is, and we have oaly to find a common 
divisor to the quantities 

a* -\'ba* +b* C, 
a* -\-ba +6*. 

By proceeding with these as the rule prescribes, we come, 
after the second division, to a remainder containing the letter a of 
the first power only ; and as this remainder is not the common 
divisor, we conclude that the letter a does not make a pan of 
the common divisor sought, which therefore can consist only of 
the factor b — c. 

If, beside this common divisor, another had been found, iovolr- 
ing the quantity a, it would have been necessary to multiply 
these two divisors together lo obtab the common divisor sought. 

These remarks will enable the learner, after a little practice 

in analysis, to find in every case the greatest common divisor> 

He will determine without difficulty th^t the quantities. 

6a» + 15 o* 6 — 4a'c* —\0a' be*, 

9a»6— aVo'tc— eotd* + laftc', 

have for thetr greatest common divisor the quantity 3 a* — 2 c'. 

51. The four funSamtnlal iterations, addition, subtraction, 
multiplication and division, we perform in algebra as in arithme- 
tic, observing merely to proceed, in the operations prescribed 
by the rules of arithmetic, according to the methods given for 
algebraic quantities. I shall, therefore, merely surest these 
methods, giving an example of the application of each. I shall 
begin as I did in arithmetic, with the multiplication and division 
of fractions, as they require no preparatory transformations. 

1. For multiplication, we have 

? X c = ^ {Arith, 53), 

2. For division, 

I divided by c, gives ^ or ^ X - (Arith. 54, 70), 

J divided V 5' giv«» J X ^ = ^ (Arilh. 73). 
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3. The fractions t, %, being reduced (o the same deDomina>- 
tor, become respeciivelj 

The fractions, 

5 £ 1 € 

by the same reduction, become respectively 

adfh tbfh ebdh g.hdf 
fid/A' bdfh' bdfh' bdfh' 

52. I have given, in art. 79 of arithmeiic, a process fot obtain^ 
ing, in certain cases, a denominator more simple, than (hat which 
results from the general rule ; it may be much simplified bj 
means of algebraic sytnbols, as we shall see. 

If, for example, we have the two fractions r-i r-j.. it is easy to 

see that the two denominators would be the same, if / were a 
fector of the first, and c a factor of the second ; we multiply then 
the two terms of the first fraction hy^ and the two terms of the 

second by c, which gives -r^ and 7 — >, more simple than t-;-^ 
* e/ 6 e/ bbcf 

ind ^T — 2-> obtained by multiplying by the original denominators. 

In general, to form ike common denominator, we collect into one 
product all the drffirtnl factors raised to the biglnsl puwr.r found in 
the denomiruitors of Ike propostd fractions ; and it rema'tna only to 
multiply the numerator of eack fraction ly tke factors of tkii pro- 
duet, vihich art wantii^ in the denominator of the fraction. 

Having, for example, the fractions = — , — -, and — , I form the 
6»c bf eg 

product b'cfgi I multiply the numerator of the first fraction 
by/g, thatof the second byfi eg, that of the third by 6'/, and I 
ohtain 

"/g f>cdg b'ef 

b' cfg' b' cfg' b' cfg 

53. The sum of the fractions 



5* ? i 
which have the same denominator, or 

d 
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The difference of the fractions 

a ' , b 

Ivhich have the same denominator, or 

«_6 — ". — _^ 
d d~ d ' 

The whole of a added to the fraction -, or the expresstoii 
<. + 5 = ^ + ^ = ^1±^ (Arilh, 81). 

Also, the expression 

6_ oe 6 _ ttc — & 
c c c c ' 

Reciprocal!/, 
, ae-\- b ae , b , b 

the expression ■ — = 1 — ^"H — J 

the 



The terms of the preceding fractions were simple quantities, 
hut if we had fractions, the terms of which were polynomials, we 
should have to perform, by the rules given for compound quan- 
tities, the operations indicated upon simple quantities ; it is thus 
that we have 

a' + b" a—b _ (a'+b^yja— b) _ a' + ab* —a'b^^b ' 
e + d ^ c — d~ (e+d) Ic — d) ~ e»— rf» 

The quotient of the fraction 

— ~—f- divided by -;, 

. o' + ft' t — d _ (_a'+b')(c^ d) _ a'e+b'e—a'd^b'd 
'^ c + d '^ a—b~ (c + d) (a_i)~ ac + ad-~bc — bd' 
and so of other operations. 

54. Understanding what precedes, we can resolve an cquatioa 
ef the first degree, however complicated. 

If we have, for example, the equation 

_-__ 4-46 _ 2x — j^-^^, . 

we begin by making the denominators to disappear, indicating; 
only the operations ; it becomes then 

{a+b)ix-~c) {Za+b)+ib{a-~b){3a+b)=^x{a-~b){3a+h)-ac{a-b) ; 
performing the muUiplications, we have 

3a'x + 4abx + b''x — Sa'c — 4«ic— 6=c+12n'i — 8oJ' — 46* = 
Ga' X — iabx—^b^ ,* — a= c + abc; 
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b^nsposmg to one member all the terms involving x, it becomes 
— 3a'x+6abx+Sb*x—2a'c+&abc+b''c—\'2a'b+Qab'+ih^, 
tram which we deduce 

— gg'g + Safi e + 6^ c — 12 o" 6 + S ab' + 4b' 
*~ — 3a^ + 8o6 + 3 6» *_ 

0/ Questums having two Unkno^en Quantities, and of J^egative 
Quantities. 

85. The quealions, which we have hitherto considered, involve 
onlj one unknown quantity, by means of which, with the known 
quantities, are expressed all the conditions of the question. It is 
often more convenient, in some questions, to employ two unknown 
quantities, but then there must be, either expressed or implied, 
two conditions, in order to form two equations, without which the 
t*o unknown quantities cannot be determined at the same time. 
The question in art. 3, especially as it is enunciated in art. 4, 
presents itself naturally with two unknown quantities, that is, 
with both the numbers sought. Indeed, if we denote 
the least by x, 
the greatest by y, 
their sum by a, 
their difference by 6, 
we have, by the enunciation of the question, 
X + y = a, 
y~x = b. 
Kach of these two equatione being considered by itself, we 
can determine one of the unknown quantities. If we take th^ 
second, for example, we deduce the value of tf, which is 

y = b + Xy 

a value, which seems at first to teach us nothing with regard to 
what we are seeking, since it contains the quantity x, which is 
not given ; but if, instead of the unknown quantity y in the first 
equation, we put this, its equivalent ; the equation, containing 
now only one unknown quantity «, will give the value of x by 
tbe process already taught. 

We have in fact by this substitution, 

x + h + x-a, 

or 2 a: + 6 = o, 

1 1 « — * 

•r lastly, x = — - — ; 
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and putting this value of x in the expression for y, 

we hare then for the two unknown numbers the Bame expres* 
fiions as in art. 3. 

It is easy to see indeed, that the above solution does not differ 
esscntiallj from that of art. 3 ; only 1 have supposed and resolv- 
ed the second equation y — x = b, which 1 contented myself 
with enunciating in common language in the article cited ; and 
from it I deduced, without algebraic calculation, that the greater 
number was « -f 6. 

56. I take another question. 

^ labourer having worked for a person 12 days, and Aovtng with ■ 
}um, duTvng the first 7 days, his wife and son, received 74 francs ; 
he worked afterward with the same person 8 days more, during 6 of 
which, he hod mlh htm his wife and son, and he received at this livu 
50 francs ; how mtuh did he earn per day himself, and }um much 
did his wife and son earn ? 

Let X be the daily wages of the man, 

y that of his wife and son ; 
12 days' work of the man will amount to 13x, 
7 days' work of his wife and son, 7 y ; 

we have then by the first statement of the question, 
Mx + 7i/ = 74; 
8 days' work of the man will give 8 x, 
and 5 days' work of his wife and son 5y; 

we have then by the second statement 

8 a: + 5y = 60. 
Proceeding as in the preceding question, we take the value of 
y in the first equation, which is 

— 7^ — l^' ^ 

and substitute this value in the second, multiplying it by 5, the 

coefiicient, and it becomes 

370 — 601 „ 
Z X -\ = 60, 

an equation, which contains only the unknown quantity x. By 
red ucing it, we have 

56 « -H 370 — 60 a^ = 350, 
370 — 4 X = 350 : 
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jtransposing — 4 « to the second member, and 360 to the first, 
ytt obtain 

370 — 350 = 4 1 
20 = 4x 



5 = a:. 
Knowing x, Vfhich we have just found equal to 5, if we place 
this value in the formula 

74 — 12* 

>=— , — 

the second member will be determined, for we have 
— 74 — 12 X 5 _ 7'4 — 60 _ 14 _ g. 

thus y = 2. 

The man then earned 5 francs per day, while his wife and son 
earned only 2. 

57. The reader has perhaps observed, that in resolving the 
above equation 370 — 4 a; = 350, I have transposed 4 a: to the 
second member. I have proceeded thus to avoid a slight diSi- 
culty, that would otherwise have occurred, and which I will 
now explain. 

By leaving 4 x in the first member, and transposing 370 to the 
second, we have 

— 4 a: = 350 — 370 ; 
and reducing the second according to the rule in art. 19, there 
will result from it 

— 4 a; = — 20. 

But as we have avoided, in the preceding article, the sign ~, 
which afiects the quantity 4 x, by transposiag this quantity to 
the other member ; and as in like manner the quantity 350 — 370 
becomes by transposition 370 -— 350 ; and since a quantity, by 
being thus transferred from one member to the other, changes 
the sign (10), it is evident that we may come to the same result 
by simply changing the sign of each of the quantities — 4 a?, 
-j- 350 — 570, which gives 

4x = — 380+ 370, 
or 4x = 370*— 350, 

which is the same as 

370 — 350 = 4 1. 
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We m^ht also change the signs after reduction, and the 
equation 

— 4a; = — 20 
becomes, as above, 

4i i= 20. 

It follows from this, that we may transpose indifferently, to tmt 

member or to tht other, all the terms invahing iht unknojon quantilt/, 

tAnrving merely to chaise tht signs of the two mejnbers in the result, 

when tht urdenovm quantity has the si^ — . 

58. Having undertaken, by means of letters, a general solu- 
tion of the problem of art. 56, 1 will now examine a particular 
case. I suppose the first sum received by the labourer to 
be 46 franca, and the second 30, the other circumst!Uices remain^ 
JDg as before ; the equations of the question will then be 
12 r + 7y = 46, 
8 a; + 6^ = 30. 
The first gives 

46 — 12t 

»=— r-' 

multiplying this value by 5, in order to substitute it in the place 
of 5y, in the second, we have 

the denominator being made to disappear, it becomes 

56 1 + 230 — 60 a:. = 210, 
or 56 a! — 60 a! z= 310 — 230, 

or — 4x = — 20, 

and the signs being changed agreeably to what has just been 
remarked, 



If we substitute this value instead of a? in the expression for y, it 
will become 

46 — 60 



y = — . 

Now how are we to interi*et the sign — , which affects the in- 
sulated quantity 14 7 We understand its import, when there are 
two quantities separated from each other by the sign — , and 
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when the quantity to be subtracted b less than that from which 
it is Co be taken ; but bow can we subtract a quantity when it is 
not connected with another in the member where it is found? 
To clear up this difficulty, it is best to go back to the equations, 
which express ibe conditions of the question ; for the nearer we 
approach to the enunciaiion, the closer shall we bring t<^ther 
the circumstances which have given rise to the present uncer- 
tainty. 

I resume the equation 

12a; + 7y == 46; 
I put in the place of x its value 5, and it becomes 

60 + 7i/= 46. 
This equation, by mere inspection, presents an absurdity. It is 
impossible to make the number 46 by adding any thing to the 
number GO, which exceeds it already. 

I take also the second equation, 

8x + 5y = 30, 
add putting 5 in the place ofx, I find 

40 -t- 5t/z= 30; 
the same absurdity as before, since the number 30 is to be for[n> 
cd by adding something to the number 40. 

Now the quantities 12 x or 60 in the first equation, 8 1 or 40 
in the second, represent what the labourer earned by his own 
work; the quantities 7y and 5y stand for the earnings of bis 
wife and son, while the numbers 46 and 30 express the sum given 
as the common wages of the three ; we must see then at once in 
what consists the absurdity. 

According to the question, the labourer earned more by him- 
self, than he did by the assistance of his wife and son; it is 
impossible then to consider what is allowed to the woman and 
son, as augmenting the pay of the labourer. 

But if, instead of counting the allowance made to the two let- 
ter persons as positive, we regard it as a charge placed to the 
account of the labourer, then it would be necessary to deduct it 
from his wages; and the equations would no longer involve a 
contradiction, as they would become 

60 — 7 y z= 46, 
40 — 5 y = 30 ; 
we deduce from the one as well as from the other 
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and we conclude from it, that if the labourer earned G franca 
per daj, his wife and son were the gccasion of aa expense of 3 
francs, which may otherwise be proved thus> 
For 12 days' labour he received 

5 X 13 or 60 francs; 
the expense of his wife and son for 7 days is 

3 X 7 or 14 francs; 
there remain then 46 francs. 
For 8 days' labour he receives 

5 X 8 or 40 francs ; 
the expense of his wife and son for 5 days is 

3 X S or 10 francs, 
there remain 30 francs. 

It is very clear then, that in order to render the proposed 
problem with the first conditions possible, instead of the enun- 
ciation in article 5€, we must substitute this ; 

A labourer worked fir a person, 12 days^ having had wiA him the 
first 7 days, his wife and son at a certain expense, and he received 
46 francs ; he worked afltneards 8 days, during 5 of which he had 
with him his wife and son at an expense as before, and he received 
^francs. It is required to find how muck he eamedper day, and 
what was the sum charged him per day on account of his wife and 
son. 

Calling X the daily wages of the labourer, and y the daily 
expense of wife and son, the equations of the problem will evi- 
dently be 

12 a:— 7y= 46, 
8a;— 5y = 30; 
and being resolved after the manner of those in art. &6, they 
will give 

a; = 5 francs, y = 2 francs, 
fi9. In every case, where we find, for ihe value of the unknown 
quantity, a number affected with the sign — , we can rectify the 
enunciation in a manner analogous to the preceding, by exam- 
ining, with care, what that quantity is, among those, which are 
additive in the first equation, which ought to be subiractive in 
the second ; but algebra supersedes the use of every inquiry of 
this kind, when we have learnt to make a proper use of expres- 
sions affected with the sign — ; for these expressions, being 
deduced from the equations of the problem, must eatinfy those 
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ttquations ; that is to say, hy subjeciing them to the operations 
iodicated in the equation, we ought to find for the first member 

a value equal to that of the second. Thus the expression — — 
drawn from the equations 

12a! -f 7 1/ = 46, 
8 a; -f 5y = 30, 
must,^ consistently with the value of iv ^ 5, as deduced from 
these same equations, verify them both. 

The substitution of the value of x gives, in the first place, 
60 + 7y = 46, 
40+ &y = 30. 

It remains to make the substitution of — — in the place of y; 

and for this purpose we must multiply by 7 and by 5, having 
regard to the sign — , with which the numerator of the fraction 
is affected. 

If we apply the rule relative to the signs given in art. 42 for 
division, we have 

^' = —' 

besides, by the rule for the signs in multiplication, we find 
7 X —9 = — 14, 
5.x — 2 = — 10. 
Hence the equations 

60+7^ = 46, and 40 + 5^ = 30, 
become respectively 

60 — 14 = 46, and 40 — 10 = 50, 
and are verified, not by adding the two parts of the first member, 
but in reality by subtracting the second from the first, as was 
done above, after considering the proper import of the equations. 
60. The problem in art. 58 does not admit of a solution in 
the sense in which it is first enunciated ; that is to say, by addi- 
tion, or regarding as an accession the sum considered with 
reference to the wife and son of the labourer ; neither does the 
second enunciation consist with the data of the problem in art. 
56. 

If we were to consider in this case y, as expressing a deduc- 
tion, the equations thus obtained 
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Ux—7y = 74, , 
8x — 5y = 50, 
would give 

X — &, and y = ^ ; 

and the substitucioa of the value of x would immediately change 
the equations to 

60 — 7 y = 74, 
40 — 5y = SO. 

The absurdity of these results is precisely contrary to that of 
the resuhs in art. 58, since it relates to remainders greater than 
the numbers 60 and 40, from which the quantities 7y and 5y 
are to be subtracted. 

The sigD miDus, which belongs to the expression of y, implies 
an absurdity; but this is not all, it does it away also; for,^c- 
cording to the rule for the signs, 

and — 7x— 2 = + 14, 

— 5 X — 2 = + 10. 
Thus the equations 

60 — 7y = 74, 40 — 6y = 50, 
become 

60 '+ 14 = 74, 40 + 10 = 50, 

and are verified by addition ; consequently, the quantities — 7 y • 
and — 5y, transformed into -\- 14, -{- 10, instead of ei^pressing 
expenses incurred by the labourer, are regarded as a real gain. 
We are brought back then, in this case, also to the true enuncia- 
tion of the question. 

6 1 . We perceive by the preceding examples, that ihere may 6e, 
in thf. enunctoltons of a problem of the first degree, certain contra- 
dictions, which algebra not only makes known, bul potiUs out also 
how they may be reconciled, by rendering svbtraclive certain guan- 
tilies which had been regarded as additivt, or additive certain quan- 
tities mhich had been regarded as sublractive, or by giving to the 
tmknown quantities values affected witk the sign — . 

See then what is to be understood, when we speak of values 
affected by the sign — , and of what are ca!led,Ji«gfllip« solutions, 
resolving, in a sense opposite to the enunciation, the question in 
which they occur. 
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It follows from this, that wc may regard, as but One single 
question, those, the enunciations of which are connected (ogeihcr 
in such a manner, that the soluiion^, which satisfy one of the 
enunciations, will, by a mere change of sign, satisfy the other also. 

62, Since negative quantities resolve in a certain sense the 
problems, which give rise to them, it is proper to inquire a little 
more particularly into the use of these quantities, and to settle 
once for all the manner of performing operations in which they 
are concerned. 

We have already made use of the rule for the signs, which had 
been previously determined for each of the fundamental opera- 
tions; but the rules have not been demonstrated wilh reference 
to insulated quantities. In the case of subtraction, for example, 
we supposed that there was to be taken from o, the expression 
h — — c, in which the negative quantity c was preceded by a posi- 
tive quantity h. Strictly speaking, the reasoning does not de- 
pend upon the value of 6 ; it would still apply when 6 = 0, which 
reduces the expression 6 — c to — c. But the theory of nega- 
tive quantities being at the same time one of the most important 
and most difficult in algebra, it should be established upon a sure 
basis. To effect this, it is necessary to go back to the origin of 
negative quantities. 

The greatest subtraction, that can be made from a quantity, is 
to lake away the quantity itself, and in this case we have zero 
for a remainder ; thus a — o = 0. But when the quantity to be 
subtracted exceeds that from which it is to be taken, we cannot 
subtract it entirely ; we can only make a reduction of the quan- 
tity to be subtracted, equal to the quantity from which it was to 
be taken. When, for example, it is required to subtract 5 from 
3, or when we have the quantity 3— -5; to take, in the first place, 
3 from 5, we decompose 5 into two parts 3 and % the successive 
subtraction of which will amount to that of 5, and thus, instead 
of 3 — 6, we have the equivalent expression 3 — 3 — 2, which 
is reduced to — 2. The sign — , which precedes 2, shows what 
is necessary to complete the subtraction ; so that, if we had add- 
ed 2 to the first of the quantities, we should have had 3 -f- 2— 5, 
or zero. We express then, with the help of algebraic signs, the 
idea that is to be attached to a negative quantity — a, by form- 
ing the equation a — a = 0, or by regarding the symbols o — o, 
6 — 6, &,c., 33 equivalent lo zero. 
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This being supposed, it will be understood, that if we add to 
any quanlitj whalever the symbol b — b, which in reality is 
only zero, we do not change the value of this quantity, and that, 
consequently, the expression a -^ 6 — 5, is nothing else but a 
different manner of writing the quantity a, which is also evident 
from the consideration, that -|- b and — 6 destroy each other. 

But having by this change of form introduced -|- 6 and — 6 
into the same expression with a, we see, that in order to subtract 
any one of these quantities, it is sufficient to efface it. If it were 
4" h that we would subtract, we efface it, and there remains 
a — 6, which accords with the rule laid down in art. 2 ; if oq 
the other hand it were — b, we efface this quantity, and there 
would remain a + &, as might be inferred from art. 20. 

With respect to multiplication, it will be observed, that the 
product of a — a by + 6 must be a 6 — a 6, because the multi- 
plicand being equal to zero, the product must be zero; and the 
first term being a b, the second must necessarily be — a & to 
destroy the first. 

We infer from this, that ■ — a, multiplied by -j- 6, must give 

— ab. 

By multiplying a by 6 — 6, we have still ab — ab, because 
the multiplier being equal to zero, the product will also be equal 
to zero ; it is therefore necessary that the second term should be 

— o 6, to destroy the first -^ ab. 

Whence -|- a, multiplied by — 6, must give give — ab. 

Lastly, if we multiply — a hy b — b, the first term of the 
product being, according to what has just been proved, — ab,it 
is necessary that the second term should be -|- " ''i as the product 
must be nothing when the multiplier is nothing. 

Whence — a, multiplied by — 6, gives ■}- ab. 

By collecting these results together we may deduce from them 
the same rules as those in art. 31 (A). 

As the sign of the quotient, combined with that of the divisor 
according to the rules proper for multiplication, must produce 
the sign of the dividend, we infer from what has just been said, 
that the rule for the signs given in art. 42, corresponds with that, 
which it is necessary to observe in fact, and that consequently, 
simple quantities, when ihet/ are insulated, are combined with respect 
to their signs, in the tame manner, as when they make a part of 
polynomials. 
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65. According to these remarks, we may always, when we 
meet with negative values, go back to the true enunciation of the 
question' resolved, by seeking in what manner these values will 
satisfy the equations of the proposed problem ; this will be con- 
firmed by the following example, which relates to numbers of a 
different kind from those of the question in art. 56. 

64. Two couriers set out to meet each other at the same time from 
two citits, the distance of which is given ; we know horn many 
miles (a) each travels per hour, and we inquire at what point of the 
route between the two cities they iiiill meet. 

To render the circumstances of the question more evident, I 
have subjoined a figure, in which the points A and B represent 
the places of departure of the couriers. 

A ^R~~ " B 

I denote the things given, and those required, in the usual way, 
by small letters. 

fl, the distance in miles of the points of departure A and B, 

b, the number of miles per hour, which the courier from A 
travels, 

c, the number of miles per hour, which the courier from B 
travels. 

The letter R being placed at the point of meeting of the two 
couriers, I shall call x the distance AR passed over by the first, 
J) the distance BR passed over by the second, and as 

AR + BR~ AB, 
I have the equation, 

X +y = a. 
Considering that the distances x and y are passed over in the 
same time, we remark that the first courier, who travels a number 
b of miles in an hour, will employ, in passing over the distance 

tc, a time denoted by -r. 

Also the second courier, who travels c miles in an hour, will 

employ, in passing over the distance y, a time denoted by - ; we 



(a) In the original the distance is given in kiUnaeirts. 
expressed by miles to avoid perplexing the learner. 
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The equations of the queslion therefore will be 

* — ? 
b c' 
Making the denominator 6 of the second to disappear, we have 

pulling this value in the place of a; in the first equation, it be- 
comes 

and we deduce from it 

*y + cj = «c, whence y = r-r— ■ 

Substituting this value of y in the expression for the value of 
«, we obtain 



or lastly 

As the sign — does not enter into the values of x and y, it is 
evident that whatever numbers are put for the letters ofcc, we 
shall always find x and y with the sign -{-, and therefore the 
question proposed will be resolved in the precise sense of the 
enunciation. Indeed it is readily perceived, that in every case 
where two persons set off from difierent points and travel toward 
each other, they must necessarily meet. 

65. I will now suppose, that the two couriers proceed in the 

game direction, and that the one who sets out from A is pursu* 

ing the one who sets out from B, and who is travelling toward 

the same point C, placed beyond B, with respect to A. 

A B R~ C 

It is evident that in this case, the courier who starts from the 
point A, cannot come up with the courier who sets off from the 
point B, except he travels faster than this last, and the point of 
coming together, R, cannot be between A and B, but must be 
beyond B, wilh respect to A. 

Having the same things given as before, and observing that 
when 

AR — BR = JJB, 
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we have 

The second equation, 



expressing only the equality of the times employed by the cou- 
riers in passing over the distances JR and BR, undergoes no 



The above equations, being resolved like the former ones, give" 
-^—y = a, by~cy = ac, 

b ^ ac abc 

«nd lastly x = . 

Here the values of x and y will not be positive, except when 
6 is taken greater than c, that is to say, except the courier start- 
ing from the point A be supposed to travel faster than the other. 

If, for example, we make 

6 = 20, c = 10, 
we have 



20 — 10 " 
^ ~ 90 — 10 " 



= 2a 



from which it follows, that the point of their coming together is 
distant from the point A twice JB. 

If we now suppose 6 smaller than c, and take, for example, 
fr = 10, c = 20, 



we find 



10a 



These values being affected with the sign — , make it evident, 
that the question cannot be resolved in the sense in which it is 
enunciated; and indeed it is absurd to suppose that the courier 



72 Eltmmti ofAlgAra. 

setting out from the point ^, and proceeding only 10 miles in an 
hour, should ever be able to overtake the courier setting out from 
the point B, and travelling 20 miles per hour, and who is in ad- 
vance of the first. 

6G. Nevertheless, these same values resolve the question in 
a certain sense } for, by substituting them in ths equations 
x — y-a, 

I ~l 
6 e' 
we have by the rule for the signs 

— a + 2 a = B, 



equations which are satisfied ; since, by making the reductions, 
the first member becomes equal to the second ; and if we attend 
to the signs of the terms, which compose the first, we shall see 
how it is necessary Co modify the enunciation of the question, in 
order to do away the absurdity. 

Indeed, it is the distance a corresponding to x, and passed 
over by the first courier, which is in reality subtracted from the 
distance 2 a, corresponding to y, and passed over by the second 
courier ; it is then just as if we had changed y into x, and x into 
y, and had supposed that the Courier starting from the point B, 
had run after the other. 

This change in the enunciation, produces also a change in the 
direction of the routes of the couriers ; they are no longer tra- 
velling toward the point C, but in an opposite manner toward 
the point C, as represented in the figure below ; 



C R' A B R C 

and their coming together takes place in R'. The result from 
this is 

BR' — AW = AB, 
which gives 

y — x = a; 
we have besides constantly 
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_ ae _ 20a 

^ "~ T^b ~~ 20 — 10 ~ "' 
positive values, which resolve the question in the precise sense 
in which il is enunciated. 

67. The question we have been considering presents a case, in 
which il is in every sense absuivJ. This occurs when we sup- 
pose the two couriers to travel equally fast. It is evident, that ia 
whatever direction we suppose them to move, they can never 
come together, since they preserve constantly the interval of their 
points of departure. This absurdity, which no modification in the 
enunciation can remove, is very conspicuous in the equations. 

We have now & = e, since the couriers, travelling equally fast, 
pass over the same space in an hour ; the equation 

* — » 
i ~ c 

becomes * ^^ ?' 

3nd gives x = y. 

Thus the equation x — y = a 

reduces itself to x — x = a or = «, 

a result sufhciently absurd, since it supposes a quantity a, the 

magnitude of which is given, to be nothing. 

68. This absurdity shews itself in a manner very sbgular in 
the values of the unknown quantities 

ab ac 

their denominator becoming when & =; c, we have 
ah ac 

' = -0' »=¥■ 

We do not easily perceive what may be the quotient of a di- 
vision when the divisor is sero ; we see merely, that if we con- 
sider 6 as nearly equal to c, the values of x and y become very 
great To be convinced of this, we need only take 
6 = 6 miles, c =: 5,8 miles, 



we then have 



0,2 ^ 

« = ^ii? = 29 a. 
* 9 ■ 



If further we take 6=6, e = 5,9, 

Alg. 10 
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X 


-0,1- 


= 600, 






S 


-0,1 


= 59 a. 


If 


moreover we 


make 






it 


becomes 


b = 


6, 


c = 5,99 






X : 


_ 6o _ 
"0,01 ~ 


: 600 a, 






» = 


_ 5^190 
n_oi 


= 599 0, 



and it is manifest, that as the divisor diminishes in proportion to 
the smallness of the assumed difference of the numbers h and c^ 
we obtain values more and more increased in magnitude. 

But as a quantitj, however minute, can never be taken for 
zero, it follows, that however small we make the difference of 
the numbers represented by the letters b and c, and however 
great may be the consequent values of x and y, we never attain 
(o those which answer to the case where b = c. , 

Since these last cannot be represented by any namber, how- 
ever great we suppose it, they are said to be injimte ; and every 

expressibn of the fonn — , the denominator of which is zero, is 

regarded as the symbol of injinih/. 

This example shows that mathematical infinity is a negative 
idea, since we at length get it only by the impossibility of assign- 
ing a quantity that can resolve the question. 
We may ask here, how the values 

__o5 _ae 

*~ 0' ' ~ 0' 

satisfy the equations proposed ; for it is an essential character- 
istic of algebra, that the symbols of the values of unknown quan- 
tities, whatever they may be, being subjected to the operations 
indicated upon these quantities, sbalt satisfy the equations of the 
problem. 

By substituting them in the equations 
x — y =a, 

* — ? 

b~ b' 

which answer to the case where & = c, we have by the first, 
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b ab 
_ =0, 



ab — a 



or ab — ab = a X 0, 

or lastly, = 0, since a X = 0. 

The second equation gives, under the same condition, 
ab _ ab 
0XA~0X6' 
the two members of each equation becoming equal, the equations 
are satisfied. 

It remains still to explain how the notion indicated by the 

expression ~, removes the absurdity of the result found in art. 

67. For this purpose, let the two members of the equation 

0! — y = a, 
be divided by a;, which gives 

X z 
and as the equation 

^ —I 
h~ b 
gives X = ^f, the first becomes 

1 — 1 = -, or = -. 

The error here consists in the quantity -, by which the sec- 
ond member exceeds the first ; but thb error becomes smaller 
and smaller, in proportion to the assumed magnitude of x. It Is 
then with reason, that algebra gives for x an expression, which 
cannot be represented by any number, however great, but which, 
as it proceeds in the order of numbers becoming greater and 
greater, points out in what manner wc may reduce more and 
. more the error of the supposition. 

69. If the couriers travelling equally fast, and in the same 
direction, had set out from the same point, their coming together 
could not be said to take place at any particular point, since 
they would be together through the whole extent of their route. 
It may be worth while \a see how this circumstance is represent- 
ed by the values, which the unknown quantities x and y assume 
in this case. 
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A C 

The points A and B being coincident, we have on this auppo- 
sition = 0, and consiantly h =i c\ it follows then, that 
_a6_0 _^_? 

In order to interpret these values, that indicate a division, in 
which the dividend and divisor are each nothing, I go back to 
the equations of the question. The first becoming 

x—y — 0, gives x=y; 
and substituting this value in the second equation, which is 

jT = ri il becomes r = r- 

The last equation having its two members ideatical, that is to say, 
composed of the same terms wiib the same sign, is verified, what- 
ever value is as&igned to y, and this unknown quantity can never 
be determined. Besides, it is evident that the equation 

— ^ f becomes x = u, 
6 6 " 

and consequently can express nothing more than the first.* The 
only result, both from the one and from the other, is, that the two 
couriers are always together, since the distances x and y from the 
point .4 are equal; their value in other respects remains indeter- 
minate. The expression -} then, is here a symbol of an inde- 
terminate quantity. I say here, for there are cases where it is 
not ; but the expression has not then the same origin as the pre- 
ceding. 

70. To give an example, let there be 

6(«-6)- 
This quantity becomes J in its present form, when B = 6; but if 
we reduce it first to its most simple expression, by suppress- 
ing the factor a — h, common to the numerator and denominator, 
we find 

*' For the sake of conciseness, analysis apply to the same equations 
the epithet, identical. 

? ^ I is an identical equation, 5 — 3x := 5 — 3a; is another, 

and when two equations express only the same thing, ne say that, 
these equKtions alto are identical. 
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"(« + *) 
b ' 
which gives 2 a, nben a = b. 

U is not the same witb the values of x and jf, found in the 
preceding article, for they are not susceptible of being reduced 
to a more simple expression. 

It follows, from what 1 have just said, that when we meet 
witb an expression which becomes {, it is proper, before pro- 
nouncing upon its value, to see if the numerator and denominator 
have not a common factor, which becoming nothing, renders the 
two terms at the same time equal to zero, and which being sup- 
pressed, the true value of the proposed expression is obtained. 
There are, notwithstanding, some cases which elude this method, 
but the limits of this work will only allow me to note the anulyti- 
cal fact. It belongs properly to the diOerential calculus, to give 
the general processes for finding the true value of quantities, 
which become J. 

71, It is very evident, from what has been said, that algebraic 
tolutions either answer perfectly to the condilions of a problem, vihm 
it is possible, or ttuy indicate a modifcation to be made in Ike emm- 
dalion, lehen the thing) given imply contradictions that cannot bt 
reconciled ; or lastly, they make knojun an absolute tm^tojji6t7t(y, 
when there is no method of resolving with the same things given, a 
question analogous in a particular sense to the one prcpoted. 

73. It may be remarked, that in the different solutions of the 
preceding question, the changing of the signs of the unknown 
quantities x and y, corresponds to a change in the direction of the 
journeys represented by the unknown quantities. When the un- 
known quantity y was counted from B towards A, it had in the 
equation 

* + » = «, 

the sign -|-, and it takes the sign — for the second case, when 

the motion is in the opposite direction from B towards C, art. 

65, since we had for the first equation 

x—y^a. 

Bj chanf^ng the sign io the second equation, 

t —1 
h c' 
we have 
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a result which differs from that given in the article cited ; but it 
should be observed, that the journej y, being made up of multH 
pies of the space c passed over in an hour by the courier from 
B, and this space having the Eame direction as the space y, ought 
to be supposed to have the same sign, and consequently to take 
the sign — , when — is applied to y ; we have accordingly, 
I — y X V 

b~ — c' *"■ b~ c 

A simple change of sign then is sullicient to comprehend the 
second case of the question in the first, and it is thus that algebra 
gives at the same time the solution of several analogous questions. 
We have a striking example of this in the problem of art. 15. 
It is here supposed that the father owed the son a sum d ; if 
we would resolve the question on the contrary hypothesis, that 
is, by supposing that the son owed the father the sum d, it would 
be sufficient to change the sign of d in the value of x, and we 
have 

_ bc — d 
*- a + b- 
If we suppose neither to owe the other any thing, we must make 
d ^ 0, and then the equation would be 
be 

'=7+1- 

Nothing can be easier than to verify the two solutions, by put- 
ting anew the problem into an equation for each of the cases» 
which we have enunciated. 

73. It was only to preserve an analogy between the problema 
56 and 64, that I have employed two unknown quantities in the 
second. ■ Each may be resolved with only one unknown quanti- 
ty; for when we say that the labourer received 74 francs for 12 
days' work performed by himself and 7 days' work by his wife 
and son, it follows, that if we call y the daily wages of the wo- 
man and son, and take 7y from 74 francs, there will remain 
74 — 7y for the 12 days' labour of the man; from which we 
infer that he earned ~—^ per day. 

By a similar calculation for the 8 days' service, we find that 

he earned — ~ — ? per day. 

Putting the two quantities equal to each other, we form the 
equation 
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74 — 7ff _ 50 — 5 y 
12 ~ 8 ■ 

Also in the question of art. 64, 

A H B 

if x represent the course AR of the courier from A, BR — a — x 
would be that of the courier who set off from B towards A. 
These two dbtances being passed over in the same time by the 
couriers, whose rate of travelling per hour in miles is denoted bj 
numbers 6 and c respectively, we have 



The difference between the solutions, which I have now given, 
and those of articles 56 and 64, consists merely in this, that we 
have formed and resolved the first equation by the assistance of 
ordinary language, without employing algebraic characters, and 
it is manifest, that the further we carry this, the less will remain 
to be effected by the other. 

74. We sometimes add to the problem of art. 64 a circum- 
stance, which does not render it more difficult. 



A R C B 

Wt mppose that the courier, who tlarls/rom B, iets off a number 
d of hours before the other, whogoesfrom A. 

It is evident, that this amounts only to a change of the point 
of departure of the first, for if he travelled a number c of miles 
per hour, he would pass over the space BC =: cdin d hours, 
and would be at the point C, when the other courier set off from 
A ; so that the interval of the points of departure would be 
AC = ^B — BC = a--cd. 
By writing then a— cd in the place of a in the equation of 
the preceding article, we have 

X a — cd—x 

l~ e ' 

ab — hed 

If the couriers proceeded in the same direction, the interval of 
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A~ B C S 

the points of departure would be 

AC = ^B + BC=za+ ed; 
and the distance passed over by the courier from the point A 
would be AR, while that passed over by the other courier would 
be CR = AR — JiCi 

we have then 



whence 



'- b-c ' 



75. Enunciated in this manner, the problem presents a case, in 
which the interpretation of the negadve value found for x is 
attended with some difficulty; it is when the couriers being sup- 
posed to proceed in opposite directions, we give to the number d 
a value such, that the space BC represented bycd, becomes 
greater than a, which represents AB. 



C R A B 

Now the courier from the point B arrives at C on the other side 
of ^ at the moment when the courier from^ sets off towards B ; 
there is then an absurdity in supposing that the two couriers can 
thus come together. 

If we should take, for example, 

o=400»''-, b=W^, c=8-^, d = 60*, 
there would result from it cd = 480°^, thus the pouit C would 
be 80™^ on the other side of A, with respect to the point B ; but 
we find, 

__ 400. 12 — 60 .8.12 _ 400.8 — 60.2.12 
'^ " 8 + 12 ~ T^ 

_ 1200 — 144 240 _ 

5 5 ' • 

Thus the coming together of the couriers takes place in a point 
JR, 48'^ on the other side of the point A, but between A and C ; 
although it seems that the courier from B, being supposed to 
continue bis journey beyond the point C, can be overtaken by 
the other courier only after he has passed this point. 

To understand the question resolved in this sense, we may 
substitute in the place of x the negative member — m, and the 
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equation becomei 

_ffl _ a — ed+n 
6 "" e ' 

er by changbg the signs in the two members, 

m cd — a — M 

6 ~ c 

We see that the distance passed over by the courier from the 
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point B,iacd — a — m,or what remains of BC after ,3B anA 
AR are subtracted, that is CR, and that AC = cd — a. This 
is just what would take place if the second courier had started 
immediately from the point C, where he is, at the-departure of 
the first ; but as they travel in opposite directions, they must 
necessarily meet between A and C. Thus, this case is similar 
to the first of those of art. 74, where it is sufficient to change 
a — cd into cd — a, in order to obtain the value, which m has 
according to the above equation.* 

76. The problem of art. £6, taken in its most enlarged sense, 
may be enunciated as follows ; 

A labmirtr having passed a numbtr a of days m a family, and 
having with Mm his wift and son during a number b of days, 
rtceivtd a sum c ; he livtd afitrward in the same famihf a number 
d of days ; he had with him this lime his wife and son, durit^ a 
number e of days, and he received a sum f ; we inquire what he 
tamed per day, and what was allowed per day to his wife and soiu 

Let X represent constantly the daily wages of the labourer, 
and y that of bis wife and son ; for the number a of days, he has 
a X, and 'for the number b of days, his wife and son have by,ee 
that, 

ax -{• by = c; 
for the number d of days, be has dx, and for the number e of 
days, his wife and son have e t/, thus, 

dx + ey =f. 
These are the general equations of the question. 

We deduce from the first 

multiplying this value by d, in order to substitute it in the place 

* See note at the end of the Elements of Algebra. 
Alg. 11 
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ofx in the second equation, we have 

a ' 

and Coiuequently, 



"By iis^ii^ the denommator to disappear, we oblsid 

ed — bdy -f ttty =: af, 
Ivhence ii«y — bdy = a/ — erf, 

af—ed 

Having tb« Tahe of y, if we substitute it instead of y lA tlt« 
expression foi a, this last will be known, 

«« — bd 

X =; — ' . 

a 

To aoiplif^ this expression, we should, in the first place, perforiK 

the mulliplication indicated upon the quantities 

'• "•^ &^ (") 

Kb f —bed 

'^ at — bd 

X := : 

a 
end then reduce c to a fraction havug the same denominator as 
the fraction which accompanies it, and perform the subtraction 
of this fraction (&3) ; and it becomes 

ae»~bed — abf+bed 



or by being reduced 



* There might be some doubt as to the meaning of this expres- 
sion ; but it is obviated by attending to the bar denoting division, 
which is placed in the mid^e of the line. Thus, in the expression 

T=^-=,A represoDts the dividend, whether integral or fractional, and 

S the divisor, wtueh aiay ilse be a whole nnmber or a fraction. So also 



ae—bd 


a.t-aif 
^_ «,-l,d , 
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Dividiog by a (51) ne bav« 



a' e — abtC 

Suppressing the factor «, couunon to the numerator and deawni- 
nator (38), we find 

~~ ae — bd" 
The values 

ce — bf a f-~ e d 

V^ applied in the same manner as those, which we before found 
for literal eriuations, with only one unknown quantity ; we sub- 
stitute in the place of the letters, the particular nuRibers in the 
example selected. 
We shall obtain the results in art. 56, by making 

a =12, S = 7, c=74, 

d= 8, e= 5, f~iO, 
and those of art. 58, by making 

0= 12, 6 = 7, c = 46, 

d= 8, « = 5, /=: 30. 
77. The values of x and y are adapted not only to the pro- 
posed question ; they extend also to all those, which lead to two 
equations of the first degree with two unknown quantities, since 
it is evident, that these equations are necessarily comprehended 
in the formulas, 



fraction ^ divided by B, and the expression > = d indicates for x die 



quotieal arising from A divided by the fraction -^; and lastly, we de- 

A 
note by the expression z = d> t'*^ quotient reiultiag from the divis- 



A B 

ion of the fraction -^ by the fraction ^. 

It will be perceived by theie remarks, thai it is neceisary to place 
the bars according to the result, which we propose t* express. 
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ax-\-by — c, 

provided the letters a, b, d, e, denote the whole of the given 
quantities, bj which the unknown quantities x and y are respec- 
tively multiplied, and the letters c and/ the whole of the known 
terms, transposed to the second member. 

0/ the resolution of any given mtnAer of Equalions of tkt Firit 
Degree, containii^ an eqaal number of unknown Quantities. 

78. When a question has as many distinct conditions, as it 
contains unknown quantities, each of these conditions furnishes 
an equation, in which it often happens, that the unknown quan- 
tities are involved with others, as we have seen already in the 
problems with two unknown quantities; but if these unknown 
quantities are only of the first degree, according to the method 
adopted in the preceding articles, we take in one of the equations 
the value of one of the unhtown quantities, as if all the rest were 
known, and substitute this value in all the other equations, which wilt 
then contain only the other uTiknown quantities. 

This operation, by which we exterminate one of the unknown 
quantities, is called elimination. In this way, if we have three 
equations with three unknown quantities, we deduce from them 
two equations with only two unknown quantities, which are to 
be treated as above ; and having obtained the values of the two 
last unknown quantities, we substitute them in the expression for 
the value of the first unknown quantity. 

If we have four equations with four unknown quantities, we 
deduce from them, in the first place, three equations with three 
unknown quantities, which are to be treated in the manner just 
described ; having found the value of the three unknown quanti> 
ties, we substitute them in the expression for the value of the 
first, and so on. 

See an example of a question, which contains three unknown 
* quantities and three equations. 

79. A person buys separately three loads of grain ; the first, which 
contained 30 measures of rye, 20 of barley, and 10 of wheat, cost 
^30 francs ; 

The second,which contained 15 measures of ryt, 6 of barley, and 
12 of wheal, cost IZS francs ; 
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The third, which contamed 10 tntaauru ofryti 5 of barley, and 4 
ofmkeal, coat 75 francs ; 

It is askedf tohat the rye, bart^ and wheat cost, tachp^r meaturt ? 
Let X be the price of a measure of rye, 
y, that of a measure of barley, 
2, that of a measure of wheat. 
To fulfil the first condition, we obt>erve, th&t 
30 measures of rye are worth 30a;, 
30 measures of barley are worth 20 y, 
10 measures of wheat are worth 10 zi 
and as the whole must make 230 francs, we hare the equatioa 
30i + 20y + 10? =; 230. 
For the second condition, we have 

15 measures of rye, worth l&x, 
G barley 6y, 

13 wheat \2z, 

and consequently, 

15a; + 6y + 12a =; 138. 
For the third condition, we have ' 

10 measures of rye worth 10 », 
5 barley 5 y, 

4 wheat 4 2, 

and consequently, 

\Qx + Sy + 4r = 75. 
The proposed question then will be brought into three equations ; 
30x + 20j + 102 z= 230, 
15a! -i- 6y 4- 12z = 138, 
10a: + 5y + Az= 75. 
Before proceeding to the resolution, I examine the equations, 
to see if it is not possible to simplify them by dividing tbe two 
members of some one of them by the same number (12), and 1 
find that the two members of the first may be divided by 10, 
and those of the second by 3.' Having performed these divisions, 
I have only to occupy myself with the equatitms 
3x-(-2y+ 2 = 23, 
5a: 4- 2y + 42= 46, 
10a: 4- 5y 4- 4r= 75. 
As I can select any one of the unknown quantities in order to 
deduce its value, I take that of z in the first equation, because 
this unknown quantity having no coefficient, its value will be en- 
tire or with«itt a divisor, as follows ; 
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2 = 23 — S« — Sy. 
This value being subsiituted for z in the second and Uurd equa- 
tiofu, tfaey becone 

5«-H2y + 92— 12« — 8y = «, 
101+ 5y + 92— 12« — 8y = 76; 
and reducing the first member of each, we find 
92 — ?« — 6y = 4fi, 
92 — 2 1 — Sy = 75. 
To proceed with these equations, which contam <wlf two un- 
known quanlilies, I take in the first the value of the unknown 
<{uantit7 tf, and I obtain 

92 — 46— 7x 46 — 7* 

y = ^ > or S=— g—. 

and by substituting thii value in the second equaiioa, it becomes 

92 — 2 a; — 3 X - "7''' = 75. 

The denominator, C, thay be made to disappear by the usual 
method, but observing that tbe denommator is divisible by 3, I 
can simplify the fraction by muUiplytng it by 3, agreeably to 
article 54 of Arithmetic. I have then ' 

2 
The denominator 2 being made to disappear, it becomes 
184 — 4jf — 46 + 7a;= 150; 
tbe first member being reduced, gives 

138 4- 3i = 150, 
whence 

150 — 1; 



- = --, or X = i. 



Substituting this value in the expression for that of y, 1 find 
46—7X4 46 — 28 18 
y = 6 = -g— = ^, or y = 3; 

and by subsiituling these values in the expression for that of z, 
we obtain 

2 = 23 — 3 X 4 — 2X 3 = 23 — 12 — 6, or j = 5. 
It appears then, that the price of the rye per measure was 4 fr., 
that of the barley 3, 

that of the wheat 5. 

This example, while it illustrates tbe method given in the pre- 
ceding article, ought to be attended to, on Account of the abbre- 
viations of calculation, which arc perfornied in it. 
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80. I proceed novt to nsotvc the folleWing problem. 
^ man, loAo undertodt In Irmujwrt »me jMrceMin vaatt of Ihrtt 
different nitt, contracted that ht vtould psy oj muthfor taek vant 
that ht brokf^ as he receimdfor Aose which he delivered safe. 

Ht had commitltd to him two itnall vasts, four of a middle size, 
and nine hrgt mtea ; he brofte Ae middlt sizid ones, deiivertd all 
the others st^fe, and rtctived fhe rum o/"23 francs. 

There were afterwards commitled to him seven small vases, three 
of the middk nze, and Jim large ones ; he rendered this time the 
tmatl and the middk aizld onts, hut braktthejive large ones, and ht 
received only 3 francs. 

Lastly, he tiKk cluirgt of nine s^iall vases, ten middle sized onts, 
and eleven hrge ones ; all that last he Anjfce, and received in conse- 
quence only i francs. 

It is asked what was paid him for carrying a vase of each size? 
Let X be the sum paid for carrying a iraal] vase, 
y, that for carrying a middle sized one, 
z, that for carrying a large one. 
It is evident, that eacb sum which the porter peceived, is the 
difference between what was due to him for the vessels delivered 
safe, and what he bad to pay for those which were broken ; ac- 
cordmgly, the three conditiotu of the problem fiirni&li reapectivelj 
the following equations ; 

2aj — 4y + 8« = 28, 
7»+ 3j/— 5z= 3, 
9in 4- lOy — \\z = 4. 
The first of thes* equations gives 

_ 28+4y — 9s . 
~ 2 ' 

and by substituting this >-alue, the second and third equations 
become 

Making the denominators to disa]:^ar, we have 

196 + say— 63 z+ 6y— I0r = 6, 
262 + 36y — 81 z -f- 20y — 22 z =: 8 ; 

■educiog the first member of each, we obtain 
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196 -f 34y— 73z = 6, 
252 + 56 y — 103 2 = 8 ; 
taking the value of i/ in the first of these equations, we find 
73 a — 190 

y=^ 

By means of this value, the second equation becomes 

252 + 56 X ^^'~^^" — 1032 = 8 i 

being cleared of the denominator 34, it is changed into 

34 X 252 + 56 X 73z — 66 X 190— 34 X 103z=: 34 X 8,' 

or into 

8568 + 4088 2 — 10640 — 3502z = 272. 
The reduction of the first member of this result, gives 

586 z — 2072 — 272, 
whence we deduce 

2344 
^ = 1?6' "' '=""• 
By going back with the value of z to that of y, we have 
— 73 X 4 — 190 _ 292 — 190 _ 102 _ 

^ ~ 34 ~" 34 ~ 34 ' **^ ^ "~ ' 

and with these two values, we find 

28 + 4X3— 9X4 28 + 12 — 36 4 „ 

X- =z ■ ^ ■ = — , or it ^ 2. 

2 2 2' 

The prices then were 2 fr. for carrying a small vase, 

3 one of a middle size, 

4 a large one. 

This example is sufficient to show bow to proceed in all simi- 
lar cases. 

81. It sometimes happens, that all the unknown quantities do 
not enter at the same time into all the equations ; the method, 
however, is not changed by this circumstance ; it is sufficient, 
carefully to examine the connexion of the unknown quantities, in 
order to pass from one to the others. 

Let there be, for example, the four equations, 
3m — 2y= 2, 
2a; + 3y=39, 
5ic — 7r= 11, 
4y + 32 = 41, 
containing the unknown quantities, «, a:, j, and z. 

Willi a little attention we see, that by taking the value of x 
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in the second equation, and substituting it in the thicd, the result 
containing only y and z, will, hy being combined with the fourth 
equation, give the values of these two quantities ; and having the 
value of y, we obtain those of « and x, hy means of the first and 
second equations. The following is the process; 

"-^ 

or 195 — iby— Uz = 22, 

or 15j+ liz = 173 (57). 

The two equations 

15y+ 14z = 173, 
4y+ 3z= 41, 
being resolved, give 

y = 5, z = 7 } 
and by means of these values, we have 

— 39 — 3 X 5 _ 39 — 15 __ 24 _ 

a'— 2 — 2 — gj or a; _ 12, 

2 + 2y 2 + 10 12 
« = —1—=! =, —L. — = — , or w = 4. 
3 3 3' 

The numbers sought then are 

4, 12, 5, and 7. 
82. The method now explained is applicable to literal equa- 
tions, as well as to numerical ones ; but the multitude of letters, 
which it is necessary to employ to represent generally ihe things 
given, when the number of equations and unknown quantities 
exceeds two, has led algebraisu to seek for a more simple man- 
ner of expressing them. I shall treat of this in the following 
article; but in order to furnish the reader with the means of 
exercising himself in putting a fffoblem into an equation, and 
resolving it, I have subjoined a number of questions, and have 
placed at the end of each the answer that is required. 

1. Jl father, bting asked the age of his son, said, if from double 
the age that he is of now, ymt subtract triple of what he was six 
years ago, you have his present age. 

Answer. The child was 9 years old. 

2. Diophanliis, the author of the most ancient book on Algebra, 
that has come dowA to us, passed a sixth part of his life in infancy, 
m twelfih part of it in youth ; afterward he was married and passed 
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in this state a seventh part, and Jive years more, ahen he had a sottf 
whom he survived four years, and aho attained only to half the age 
of his father, what was the age of Diophantus when he died t 
Answer, 84 years. 

3. A merchara drew, every year, upon the stock he had in trade^ 
the sum of %000 francs for the exptnse of his family ; still his pro- 
perly increased every year, by a third part of what remained after 
this deduction, and at the end of three years it was doubled ; how 
mvch had he at the beginning of the first year f 

Answer, 14800 /rones. 

4. A merchant has two kinds of tea, the first at 1 4 francs a pound, 
the second at IS francs ; hoio much ought he to take of each to make 
up a chest of 100 pmmds, vihich should be worth IbSO francs ? 

Answer, 30 founds of the first and 70 of the sr.cond. 

5. A person filled, in 12 minuter, a vessel conlaining 39 gallons, 
with water, by means of two fountains, which were made to run in 
succession, and one discharged 4 gallons per minute and the other 
3, how long did each fountain run ? 

Answer, the first 3 minutes, and the second 9. 

6. At noon the hour and minute hands of a watch are together, at 
whatpoint oftlie dial will they next be in conjunction? 

Answer, at 1 hour 6 minutes and y't- 

Obs. This problem refers itself to ihat of art. 65. 

7. A man, meeting some beggars, wishes to gite them 25 cents 
each, but finds upon counting his mo^, that he wants 10 cents in 
order to do it ; he then gives them only 20 cents each, and has 25 cents 
left ; how much money hud he, and what was tht number of beggars f 

Answer, he had $1,65, and the number of beggars mas 7. 

8. Three brothers purchased an estate for 50000 francs, and the 
the first wanted, in order to complete the whole payment, half of the 
property of the second ,- the second would have paid the entire sum with 
the kelp of a third of what tht first owned, and the third refjuired, to 
make the same payment, in addittm to what he had, a fourth pari 
of what the first possessed ; what was the amount of each one's pro- 
perly ? 

Answer, the first had 30000 francs, the second 40000, and t^e 
third 42500. 

9. Three players after a game count their money, one had lost, 
the other two had gained each as mudi as he had brought to the play ; 
afler the second game, one of the players, who had gained before, tost 

. ■ n,g,t,7rJM,GOOglC 



Formula) for Eqaatima of the First D^ru. 91 

mvA (he Iioo others gained each a sum equal lo what he hai at iht 
beginning of thit second game ; at the third game, the player, who 
had gained till note, lost mith each of the oAers a sum equal to that, 
whrch each of them possessed at the heginmt^ of this last game ; they 
then tepnraled, each havirig 130 francs ; how much had they each, 
when theg commenced playing ? 

Answer, he who lost at the first game^ had 195 francs, 

he who lost at the second 105, 

he who lost at the third 60. 

General formulof for the resolution of Equations of the First Degree. 

83. To obviate the inconvenience referred to in the beginning 
of the last articlo, we shall represent all the coefficients of the 
same unknown quantity by the same letter, but distinguish them - 
by one or more accents, according to the number of equations. 

General equations with two unknown quantities are written 
thus; 

ax -f" hy =: c. 

The coefficients of the unknown quantity x are both represented 
by a, those of y by ^ ; but from the accent, which is placed over 
the letters in the second equation, it may be seen, that they are 
•not considered as having tbe same value, as the corresponding 
ones in the first. Thus a' is a quantity different from o, b' a 
•quantity different from b. 

If there are three equations, they are expressed thus ; 
ax + by + cz = d, 
a'x + b'y + &z = d?, 
o"3c + 5"y + c"z= d". 
All the coefficients of the unknown quantity ^ are designated by 
the letter a, those of i/ by b, those of z by c ; but the several let- 
ters are distinguished by different accents, which show, that they 
denote different quantities. Thus a, d a/', are three difierent 
quantiiies. The same may be said of b, b, b", &c. 

Following this method, if we have four unknown quantities, 
and four equations, we may write them thus ; 

a X + b y + c z + d « = «, 
of X + b' y + C z + df « = «', 
a" a; + 6" y + c" J -f- d" « = <", 
a"' 3- -i-b"'y + &"z+ d'" « = «"'. 
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84. To avoid fractions, and simplifj tlte calculation, we may 
varj the process of eliminalton in the following manner. 
Let there be the equations 

ax + by = c. 
a'x + b'y = C, 
it is evident, that if one of the unknown quantities, x, for exam- 
ple, has the same coefiicient in the two equations, we have only 
to subtract one of these equations from the other, in order to 
make this unknown quantitj disappear. This may be seen at 
once in the equations 

lOa + 11 t/ = 27, 
10»+ 9y = 15, 
which give 

lly — 9i/ = 27 — 16, or 2y = 12, or y = 6. 
It is evident, that the coefficients of x may be immediately made 
equal in the equauons 

a X + b jf = c, 

by multiplying the two members of the first by a', the coefficient 
of X in the second, and the two members of the second by a, the 
coefficient of x in the first ; we thus obtain, 

00' a: 4-a'Jy = <('c, 

aa' X -\- a}/ y =z acf. 
Then subtracting the first of these from the second, the unknowa 
quantity a: disappears ; and we have 

{aV — a' 6) y ^ acf — a' c, 
an equation, which contains only the unknown quantity y ; from 
this wc may deduce. 



The method, we have just employed, may always be applied 
to equations of the first degree, to exterminate any one of the 
unknown quantities. 

By exterminating, in the same manner, the unknown quantity 
y, we may find the value of x. 

If we apply this process to three equations, containing x, y, and 
z, we may first exterminate x from the first and second, then 
from the first and third ; we thus obtain two equations, which 
contain only y and z, from which we may exterminate y. 

When this calculation is performed, the equation containing z, 
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to which we arrive, will have a factor common to all its terms, 
and consequently will not be the most simple, which may be 
obtained. 

8fi. B^zout has given a very simple method for exterminating 
at once all the unknown quantities except one, and for reducing 
the question immediately to equations, which contain one un- 
known quantity less, than the equations proposed. Although 
this process is necessary, only. when equations with three un- 
known quantities are employed, we shall, in order to give a com- 
plete view of the subject, begin by applying it to those, which 
contain only two. 

Let there be the equations 

a X -\- b y := c, 

a'x + t/y^c^; 

multiplying the first by any indeterminate quantity m, we have 

amx -^- bmy = mc; 
subtracting from this result the equation 
afx + l/y — d, 
there remains 

amx — tfa; -Jf-hmy — 6'y =:icm — c*, 
or (am — e^)x -\- (6m — J*) y = c m — d. 

Since m is an indeterminate quantity, we may suppose it to be 
such, that b m = 5'. In this case, the term multiplied by y dis- 
appears, and we have 



but since bm =zh', it follows that, 
— ^ 



therefore 



_^ ^_ c b' — bc' 



If, instead of supposing 6 m = 6', we make am = (/, the term, 
which contains a*, wilt vanish, and we shall have 



the value of m will not be the same as before ; for we shall have 
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and by sobstttuling this iii ibe expression for y, we find 
_ caf — ae' 
* — ia'_ai'- 

If we change ihe s%ns of the numerator and denominator of this 
value of y, the denominator will become the same, as ^lat in the 
expression for x, since we shall have 



* ab' — ba-' 
86. Next let there be the three equations 
a X + b y + c z = d, 
o' X + f y + C z = d', 
a"x + b"y + c"z — d"; 
we shall be led, by an obvious analogy, to multiply the first of 
these equations by ta, and the second by n, m and n being inde- 
terminate quantities, to add together the results, and from the 
sum to subtract the third ; by this means, all the equations will ^ 
be employed at Ibc same time, and the two new quantities m and 
n, which we may dispose of, as we please, will admit of any 
i3eterminale vaUie, which may be necessary to make both the 
unknown quantities disappear in the result. Having proceeded 
in this manner, and united the terms by which the same unknown 
quantity is multiplied, we shall have 

<am + a'ti — a") a; ■i-(bm + b'tt — l/')y + {cm + &n — cf')t 
= dm+d'n — d". 
If we would make the unknown quantities x and y disap- 
pear, we must take the equations 

om + a'n = a", 
bm + b'n=:b", 
and then we obtain 

_ dm + d'n — ^' 
em -j-c'n — e"' 
From the two equations, in which m and n are the unfenowa 
<juanlities, it is easy to deduce the value of these quantities, by 
means of the results obtained in the preceding article ; for it is 
■only necessary to change in these results a; into m, y into n, and 
to write instead of the letters 



a*, f, (/, 



> the letters 



t a, of, o". 



whkh gives 
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Substitutiog theEe values in the expression for z, and reduciog all 
ibe terms to the same denominator, we have,t 

_ d (&' a" — a' b") + d' (a b" — b a") — ^'(ab' — b a') 

' ~ c (f a" — «' b") + 4^ {a b" — bxi") — c" (a 6' — 6 a!)' 

If we had made the terms containing x and 2 to disappear, we 

should have had 1/ ; the letters m and n would have depended 

upon the equations 

am ■•\-afn = a", c m + c' n z= c", 
and proceeding as before, we should have found 

d{c'a"-a'c") + d'{ac"-ca")-d-'(ac--ca-) 
'J - b {d al' - a' c") + b' {a c" - c a") - b" (a c' - c a!)- 
Lastlj, by assuming the equations 

bm + }/» = b", cm + c'n = c", 
we make the terms multiplied by y and r to disappear ; and we 
have 

_ d (c' h" — ft' c") + d' (b c" — e h") — d" (bc' — c b') 

"^ ~ a^c- b" -l^ c") + a- {be'- -cb")~a" {be- ~cb-y 

These values bebg developed in such a manner, as to make 

ths terms alternately positive and negative, if we change, at the 

same time, the signs of the numerator and denominator, in the 

first and third, we shall give them the following forms ; 

ab'df' — ad'b" + da: b" -~ba'd" + b d' a" — db' a" 



ai^e" 


■-«.'J"+, 


: 0' i" 


— baU 


" + b. 


'a" — lb' a'" 


ad'c' 


'-..■■(■■ + , 


;a'd" 


— dd. 


" + d. 


'«" — ecffl" 


»6'." 


'-a,' 6" + , 


:a'6" 


-io'c 


:"+i, 


:'«" — c6'a"' 


ib'd' 


• — dc'i"+. 


id-t" 


— bdi 


"+6, 


:'*'— ti'J' 



'/h" + ca'b" —ba-e" +bc't^'- 
87- Let there be the four equations 

a x + b y + c z + d « = «, 
a'x + b'y+c'z + dfu = ef, 

<^'x + b"y+c"2 + d"u = e", 
a"'x + b"'y + &"z + d"'u = e"' ; 
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if wc multiply the first by m, the second by n, the third by f, 
and from the sum of their products subtract the fourth, we shall 
have 

(am + a' n + of' p — a"') X + (bm + 1/ n + b" p — b"')y 
+ (tm 4- c'n + c"p — c"*) z + {dm+ d'n+ d"p—d^")u 

= e m -h e* » + e"/> — e"'. 
In order to obtain «, wc make 

o m + a' n + a"p = a"', 

tm + 6'n + 6"p = J"', 

cm +c'n+ C";» = C", 
we then have 



dm -|- d' n + d"p — d'"' 

The preceding equations, which must give m, n, and p, may be 
resolved by means of the formulas foimd for the case of three 
unknown quantities. This methr<d will appear very simple and 
convenient; but the nature of the results obtained above will 
furnish us with a rule for finding them without any calculation. 

83. To begin with tiie most simple case, we take an equation 
with one unknown quantity, ax = b; from this we find 



in which the numerator is the whole known term b, and the de- 
aominator the coefficient a, of the unknown quantity. 
From the two equations 

ax + fiy = c, a'a> + b'y = c', 
we have already deduced 

^ — ab' — ba" ^ ~ab' — b(^' 
The denominator in this case also is composed of the letters a, o', 
h, ft', by which the unknown quantities are multiplied. We first 
write a by the side of 6, which gives ab^ we then change the 
order of a and b, and obtain b a ; prefixing (o this the sign — 
we have ab — fca; lastly, we place an accent over the last 
letter in each term, and the expression becomes a 6' — b<^ for 
the denominator. 

From this expression we may find the numerator. To obtain 
that for a:, we have only to change each a into c, and each 6 into 
c for that of y, putting an accent over the last letter as before; 
in this way we find ci/ — 6 c' for the one, and ac' — c a* for the 
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other. The numerator may, therefore, be found from the denomina- 
tor, as well in cases where there are two unknown quantities, as 
when there is only one, by chat^ng the' coefficient of the unknouin 
quantity amtght, into the known term or second member, and retain- 
ing the accents, which belonged to the coefficients. 

The same rule maj be applied to .equations with three un- 
known quantities, as we shall see by merely inspecting the 
values, which result from these equations. With respect to the 
denominator, it is necessary further to illustrate the method by 
which it is formed. Now, since in the case of two unknown 
quantities, the denominator presents all the possible transpositions 
of the letters a and 6, by which the unknown quantities are mul- 
tiplied, it may be supposed, that when there are three unknown 
quantities, their denominator will contain all the arrangements 
of the three letters a, b, c. These arrangements may be formed 
in the following manner. 

We first make the transpositions ab — ba with the two letters 
a and 6, then, after the first term ab, write the third letter c, 
which gives abc; making this letter pass through all the places, 
observing each time to change the sign, and not to derange the 
order in which a and b respectively stand, we obtain 

abc — acb + cab. 
Proceeding in the same manner with respect to the second term 
— i d, we find 

— bac + boa — cba; 
connecting these products with the preceding, and placing over 
the second letter one accent, and over the third two, we have 
ab'c" — acfb" + ca'b" — ba'<^'-\- bcf a" ~ ch/ f^', 
a result, which agrees with that presented by the fonnulas, ob- 
tained above. 

From this it is obvious, that, in order to form a denominator 
in the case of four unknown quantities, it is necessary to intro- 
duce the letter d into each of the six products, 

abc--~-acb-^cab — bac-\-bca'— cba, 
and to make it occupy successively all the places. The term 
abc, for example, will give the four following ; 

abed — abdc -f- adbc — dabc. 
If we observe the same method in regard to the five other 
products, the whole result will be twenty-four terms, in each of 
Alg. 13 
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which, the second iMter will have one accent, the third two, and 
the fourth three. The numerators of (be unknown quantities u, 
2,y, and x, are found bj the rule already given.* 

89. We may employ these fomiulas for the resolution of nn- 
merical e(|ualiozu. In doing this, we must compare the terms of 
the equations pi^msed with the corresponding terms of the gen> 
eral equations, given in the preceding articles. 
To resolve, for example, the three equations 
7a:+5y + 2j= 79, 
8»+ 7y + 92= 122, 
X -^ Ay ■\' bz— 65, 
it is necessary to compare the terms with those of the equations 
given io art. 86. We have then 

a = 7, 6 = 5, c = 2, li = 79, 
rf = 8, (/ = 7, </ = 9, d' = 122, 
a" = 1, fc" = 4, c" = 5, d" = 55. 
Substituting these values in the general expressions for the un- 
known quantities x, y, and z, and going through.the operations, 
which are indicated, we find 

x = i, y — % J = 3. 
It is important (o remark, that the same expressions may be . 
employed, even when the proposed equations are not, in all their 
terms, affected with the sign -\-, as the general -equations, from 
which these expressions are deduced appear to require. If we 
have, for example, 

3* — 9y + 82 = 41, 

— 6a: + 4s + 2z=: — 20, 

\\3i — ly — 6z= 37, 

in comparing the terms of these equations with the correspond' 

ing ones in the general equations, we must attend to the signs, 

and the result will be 

a = + 3, 6 = — 9, c = -f 8, d = + 41, 

tf = — 5, f = + 4, (/ = -f 2, d' = — 20, 

ffl" = 4- 1 1, fr" = — 7, c" = — 6, d" = + 37. 

We are then to determine by the rules given in art. 31, the sign, 

* M. Laplace, in the second part of the Memoires de I'Academie 
des Sciencee fur 1772, p. 294. has demonatrated these rales d priori. 
See also jBtmala tJn MathimaHqitet jmra appliq^ei, hj M. (rergODDe, 
Tiri. iv, f. 148. 
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which each term of the genera) expressions for x, y, and z, ought 
to have, according to the siga^ of the factors of which it' is c(hq- 
posed. Thus we find, for example, that the first term of the com- 
oion denominator, which is a f c", becoming -|-3x+4X — 6, 
changes the sign of the product, and gives — 72. If we observe 
the same method with respect to the other terms, both of the 
Dumerators and denominators, talcing the sum of those, which arc 
positive, and also of those which are negative, we obtain 
2774 — 2834 , 



„ ^.0 = + '- 

_ 3022 — 2932 _ +90 

^ ~ 592 — 622 ~ — 30 ~ ' 



592 — 622 — 30 ' 
Equations of the Second Degru, having only one unknown Quantity. 

do. Hitherto I have been employed upon equations of the 
jirst degree, or such as involve only the first power of the un- 
known quantities ; but were the question proposed. To Jind a 
number, which, mulliplitd by Jive limes itself, viill give a product 
tqual to 135 ; if we designate this number by x, five times the 
same will be 5 x, and we shall have 

Ax' = 125. 

This is an equation of the second degree, because it contains x', 

or the second power of the unknown quantity. If we free this 

second power from its coefficient 5, we obtain 

125 
x' = — , or a;* = 25. 
5 

We cannot here obtain the value of the unknown quantity x, 
as in art. 11, and the question amounts simply to this, to find a 
number which, multiplied by iCselt^ will give 25. It is obvious 
that this number is 5 ; but it seldom happens that the solution is 
so easy; hence arises this new numerical question; to Jind a 
number, which, muUipUtd by itself, will give a product tqual to a 
prt^sed number ; or, which is the same thing, from the second 
'power of a number, to retrace our steps to the number from 
which it is derived, and which is called the square roof. 1 shall 
proceed, in the first place, to resolve this qtiestion, as it is involv- 
ed in the determination of the unknown quantities, in all equa- 
twns of the second degree. .' ,\';-: 
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9t . The method employed in finding or txiracling the roots of 
numbers, supposes the seconcl power of such, as are expressed 
by only one figure to be known. See the nine primitive num- 
bers with their second powers written under tbem respectively. 
123456789 
1 4 9 16 25 36 49 64 81. 
It is evident from this table, that the second power of a num- 
ber expressed by one figure, contains only two figures ; 10, which 
is the least number expressed by two figures, has for its square 
a number composed of three, 100. In order to resolve the sec- 
ond power of a number consisting of two figures, we must attend 
to the method by which it is formed ; for this purpose we must 
inquire, how each part of the number 47, for example, is em- 
ployed in the production of the square of this number. 

We may resolve 47 into 40 + 7, or into 4 tens and 7 units ; 
if we represent the tens of the proposed number by a, and the 
units by b, the second power will be expressed by 

(fl -f. 6) (o -H 6) = «» + 2a6 + 6» ; 
that is, it is made up of three parts, namely, ike iqwtri of the ims, 
tmice iht product of the tens maltiplied In/ the untb, and the square 
of the anils. In the example we have taken, o =: 4 tens or 40 
units, and b =.7; we have then 

o* = 1600 

2«6= 660 

b' = 49 



Total, a» + 2 o fc + 6» = 2209 = 47 X 47. 

Now in order to return, by a reverse process, from the num- 
ber 2209 to its root, we may observe, that the square of the tens, ■ 
1600, has no figure, which denotes a rank inferior to hundreds, 
and that it is the greatest square, which the 22 hundreds, com- 
prehended in 2209, contain ; for 32 lies between 1 6 and 25, that 
is, between the square of 4 and that of 5, as 47 fails between 4 
tens or 40, and 5 tens or 50. 

We find, therefore, upon examination, that the greatest square 
contained in 22 is 16, the root of which 4 expresses the number 
of tens in the root of 2209 ; subtracting 16 hundreds, or 1600 
from 2209, the remainder 609 contains double the product of the 
tei^ ity the units, 560, and the square of the units 49. But as 
-Al^^Ie the product of the tens by the imits has no figure inferior 
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to tens, it must be found in the two first figures 60 of the remain- 
der 609, which contain also the tens, arising from the square 
of the units. Now, if we divide GO by double of the tens 8, and 
neglect the remainder, we have a quotient 7 equal to the units 
sought. If we multiply 8 by 7, we have double the product of 
the tens by the units, 560 ; subtracting this from the whole re- 
mainder 609, we obtain a difference 49, which must be, and in 
fact is, the square of the units. 
This process may be exhibited thus ; 

22,09 I 47 

16 I 87 
6D,9 



000 
We write the proposed number in the manner of a dividend, 
and assign for the root the usual place of the divisor. We then 
separate the units and tens by a comma, and employ only the 
two first figures on the left, which contain the square of the tens 
found in the root. We seek the greatest square 16, contained 
in these two figures, put the root 4 in its assigned place, and sub- 
tract 16 from 22. To the remamder we bring down the two 
other figures, 09, of the proposed number, separating the last, 
which does not enter into doable the product of the tens by the 
units, and divide the remainder on the left by 8, double the 
tens in the root, which gives for the quotient the units 7. In 
order to collect into one expression the two last parts of the 
square coniained in 609, we write 7 by the side of 8, which 
gives 87, equal to double the tens plus the units, or 2 a -{-b; this 
multiplied by 7 or 6, reproduces 609 = 2a5-|-&^, or double the 
product of the tens by the units, plus the square of the units. 
This being subtracted leaves no remainder, and the operation 
shows, that 47 is the square root of 3209. 

If it w^re required to extract the square root of 324; the 
operation would be as follows ; 

3,24 I 18 
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IWseeding as in the last example, we obtain 1 for the place 
vS tens of the root; this doubled gives the number 3, by which 
die two first figures 22 of the remainder are to be divided. Now 
32 contains 2 eleven times, but the root can neither be more than 
10, nor 10; even 9 is in fact too large, for if we write 9 by the 
side of 2, and multiply 39 by 9, as the rule requires, the result is 
861, which cannot be subtracted from 324. We are, therefore, 
to consider the division of 32 by 2, only as a means of approxi- 
mating (he units, and it becomes nc^cessary to diminish the quo* 
tient obtained, until we arrive at a product, which does not 
exceed the remainder 224. The number 8 answers to this con- 
dition, since 8 X 28 = 224 ; therefore, the root sought i? 18. 
By resolving the square of 1 8 into its three parts, we find 

a' = 100 
3ab= 160 * 

b* = 64 



Total, 324 = 18 X 18, 

and it may be seen, that the 6 tens, contained in the square of 
the units, being united to 160, double the product of the tens 
by the units', alters this product in such a manner, tiiat a division 
of it by double the tens will not give exactly the units. 

92. It will not be difficult, after what has been said, to extract 
the square root of a number, consisting of three or four figures ; 
but^me further observations, founded upon the principles above 
laid down, may be necessary to enable the reader to extract the 
root of any number whatever. '' 

No number less than 100 can have a square consisting of more 
than four figures, since that of 100 is 10000, or the least number 
expressed by five figures. In order, therefore, to analyze the 
square of any number exceeding 100, of 473, for example, we 
may resolve it into 470 -|- 3, or 47 tens plus 3 units. To obtain 
its square from the formula, 

a' + 2a6-f-6«, 
we make a ^ 47 tens =: 470 units, 6 =: 3 units, then 
a" = 220900 
2ab = 2820 
b' = 9 



Total, 223729 = 473 X 473. 

In thb example, it is evident that the square of the tens has no 
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figure inferior to hundreds, and thii is a general principle, unce 
tens multiplied by tens, always give hundreds, (Arith, 32). 

It is therefore in the part 2337, which remains on the left of 
the {H^posed number, after we have separated the tens and units, 
that it is necessary to seek the square of the tens ; and as 473 
lies between 47 tens, or 470, and 4& tens, or 480, 3337 roust fall 
between the square of 47 and that of 48 ; hence the greatest 
square contained in 3337, will be the square of 47, or that of the 
lens of the root. In order to find these tens, we must evidently 
proceed, as if we had to extract the square root of 3337 only; but 
instead of arriving at an exact result, we have a remainder, 
which contains the hundreds arising from double the product of 
the 47 tens multiplied by the units. 

The operation is as follows ; 

' ■*" 22,37,29 I 473 



16 


87 


63,7 
60 9 


943 


282,9 
2829 





We first separate the two last figures 39, and in order to extract 
the root of the number 2337, which remains on the left, we fur- 
ther separate the two last figures 37 of this number ; the pro 
posed number is then divided into portions of two figures, begin- 
ning on the right and advancing to the left. Proceeding with 
the two first portions as in the preceding article, we find (he two 
first figures 47 of the root; but we have a remainder 28, which, 
joined to the two figures 29 of the last portion, contains double 
the product of the 47 tens by the units, and the square of the 
units. We separate the figure 9, which forms no part of double 
the product of the tens by the units, and divide 383 by 94, 
double the 47 tens ; writing the quotient 3 by the side of 94, 
and multiplying 943 by 3, we obtain 3839, a number exactly 
equal to the last remainder, and the operation is completed. 

93. In (wder to show, by What method we are to proceed with 
any number of figures, however great, I shall extract the root of 
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3S391834. Whatever this root may be, we toAj suppose it 
capable of being resolved into tens and units, as in the preceding 
examples. As the square of the tens has no figure inferior to 
hundreds, the two last figures 24 cannot make a part of it ; we 
may therefore separate them, and the question will be reduced 
to this, to find the greatest square contamed in the part 32391&, 
which remains on the \eh. This part consisting of more than 
two figures, we may conclude, that the number, which expresses 
the tens in the root sought, will have more than one figure ; it 
may therefore be resolved, like the others, into tens and units. 
Ab the square of the tens does not enter into the two last figures 
18 of the number 333918, it must be sought in the figures 3239, 
which remain on the left ; and since 3239 still consists of more 
than two figures, the square, which is contained in it must have 
a root, which consists of at least two; the number which ex- 
presses the tens sought will therefore have more than one figure; 
it is then, lastly, in 22 that we must seek the square of that, 
which represents the units of the highest place in the root re- 
quired. By this process, which may be extended to any length 
we please, the proposed number may be divided into portions 
of two figures from right to left ; it must be understood, bow- 
ever, that the last figure on the left may consist of only one 
figure. 

Having divided the proposed number into portions as below, 
we proceed with the three first portions, as 22,39,18,24 i 
in the preceding article ; and when we 
have found the three first figures 473 of the 
root, to the remainder 189, we bring down 
the fourth portion 24, and consider the 
number 18924, as containing double the 
product of the 473 tens already found by 
the units sought, plus the square of these 
units. We separate the last figure 4 ; di- 0000 
vide those, which remain on the left, by 946, double of 473, and 
then make trial of the quotient 2, as in the preceding examples. 

Here the operation, in the present case, terminates ; but it is 
very obvious, that if we bad one portion more, the four figures 
already found 4732, would express the tens of a root, the units 
of which would remain to be sought; we should proceed, tbere- 
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16 


87 


63,9 
60 9 


943 
9463 


301,8 

282 9 
1892,4 
1892 4 
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fore to divide the remainder now found, together with the first 
figure of the following portion, by double of these tens, and so on 
for each of the portions lo be successively bronght down. 

94. If^ after having brought down a portion, the remainder, 
joined to the first figure of this portion, does not contain double 
of the figures already found, a cypher must be placed in the root ; 
for the root, in this case, will have no units of this rank ; the 
following portion is then to be brought down, and the operation 
to be continued as before. The example subjoined will illustrate 
this case. The quantities to be subtracted are 49,4^09 | 703 
not put down, but the subtractions are suppo». 04,20, 9 | 1403 
ed to be performed mentally, as in division. 00 

95. Every number, it will be perceived, is not a perfect square. 
If.we look at the table given, page 100, we shall see that between 
the squares of each of the nine primitive numbers, there are in- 
tervals comprehending many numbers, which have no assignable 
root ; 45, for instance, is not a square, since it falls between 36 
and 49. It very often happens, therefore, that the number, the 
toot of which is sought, does not admit of one ; but if we^ttempt 
to find it, we obtain for the result the root of the greatest square, 
which the number contains. If we seek, for example, the root of 
2376, we obtain 47, and have a remainder 67, which shows, that 
the greatest square contained in 2276, is that of 47 or 2209. 

As a doubt may sometimes arise, after having obtained tire 
root of a number, which is not a perfect square, whether the 
root found be that of the greatest square contained in the num. 
ber, I shall give a rule, by which this may be readily determin- 
ed. As the square of a -{- 6 is 

a' +2ab + b*, 
if we make b = I, the square of o -|- 1 will be 

o» -(- 2a-f 1, 
a quantiUjT which differs from a', the square of a, by double of a 
plus unity. Therefore, if the root found can be augmenttd bt/ 
unitif, or more than unity, its iqvare, subtracted from the proposed 
number, mil leave a remainder at least equal lo twice this root plus 
utit^. Whenever this is not the case, irhe root obtained will be, 
in fact, that of the greatest square contained in the number pro- 
posed. 

96. Since a fraction is multiplied by another fraction, when 
their numerators are multiplied together, and their denominators 

dig. 14 
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together, it b evident that the product of a fraction multiplied by 
itself, or ikt square of a fraction U tgwil to J^ square of its mt- 
merator, divided by the square of its denominalor. Hence it follows, 
that to extract the square root of a fraction, we extract the square 
root of Us nameralor and that of its denominator. Thus the root 
of If is I, because 5 is the square root of 35, and 8 that of 64. 

It is very important to remark, that not only are the squares 
of fractions, properly so called, always fractions, but every frac- 
tional number, which is irreducible, (Arilh. 59) wili, ahen multiplied 
hy itself, give a fractional rault, which is also irredvcible, 

97. This proposition depends upon the following; Every prime 
number F, vshich will divide the product AB of two numberr A and 
B, will necessarily divide one of these murders. 

Let us suppose, that it will not divide fi, and that B is the 
greater ; if we designate the entire part of the quotient by q, and 
the remainder by &, we have 

B = qP + B', 
multiplying by ji, we obtain 

jlB = qAP + AB', 
and dividing the two members 6{ this equation by P, we have 

from which it appears, that if AB be divisible by P, the product 
A^ will be divisible by the same number. Now B\ being the 
remainder after the division of BhyP, must be less thanP; 
therefore B' cannot be divided hy P; if we divide P by B* we 
have a quotient q" and a remainder B" ; if further we divide P 
by B", we have a quotient q" and a remainder &", and so on, 
since P is a prime number. 

We have, therefore, the following series of equations ; 
P = 9'B' + B", P = q" B" + B"', &.C. 
multiplying each of these by A, we obtain 

AP = q' AB' + AB", AP = /' AB" + AB"', &x. 
dividing by P, we have 

•^ = ^ -p- + -p-) A=.q" -p- + -^, &c. 

Fiom these results it is evident, that if AB' be divisible by P, 
the producu AB", AB", &c. will also be divisible by it. But the 
remainders B',B",B"',&c.ar6becoming less and less, continually, 
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till tbey fioally terminate ia unity, for the operation exhibited 
above may be continued in the same manner, while the remain- 
der 18 greater than 1, since P is a prime number. Now when 
(he remainder becomes unity, we have the product ^ X 1, which 
must be divisible by P ; therefore A also must be divisible by P. 

Hence, if the prime number P, which we have supposed not 
to divide B, will not divide A, it will not divide the product of 
these numbers. 

{This demonstration is laken principally from the Th^orie des 
nombresof A!. Legendre.) 

98. Now when the fraction - is irreducible, there is no prime 

number, which will divide, at the same time, 6 and a ; but, from 
the preceding demonstration, it is evident, that every prime 
number, which will not divide a, will not divide a X a, or a', 
every prime number, which will not divide b, will not divide b X b, 
or b* i the numbers a' and b' are, therefore, in this case, prime 

to each other ; and consequently the square — of the fraction -, 
being u-reducible, as well as as the fraction itself, cannot become 
an entire number ^. 

99. From this last proposition it follows, that entire numbers, 
txc^t only such as are perfect squares, admit of no ass^able root, 
either among whole numbers or fractions. Yet it is evident, that 
there inust be a quantity, which, multiplied by itself, will produce 
any number whatever, 2276, for instance, and that, in the present 
case, this quantity lies between 47 and 48 j for 47 X 47 gives a 
product less than this number, and 48 X 48 gives one greater. 
Dividing then the difference between 47 and 48 by means of 
fractions, we may obtain numbers that, multiplied by themselves, 
will give products greater than the square of 47, but less than 
that of 48, and which will approach nearer and nearer to the 
number 3376. 

The extraction of the square root, therefore, applied to num- 
bers, which are not perfect squares, makes us acquainted with a 
new species of numbers, in the same manner, as division gives 
rise to fractions ; but there is this diSerence between fractions 
and the roots of numbers, which are not perfect squares ; that 
the former, which are always composed of a certain number of 
parts of unity, have wiib miity a common nwoture, or a relation 
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which aay be expressed by whole numbers, which the latter 
have not. 

If we conceive unity to be divided into five parts, for example, 
we express the quotient arising from the division of 9 by 5, or 
-J, by nine of these parts ; \ then, being contained five times in 
unity, und nine limes in {, is the common measure of unity and 
the fraction J, and the reliction these quantities have to each 
other is that of the entire numbers 5 and 9. 

Since whole numbers, as well as fractions, have a common 
measure with unity, we say that these quantities are commenaura- 
bU with unity, or simply that they are commmmrabU ; and since 
their relations or ratios, with respect to unity, are expressed by - 
entire numbers, we designate both whole numbers and fractions, 
by tlie cornmon name of rational numbers. 

Oh the contrary, the square root of a number, which is not a 
perfect square, is incommtnsurabU or irrational, because, as it 
cannot be represented by any fraction, into whatever number of 
parts we suppose unity to be divided, no one of these parts will 
be sufficiently small to measure exactly, at the same time, both 
this root and unity. 

In order to denote, in general, that a root is to be extracted, 
whether it can be exactly obtained or not, we employ the char- 
acter \/~, which is called a radical sign ; 
VIS is equivalent to 4, 
y-a is incommejisurabU or irrational. 

100. Although we cannot obtain, either among whole numbers 
or fractions, the exact expression for v^j y^' **'« may approxi- 
mate it, to any degree we please, by converting this number into 
a fraction, the denominator of which is a perfect square. The 
root of the greatest square contained in (he numerator will then 
be that of the proposed number expressed in parts, the value of 
which will be denoted by the root of the denominator. 

If we convert, for example, the number 2 into twenty-fifths, 
we have ||. As the root of 50 is 7, so far as it can be expressed 
in whole numbers, and the root of 25 exactly 5, we obtain |, or 
15 for the root of 2, to within one fifth. 

101. This process, founded upon what was laid down in article 
9G, that the square of a fraction is expressed by the-square of the 
numerator divided by the square of the denominator, may evi- 
dently be applied to any kind of fraction whatever, and more 
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rcaiiily to decimals than to others. It is manifest, indeed, from 
the nature of multiplication, that the square of a number express- 
ed by tenths will be hundredths, and that the square of a number 
expressed by hundredths will be ten thousandths, and so on; 
and consequently, that iht number of dtcimal figures m the square 
u alwaxjs double that of the decimal figures m ihe root. The truth 
of this remark is further evident from the rule observed in the 
multiplication of decimal numbers, which requires that a product 
should contain as many decimal &gures, as there are in both the 
factors. In any assumed case, therefore, the proposed number, 
considered as the product of its root multiplied by itself, must 
have twice as many decimal figures as its root. 

From what has been said, it is clear, that in order to obtain 
the square root of 227, for example, to within one hundredth, it 
is necessary to reduce this number to ten thousandths, that is, to 
annex to it four cyphers, which gives 2270000 ten thousandths. 
The root of this may be extracted in the same manner, as that 
of an equal number of units ; but to show that the result is hun- 
dredths, we separate the two last figures on the right by a 
comma. We thus find that the root of 227 is 15,06, accurate to 
hundredths. The operation may be seen below ; 



2,27,00.00 



12,7 
2 00 00 



1506 



25 



If there are decimals already in the proposed number, they 
should be made even. To extract, for example, the root of 51,7, 
we place one cypher after this number, which makes it hun- 
dredths ; we then extract the root of 51,70. If we proposed to 
have one decimal more, we should place two additional cyphers 
after this number, which would give 51,7000; we should then 
obtain 7,19 for the root. 

If it were required to find the square root of (he numbers 3 
and 3 to seven places of decimals, we should annex fourteen 
cyphers to these numbers ; the result would be 

V2 = 1,4142136, V3 = 1,7320508. 

103. When we have found more than half the number of 
figures, of which we wish the root to consist, we may obtain the 
rest simply by division. Let us take, for example, 3^976 ; the 
square root of this number is ISl, and the remainder, 315. If 
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we divide this remainder S15, bj 362, double of 181, and extend 
the quotient to two decimal places, we obtain 0,d9, which must 
be added to 181 ; the result will be 181,59 for the root of 32976, 
which is accurate to within one hundredth. 

In order to prove that this method b correct, let us designate 
the proposed number hy Jf, the root of the greatest square con- 
tained in this number by a, and that which it is necessary to add 
to this root to mahe it the exact root of the proposed number bj 
h ; we have then 

JV= a* + 2a6 + 5», 
from which we obtain 

A"— a* =2a6 + fe»; 
dividing this bj 2 a, we find 

From this result it is evident, that the first member may be 
taken for the value of 6, so long as the quantity -- is less than 

a unit of the lowest place Jbund in h. But as the square of a 
number cannot contain more than twice as many figures as the 
number itself, it follows, that if the number of figures in a ex- 
ceeds double those in b, the quantity -- will then be a fraction. 

In the preceding example, a =. 181 units, or 18100 hundredths, 
and cotiseL]uenLly contains one figure more than the square of 

59 hundredths: the fraction then — becomes, in this case, 

(59)' 
2 X 18100 36200' ' 
59, or than a hundredth of a unit of the first, 

1 0^. T his leads to a method of approximating the square root 
of a number by means of vulgar fractions. It is founded on the 
circumstance, thai a, being the root of the greatest square con- 
tained in A", b is necessarily a fraction, and — being much smal- 
ler than 6, may be neglected. 

If it were required, for example, to extract the square root of 
2; as the greatest square contained, in this number is 1, if we 
subtract this, we have a remainder, I. Dividing this remainder 
by double of the root, we obtain J ; taking this quotient for the 
value of the quantity b, we have, for the first approxims^oa to 
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the root, 1 + ^, or |. Raising this root to its square, we find {, 
which, subtracted from 2 or }, gives for a remainder — i. In 
tbis case the formula 

becomes 

12 ^ 2a 

Subsliluting — j'j for 6, we have for the second approximaUon 
I — T^ = 4.3 ; taking the square of J-}, we find f^lJ, a quantity, 
which Btili exceeds 2 or \U- Substituting \^ for a, we obtain 

12 X 34 "~ '''2a' 
which gives 

— 12 X 34 ~ 408' 
the third approximation will then be 

17 1 _ 17 X 34—1 _ 577 

12 12 X 34 "■ 408 408' 

Tbis operation may be easily continued to any extent we 
please. I shall give, in the Suj^lemtnt to this treatise, other fot^ 
mulas more convenient for extracting roots in general. 

104. In order to approximate the square root of a fraction, the 
method, which first presents itself, is, to extract, by approxima- 
tion, the square root of the numerator and that of the denomina- 
tor; but with a little attention it will be seen, that we may avoid 
one of these operations by making the denominator a perfect 
square. This is done by multiplying the two terms of the pro- 
posed fraction by the denominator. If it were required, for ex- 
ample, to extract the square root of ^, we might change this 
fraction into 

S_X7___ 21 

7X7 49' 

by multiplying its two terms by the denominator, 7. Taking the 

root of the greatest square contained in the numerator of tbis 

fraction, we have ^ for the root of 4, accurate to within 4. 

If a greater degree of exactness were required, the fraction ^ 
must be changed by approximation or otherwise into another, the 
denominator of which is the square of a greater number than 7. 
We shall have, for example, the root sought within y'y, if we 
convert f into 225ths, since 225 is the square of 15 ; thus the 
fraciimi becomes *^* of one 225ih, or ^jV, within jjjiihe rootof 
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^^ falls between tV^"'^ }|,buL approaches nearer to the second 
fraction than to the first, because 96 approaches nearer to a hun* 
dred than to 81 ; we have then |S or | for the root of J within rj- 

By employing decimals in approximating the root of the mi- 
inerator of the fraction |^, we obtain 4,583 for the approximate 
root of the numerator 21, which is to be divided by the root of 
the new denominator. The (quotient thence arising, carried to 
three places of decimals, becomes 0,65S. 

105. We are now prepared to resolve all equations involving 
only the second power of the unknown quantity connected with 
known quantities. 

We have only to collect into ofie member all the terms conldtnttig 
this poTnier, to free it from the gxtanttties, by which it is itmltipiied 
(11); we then obtain the value of the tmknow a giiantity by extracting 
the square root of each member. 

Let there be, for example, the equation 

4(r* — 8 =A — %j:'. 
Making the divisors to disappear, we find first 
15*^ — 168 = 84— 14iD=. 
Transposing to the first member the term 14 x', and to the sec- 
ond the term 168, we ha<(e 

15 a.^ + UicJ = 84+ 163, 
or 29 X* = 262, 

and X* = V/, 

It should be carefully observed, that to denote the root of (he 
fraction Vs°i ^^^ ^'S" %/" is made to descend below the line, 
which separates the numerator from the denominator. If it were 
written thus, - t^ , the expression would designate th^ quotient 

arising from the square root of the number 252 divided by 29 ; a 
result different from V^i which denotes, that the division is to 
be performed before the root is extracted. 
Let there be the literal equation 

ax^ -J- 6* =z c ic' -\- d" ; 
proceeding as with the above, we obtain successively 

ax* — cx^ ^ d' — 6', 
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I would remark here, tbat in order to designate the square 
root of a compound quanlitj, the upper line must be extended 
over the whole radical quantity. 

The root of the quantity 4 a* b — 2 6» + c* ia written thus, 

or rather 

v/(4a»6— 26>+c»), 
by substituting, for the line extended over the radical quantity, 
a parenthesis including all the parts of the quantity, the root of 
which is required. This last expression may often appear pre- 
ferable to the other (35). 

In general, every equation of the second degree of the kind 
we are here considering, may, by a transposition of its terms, be 
reduced to the form 

1- = °' 

- designating the coefficient, whatever it may be, of x'. We 
then obtain 



-^. 



106. With respect to numbers taken independently, this solu. 
tion is complete, since it is reduced to an operation upon the 
number either entire or fractional, which the quantity — repre- 
sents, an arithmetical operation leading always to an exact result, 
or to one, which approaches the truth very nearly. But in regard 
to the signs, with which the quantities may be affected, there re- 
mains, after the square root is extracted, an ambiguity, in con- 
sequence of which every equation of the second degree admits 
of two solutions, while those of the first degree admit of only 

Thus in the general equation x' ^ 25, the value of x, being 
the quantity, which, raised to its square, will produce 25, may, 
if we consider the quantities algebraically, be affected either with 
the sign + or — ; for whether we take + 5, or — 5, for this 
value, we have for the square 

+ 6X+5 = + 25, or — 6X— 5 = -i-25; 
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w« may therefore lake 

« = + 5, 

For the aante reason, from the general equation 



'=H-J°/. 



Both these expressions are comprehended in the following ; 
m which the double sign ± shows, that the numerical value of 



may be affected with the sign + or — . 

From what has been said, we deduce the general rule, that the 
douhU sign ± is to bt conHdtred as affecting tht square root of 
eoerrf quantity tBhaltiier. 

It may be here asked, why x, as it is the square root of a?', ia 
not also affected with the double sign ± ? We may answer, first, 
that the letter x, having been taken without a sign, that Is, with 
the sign -f-, as the representative of the unknown quantity, it is 
its value when in this state, which b the subject of inquiry ; and, 
that when we seek a number x, the square of which is b, for ex- 
ample, there can be only two possible solutions ; a? ^ + y*) 
X ^ — V6" ^g"™, if in resolving the equation x' ^ 6, we 
Write ± a: =: d= \'^, and arrange these expressions in all the 
different ways, of which they are capable, namely, 
+ x~+v'b,-~x = ~~yl, 
+ a: = — V'Si — 3C = + K/l, 
we come to no new result, since by transposing all the terms of 
the equations — x = — \/b, — a; = + \/b, or which is the 
same thing, by changing all the signs (57), these equations be- 
come identical with the first. 

107. It follows from the nature of the signs, that if the second 
member of the general equation 
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Were a negative number, the equation would be absurd, since tbc 
square of a quantity affected either with the sign +, or — , hav- 
ing always the sign +, no quantity, the square of which is nega- 
tive, cEui be found either among positive or negative quantities. 

This is what is to be understood, when we say, that the root of 
a negative qiumtitif is imaginary. 

If we were to meet with the equation 
«« + 25 = 9, 
we might deduce from it 

a;* = 9 — 25, 
or i« = — 16 ; 

but, there is no number, which, multiplied by itself, will produce 
— 16. It is true, that — 4 multiplied by + 4, gives — 16 ; but 
as these two quantities have different signs, they cannot be con- 
sidered as equal, and consequently their product is not a square. 
This species of contradiction, which wUl be more fully cwisider- 
ed hereafter, must be carefully distinguished from that mentioned 
in art. 58, which disapjiears by simply changing the sign of the 
unknown quantity; here it ts the sign of the square x*, which is 
to be changed. 

108. To be complete, an equation of the second degree, with 
cmly one unknown quantity, must have three kinds of {erms, 
namely, those involving the square of the unknown quantity, 
others containing the unknown quantity of the first degree, lastly, 
such as comprehei>d only known quantities. The following 
equations are of this kind ; 

x' — 4x = 13, 4 a; — }ir» = 4 — 2ir. 

The first is, in some respects, more simple than the second, 
because it contains only three terms, and the square of x is posi- 
tive, and has only unity for a coefficient. It is to this last fonoj 
that we are always to reduce equations of the second degree, 
before resolvmg them ; they may then be represented by this 
formula, a» + px = q, 

in which ^ and q denote known quantities, either positive or neg- 
ative. 

It is evident, that we may reduce all equations of the second 
degree to this state, 1. by collecting into one member all the 
terms involving x (10), 3. by changing the sign of each term of 
the equation, in order to render that of x* positive, if it was be- 
fore negative (57), S. by dividing all the terms of the equation 
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by the multiplier of x*, if this square have a multiplier (11), or 
by multiplying by ite divisor, if it be divided by any number (12). 
If we apply what has just beeo said to the equation 
, 4* — fa« = 4 — 2i, 
we have, by collecting into the first member all the terms involv- 
inga;, 

— fir» + 6af = 4, 
by changing the signs, 

}x* — 6cP = — 4, 
multiplying by the divisor 5, 

Sx" —30 a: = — 20, 
dividing hy the multiplier 3, 

x' — lOap = — Y- 
If we now compare this equation with the general fonn,ula 
X* -\- px =: q, 
we shall have 

;. = — 10, g = _V. 
109. In order to arrive at tbe solution of equations thus pre- 
pared, we should keep in mind what has been already observed 
(34), namely, that the square of a quantity, composed of two 
terms, always contains the square of the first term, double the 
product of the first term multiplied by the second, and (he sqnarc 
of the second ; consequently the first member of the equation 

x' + iax -{■ a' = b, 
in which a and b are known quantities, is a perfect square, aris- 
ing from « + 0, and may be expressed thus, 
(. + .)(x + a) = i. 
If we take the square root of the first member and indicate that 
of the second, we have 

a; + a = ± v'6, 
an equation, which, considered with respect to x, is only of the 
first degree ; and from which we obtain, by transposition, 

if = — a ± vS. 
An equation <^ the second degree may therefore be easily re- 
solved, whenever it can be reduced to the form 

x' +2ax + a* —b, 
that is, whenever its first member is a perfect square. 
But the first member of tbe general equation 
X* -f p 3! = y, 
contains already two terms, which may be considered as form- 
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ing part of the square of a binomial ; namely, x', which is the 
square of the first term x, and p <c, or double the first multiplied 
by the second, which second is consequently only half of p, op 
'' ip. To complete the square of the binomial a; + Jp, there 
must be also the square of the second term, ^p; but this square 
may be formed, since p and ^p are known quantities, and it 
may be added to the first member, if, to preserve the equality of 
the two members, it be added at the same time to the second; 
and this last member will still be a known quantity. 

As the square of \p is ^p', if we add it to the two inemben 
of the proposed equatirai, 

we shall have 

«• +?«+ ip' ~q + ip'. 

The first member of this result is the square o{ x -\- ^p; taking 
then the root of the two members, we have 

i^ + tF= ^ ^? + Jj>S (106); 
by transposition this becomes 

<»=—lpd=\^q + ip', 
or which is the same thing" 

x = — ip+ y/q + i-p', 
and 

X = — Ip — Vg + Jp'. 

I have prefixed the sign -|- to the second term ^p, of the root 
of the first member of the above equation, because the second 
term of this member is positive ; the sign — is to be prefixed in 
the contrary case, because the square x' — 2ax -\- a* answers 
to the binomial x-~ a. 

Any equation whatever of the second degree may be resolved, 
by referring it to the general formula, 

•X* -^ px = q; 
or more expeditiously, by performing immediately upon the 
equation the operations represented under this formula, which, 
expressed in general terms, are as follows ; 

To make the first memhtr of iht proposed tquation a perfect 
aqiutre, bif adding to it, and also to the second, die square of half the 
given quantily, by which Ae firgi ponoer of the unknomn quantity it 
multiplied ; Aen to extract the square root of eoc/t member, observ- 
Mig, thmt Ihe root of &e Jirtt mmiber it composed of f^ unhwam 
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fiumttly, and half of the ffivm number, by nhkh the uvknovm 
quantity tn (Ae tecond Urm U multiplied, taken with the sign of Ihit 
quantity, and that the root of At second member must have the dou- 
ble tign ±, and be indicated bg the $^ Vi \f *' cannot be obtained 
direct^. 

See this illustrated by examples, 

110. To find a number such, that if it be mult^lied by 7, and 
ihii product be added (s its square, the mm will be 44. 

The number sought being represented by x, the equation will 
evidently be , ^ 

X' + 7x = i4. J 

In order to resolve this equation, we take }, half of the coeffi- 
cient 7, by which x is multiplied ; raising it to its square w« ob- 
tain V ; this added to each member gives 

i« +7*+ y =44 + Y; 
reducing the second member to a single term, we have 

x* + 7x+ V = n'- 
The root of the first member, according to the rule given above, 
is « -|- ^ and we find for that of the second y ; whence arises 
the equation 

» + I = ± V, 
from which we obtain 

» = - i ± y, 

or 

» = - I + V = » = 4, 

. = -} — y = — y= — "• 

The first value of x solves the question in the sense, in which 
it was enunciated, since we have by this value 
»» r= 18 
7x = 28 



sum 44. 

As to t]ie second value of «, amce it it aSected with tb^ sign 
— , the term 7 a;, which becomes 

7 X — 11 = — 77, 
must be subtracted from ic', so that the enunciation of the ques- 
tion resolved "by the number 1 1 is this, - 

To find a numbtr nich, that 7 tmet ihit manier being tvhtracted 
from its square, the remainder mil be 44. 

The negative value then here modifies the question in a man 
ner, analogous to what ukes place, as we have already seen, in 
equatioDB of the first degree. 
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If we put the question, at enunciated above, into an equation, we 
obtaio , f 

.■-7. = 44, 2''^^/»•^'^— 
this becomes, when resolved, 

«« — 7j: + y = 44 + y, 
»» — 7a:+ y = »f', 
» — i = ± V, 

a; = :; ± y, 

« = V = 11, 

« =}—¥= — 1 = — ■*. 

The negative value of x becomes positive, as it satisfies pre- 
cisely the new enunciation, and the positive value, which does 
notthus satisfy it, becomes negative. 

Hence we see, that in equations of the second degree, algebra 
unites under the same formula two questions, which have a cer- 
tain analogy to each other. 

111. Sometimes enunciations, which produce equations of the 
second degree, admit of two solutions. The following is an ex- 
ample ; 

To find a number suck, that if 15 be added to its square, the sum 
ioiU be equal to 8 times this number. 

Let a: be the number sought ; the equation arising from the 
problem b then 

X' -\- \6 = Bx. 
This equation reduced to the form prescribed in art. 10% be- 
comes / ^^, .. i^'' ■■' " ' 
X* — 9x ~ — 15, 7 
«» — 8a; -H 16 = — 15 + 16, 
X* — 8«+ 16 = 1, 

a— 4 = ± I, 
x= 4± 1, 
or if = 5, 

X = 3. 
There are therefo)^ two different numbers 5 and 3, which 
fulfil the conditions of the question. 

119. Questions sometimes occur, which cannot be resolved 
precisely in the sense of the enunciation, and which require to 
be modified. This is the case, when the two roots of the equa- 
tion are negative, as in the following example, 
«» -H 5af -I- 6 = 2. 
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This equation, wbicb denotes, that the aquan of the r 
sought, augmenttd by 5 lima this number, and also by 6, will give 
a ittm equal to 3, evidently canoot be verified by addition, as is 
implied, sioce 6 already exceeds 2. Indeed, if wfi reeolre it, we 
find successively ^^ t 

!» + 5* = _ 4, ;' y Lo^/lr-^ 

,. +6*+y =y — 4 = f, 
a; + i = ± a, 
■ = — f + I ='— 1, 
» = — J — | = — 4. 
From the Hgn — , with which the numbers 1 and 4 are affected, 
it may be seen, that the term 5 x must be subtracted from the 
others, and that the true enunciation for both values is, 

To find a number such, that if 6 times this number be subtracted 
from iu square, and 6 he added to the remainder, the result zoill be 3. 
This enunciation furnishes the equation, 
x' — 5 a: + 6 = 2, 
which gives for x the two positive values 1 and 4. 
113. Again, let the following problem be proposed ; 
To divide a number p into too parts, the product of which shall 
be efual to q. 

If we designate one of these parts by x, the other will be ex- 
pressed by p — X, and their product will be ;i x - x* ; we have 

then the equation 

px-X' = q, 

or, changing the signs, /' , , -<t ^-itt-^ 

x' — px :=. — q; ■ ' ■ I 

resolving this last, we find 

X = \p± v J p" — "jl 
If now we suppose 

p = 10, J = 21, 
we have 

a; = 5 ± Vzs— 21, 
or it = 6 ± 2, 

oc = l, 
a; = 3, 
that is, one of the parts will be 7, and the other consequently 
10 — 7, or 3. 
If on the contrary, we take S for x, the other part will be 
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10 — 3 or 7 ; so that the enunciation, as it stands, admits, strictlj 
speaking, of only one solution, since the second amounts simply 
to a change in the order of the parts. 

If we examine carefully the value of a in the question we have 
.been considering, we shall see that we cannot take any numbera 

indifierently for^ and j, for if q exceed^, or the square of ^p, 

the quantity^ — q becomes negative, and we are presented 

with that species of absurdity nKotioaed in art. 107. 

If we take, for example, 

p =1 10 and 9 =: 30, 

we have, 

« =5 ± s/3^—3a =i 5 ± V — 6} 
the problem then with these assumptions is impossible. 

114. The absurdity of questions, which lead to imaginary roots, 
is discovered only by the result, and we may wish to determine 
by characters, which are found nearer to the enunciation, in 
what consists the absurdity of the ph>bleni, which gives rise to 
that of the solution ; this we shall be enabled to do by the fol- 
lowing consideration. 

Let d be the difference of the two parts of the proposed num- 
ber ; the greater part will be ^ -{--, the less ^ — - (3) ; but it 
has been proved (39, 30, & 34) that 

^^ -t- ''S ^^ — ^ = ^ — - ■ 

\2 ^ 2/ \2 2/ 4 4 ' 

therefore, the product of the two parts of the proposed number, 

whatever they may be, will always be less than — , or than the 

square of half their sum, so long as d is any thing but zero ; when 

d is nothing, each of the two parts being equal to |,theirproduct 

will be only ^. It is then absurd to require it to be greater ; 

and it is just, that algebra should answer in a manner contradic- 
tory to established principles, and thereby show, that what is 
sought does not exist. 

What has been proved concerning the equation 
X' ~px'= — q, 
furnished by the preceding question, is true of all those of the. 
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second degree, where q is negative in the Kcood nmnbo*, the oor 
ly equatioDB, which produce ima^arj roots, since the term ^, 

placed under the radical sign, preserves always the sign -f-i what 
ever may be that of p. Indeed, it is evident that the eqiiati<m 

<t* + p X = -^ q, or x' -\- px + q =^0y 
will admit of no positive solution, since the first member contains 
only affirmative terms ; and, to ascertain whether the unknown 
quantity x can be negative, we have only to change x into — y. 
The unknown quantity y would then have positive values, which 
would be furnished by the equation 

y —P3 + g = 0, or y*~.py = — q, 
which is precisely the same as that in the preceding article ; but 
as the values of x can be real, only when those of y would be 
so, they become therefore imaginary fai the case under considera- 
tion, when q exceeds^. 

It will be perceived then from what has been said, how, and 
for what reason, when the krwan term of an equation of the ttcond 
degree is negative in the stctmS number, and greater Ami the square 
of half the coefficient of the first power of tht vmhunm fUimh'fy, ^M 
equation can have only imaginary roots. 

115. The expressions 

t^'^i, a + V^^j 
and, in general, those, which involve the square root of a negative 
quantity, are called imaginary quantitiet.* They are mere sym- 
bols of absurdity, that take the place of the value, which we 
should have obtained, if the question had been possible. 

They are not, however, to be neglected in the calculation, be- 
cause it sometimes happens, that when they are combined ac- 
cording to certain laws, the absurdity disappears, and the result 
becomes real. Examples of this kind will be found in the Sup- 
plement to this treatise. 

116. As it is important, that learner^ should have just ideas 
respecting all those analytical facts, which appear to be derived 
from familiar notions, I have thought it proper (o add some ob- 
servations to what has been said (106), on the necessity of admit- 
ting two solutions in equations of the second degree. 

• It would be more correct to say, imaginary expressims, or sym- 
bols, as they are not quanlities. 
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I shall show that, if iktre exists a quantity s, which, substituted in 
theplace ofji, nmjiei ike equation of the second degrte, x' 4* P ^ = ■)* 
4Md if cotisequmtty the ealue of x, fAit ttnlmoum quantity mil still 
haee another value. Now, if we substitute ■ for x, the result will 
hea' + pa^ q; aod since, bj supposition, a represents the 
value of X, jT will be necessarilj equal to the quantity a* + pa; 
we may then write this quantity in the place of q, in the propos- 
ed equation, which thus becomes 

J!* -(-piij = a' + pa. 
I^ranippsing all th» terms of the second member, we have 

x* + px — a'— «pa = 0, 
which may be written, 

X* — o» + i* (a; — o) = ; 
and because 

X* —a» =(x + a) {x — a), (34), 
it is obvious, at once, that the first membtt is divisible hy x — a^j 
and will give an exact quotient, namely, x + a+p; we have 
then, 
X' +px — 5 = «»-:— 0* +J>(a! — a)^ (x — a)(x + a+p). 
Now it is evident, that a product is equal to zero, when any one 
of its factors whatever becomes nothing ; we shall have then 

(x.-a)ix + a+p)=,0, 
not only when x — a =: 0, which gives 

« = «, 
but also when x •\- a +p ^0, from which is deduced 
a; = — a — p. 
Therefore, if a is one of the values of », — a — p will neces' 
sarity be the other. 

This result agrees with the two values comprehended in the 
formula * 

x = ~ip± Vf+Jp i 

for if we take for a the first value, — ip + ^/y+ii"*) *< obtain 
for the other 

which is in fact the second value. 

These remarks contain the germof Uie general theuy of equa- 
ti(Hi8 of whatever degree, as will appear hereafto-, when the sab- 
ject will be resumed. 

117. The diSicuky of putting a problem into an equation, is 
the same in questions involving the second and higher powers, as 
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in tboee iaTolving only the first, and consiMs always in diseo- 

tangling and expressing dtstinctly in algebraic characters all th« 
conditions comprehended in the enuDciation. Tlte preceding 
questions present no diEBcuUy of this sort ; and, although the 
learner is supposed to be well exercised in those of the firM 
degree, I shall proceed to resolve a few questions, which will 
furnish occasion for some instructive remarks. 

A person tn^kyed two labourirs, alioviing than d^ennt waget ; 
l3u first recehtd, at the end of a ctrtain nvmber of dayt, 96 francs^ 
and the second, having worked six dat/s Uat, ricsivtd onhf Si 
francs ; if this last had worked the whole number of dat/s, and the 
oAtr had lost six dags, Iheg woald both have received Ac same sum ; 
it is required to find how many dat/i eadi worked, and what turn 
each received for a dat/'s work. 

This problem, which at first view appears to contain several 
unknown quantities, may be easily solved by means of one, be- 
cause (he others may be readily expressed by this. 

If X represent the number of days' work of the first laboarcr, 
x _ 6 will be the number of days' work of the second, 

— will be the daily wages of the first, 



if this last had worked « days, he would have earned 

„ 54 34z 

m X ^ or -t 

X — o X — 6 

and the first, working x — 6 days, would have received only 

(.-6)g,or°^('-^'. 

The equation of the problem then wilL be 

54X _ 96(x — 6) 

The first step is to make the denominators disappear} the 
equation then becomes 

54 X' = 96 (a: — 6) (a; — 6). 
As the numbers 54 and 96 are both divisible by 6, (he result 
may be simplified by division, we shall then have 

9x* = 16(a; — 6)(«— 6). 
This last equation may be prepared for solution according to the 
rule given art. 108, but as the object of this rule is to enable us 
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with more facility to extract the root of each member of the 
eqaatim proposed, it is here uuDfCesaary, ttecatise the two mem- 
bers are already [weeented under the form of squares ; for it is 
evident, that 9 «■ is the square of 3 x, and 1 6 (x — 6) («' — 6) 
the square (tf 4 (« — 6). We haye then 

3 a? = ± 4 (a: — 6) ; 
from which may be deduced 

3 a = 4 » — 24, JB = 24, 
3* = — 4« -t- 24, * =z V> 

By the first solution, the first labourer worked 34 days, and 
' consequently earned H f*)* ^ francs per day, white the second 
worked only 18 days, and received ff or 3 francs per day. 

The secmd solution answers to another numerical question, 
connected with the equation under consideration, in a manner 
analogous to what was noticed in art. 111. 

1 18. .tf banker neeivea tmt notes againti the tame person ; .the 
Jiral of 550 franci, pay (Alt in geten months, the second of 7^franct, 
pagabU in four months, and gives for both the sum of HOOfrOMt ; 
it is required to find, vihat is the annual rate of interest, according 
to which these notes are discounled. 

In order [o avoid fractions in expressing the interest for seven 
months and four months, we shall represent by 12 3; the interest 
of 100 francs for one year; the interest for one month will then 
be «. The present value of the first note will accordingly be 
found by the proportion, 

lQO + lxilOQ::5aO:j^^r^ (Arilh. 120); 

and the present value of the second note by the proportion, 

100 -f- 4 ar : 100 : : 720 : -^?52L, 
' 100-1-4* 

By uniting ibese values, we obtain for the equation of the problem^ 
55000 . 72000 

Dividing each of the members by 200, we have 

275^ , 360 _ . 

100 -I- 7 1"*" 100 + 41 
making the denominators disappear, we find successively, 
275 (100 + 4 a:) -I- 360 (100 + 7 3f) = 6 (100 + 7*) (100 + 4«X 
27600 + 1 lOOx + 36000 + 2SS0tE = 60000 -f 6600« + 16&K', 
which may he reduced to 
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IfiSx* -f S980X = S500; 
dividing by 3, we obtain 

84x> + I490X =i 17M), 
which givea 

. , 14fi0 1750 

^84 84 

Comparing ibis equation with the formnla, 
X* ■\-px = q, 
we have 

1490 1750 

and the expression 
becomes 



84 -^ ^ 84 . 84 
Reducing the fractions, we have 

745 . 745 + X750 • 84 _ 702025 _ 
84 .84 84 . 84 * 

then, since the denominator of this fraction is a perfect square, 
we have only to extract the square root of its numerator. If we . 
atop at thousandths, we find 837,869, for the root of 703025 ; 
this, taken with the denominator 84, gives for the values of a; 



745 887,869 . 



The first of these values is the onlj one, which solves the 
question in the sense, in whTch it was enunciated. Dividing the 
denominator of this fraction by 13, we have {Ariih, 54.) 

12 x = ??!!® =13,867; 

that is, the annual interest is at tbe rate of 13,37 nearly* 
119. The following question deserves attention on account of 

the character, nhich the expression for the unknown quantity 

presents. 

To dvoidt a numi«r info too parU, Su sguarts of v^ick thall be 

t'n a given rati*- 



Xj*Mliaiw ^ Ae Stami D^^ with one tmJbMHm QiHnKt^. 

Let (t be the pvea number, 

m the ratio of the squares of its two parts, 

« one of these parts ; 
the other will be o — «. 
We shall then have, according to the enunciation, 



This maj be resolved in two ways ; we maj either reduce it 
to the form x* -\- pa ^ g, and then resolve it by the common 
method ; or since die fraction 



(a_x)(a-r) 
is a square, the numerator and deoosuoator being each a square, 
.wd thence conclude at once, 

^ = ± VS. 

X = ±{a — x) v'm* 
By resolving separately the two equations of the first degree 
comprehended in this formula, namely, 

« = -f (a — «) Vw. 

» = —('» — «) V-n 
vehave 

1— Vm 
By the first solution, the second part of the number proposed is 
gym _ a-j- a Vm — < y/m _ a 

and the two ports, 

"^ and ' , 

are both, as the enunciation requires, less than the number pro-- 
posed. 
By the second solutionwe have 

^ , a\/m _ a — a V w + a Vm _ a 
l—Vm" 1 — VS I — v^' 

and the two parts are 

- '^' and ' . 
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Tbeir signs bein|; opposlie, the namber a is strictly no longer 
their sum, but their (lifference* 

If we make m ==: I, thai is, if we euppoee that the squares of 
the two parts soughi are equal, we have 

Vi, = I ; 
aod the first solution wUl give two equal parts, 



a conclusion, that is self-evident, while the second solutioa giTei 

for the results two infinite quantities (68), namelj, 

— a — a 1 a u 

or — - — , ana or -. 

I— 1 ' I— 1 

This is necessaty, for it is only by considering two quantitiea 

infinitely great, with respect to their difference a, that we can 

suppose the ratio of their squares equal to unity. 

Now, let there be the two quantities ;r, and x -;- a, the ratio of 

their squares will be 



dividing the two terms of this fraction by x*, we obtain 



bat it is evident, that the greater the number «, the less will be 



approach to -, or 1. 

130. Now in order to compare the general method with that, 
which we have just employed, we develope the equation 



and we have, successively, 

X* = m (a — x)(a — x), 
X* =: a* m — 2«ni« + ma;*, 
x' —mx' -\- 2 a m a: =: o* M, 
(1 -i— m) X* -4- 2«i»a! = 0* m, 



making 
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the gcDeral formula gives 

J. --. , ""* j- I " a'm' " 'a' m' 

These values of x appear very different from thoee, which were 
found above ; yet they may be reduced to the same ; and in this 
consists the utility of the example, on which 1 am employed. It 
will serve to show the importance of those transformations, 
which difTereot algebraic operations produce in the expression 
of quantities. 

We must first reduce the two fractions comprehended under the 
radical sign to a common denominator. This may be done by 
multiplyiDg the two terms of the second by 1 — m, we have then 

a* w* d*m _ a* m* + «' "* (' — i") 

(l_«)(l_m) "*•!-«- (l-«)Cl-«) ~ 
a* BI* + o' w — a'm' a' m 

The denominator being a square, it is only necessary to extract 
the root of the numerator, we then have 



hut the expression \/a'm may be further sunplified. 

It is evident that the square of a produpt is composed of the 
product of the squares of each of its factors, for example, 

bed X bed = b* c' d", 
and consequently the root of 6* c* d* is simply the product of 
the roots b, c, and d, of the factors b',c', and d'. Applying this 
principle to the product a» m, we see that its root is the product 
of a, the root of a*, by v^^ which denotes the root of >n, or that 
\/ a'm = a ^m- 
It follows frmn these difierent transformations, that 
* am aV"* 

l—m 1 ^ m' 
am — as/m 

or x = ; ' — , 

am -\- a ^/JH 

' = — 7=;;:— 

These expressions, however simple, are still not the aame as ' 
those given in the {receding article ; if, moreover, we seek to 
verify them for tiie case, in which m = i, they become 

Jig. t7 
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We find, ID the second, the symbol of infinity, as in the preceding 
article, but the first presents this indetennioate form, |, of which 
we have already seen examples in articles G9 and 70 ; and be- 
fore we pronounce upon its value, it is proper to examine, whether 
it does not belong to the case stated in art. 70; whether there is 
not some factor common to the numerator and denominator, which 
the supposition of m =: 1 renders equal to zero- 



may be resolved into 

fl(_fft + v^ _ o(^-_n,) 
1 — m 1 — m 

It is here evident, that the numerator does not become 0, except 
by means of the factor \/m — m ; we must therefore examine, 
whether tbis last has not some factor in common with the denomi- 
nator 1 — m. In order to avoid the inconvenience, arising from 
the use of the radical sign, let us make Vn = "i then taking the 
squares, we have m=:n' ^ the quantities, therefore, 

V m — w* Sid 1 ^ m 
become »-— n* and 1 — »", 

butn — n*=n(l— n), audi— n« = (! — «) (1 + n) (34)} 
restoring to the place of n its value y/^ we have 
V**™ —'Vt =: (1 — Vw v'"') 
1— m = (l— v^(l-|-V^, 
and consequently, 

g (Vm — m) _ b(1— v^ y-w a\/m 

l—m (l_v»)(I +v'S) 1 H-v""' 

a result the same, as that found in art. 1 19. * 

In the same manner we may reduce the second value of x, 
observing that 

— a v^ — am _ — g(l + Vm)V"^ _ — tt\/m 
l—m "(I— Vm)0+VS)" 1 — VS^ 

as in art. 119.* 

* The example, which 1 have given at some length, corresponds 
with a iHTohlem resolved by Ckiraut, in his Algebra, the enunciation 
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It will be seen without difficulty, that we m^ht have avoided 
radical expressions in the preceding calculations, by taking »»* 
to represent the ratio, which the squares of the two parts of the 
proposed number have to eBch other ; m would then have been 
the square root, which may always be considered as known, 
when the square is known ; but we could not have perceived 
from the beginning the object of such a change in a given term, 
of which algebraists often avail themselves, -in order to render 
calculations more simple. It is recommended to the learner, 
therefore, to go over the solution again, putting m* in the place 
of m. ^ 

Oftht Extraction o/the Square Root of Algebraic Quantities. 

131. We have sufficiently illustrated, by the preceding exam- 
ple, the manner of conducting the solution of literal questions. 
We have given also an instance of a transformation, namely, 
that of \/^m into a x^m, which is worthy of particular attention ; 
since, by means of il, we have been able to reduce the factors, 
contained under a radical sign, to the smallest number possible, 
and thus to simplify very much the extraction of the remaining 
part of the root. 

This transformation consists in taking the roots of all the factors 
whidi are squares, and writing them teithout the radical sign, as 
mallipliers of the radical quantity, and retaining under ike radical 
sign all those factors, vihick are not squares. 

This rule supposes, that the student is already able to deter- 
mine, whether an algebraic quantity is a square, and is acquaint- 
ed with the method of extracting the root of such a quantity. 
In order to this, it is necessary to distinguish simple quantities 
from polynomials. 

133. It b evident,_from the rule given for the exponents in 

of which ia as follows; To find on the tine, which joins any two Inmi- 
nout bodies, the point tchere these two bodies thine with equal light. I 
bave diveBled this problem of the physical circumstances, which are 
foreig;n to the object of this work, and which only divert the atten- 
tion from the character of the algebraic espreraiona. These expres- 
sions are very remarkable in themselves, and for this reason I have 
developed them more fully, than (hey were done in th^ work re- 
ferred to. 
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mtiltiplic&timi, that the iecondponer of my qiumtUy hoM an ap»^ 
nent double that of this quantity, 
V/e have, for example, 

o' X «' — a*, a* X a' = a*, a' X a* = a», &c 
It follows then, that every factor^ ro&tcA u a square, mutt have 
on exponent tehich it an even quantityy and that the root of thit fac- 
tor u found by tmttng iit letter mih an exponent equal to half the 
ordinal exponent. 
Thus we have 

^/a» = «' or a, vo* = o*, ^/^ = a', tc. 
With respect to Dumerical factors, their roots are extracted, 
when they admit of any, by the rules already given. 
Whence the facfors a*, b*, C, in the expression 
i/Cia'b* e», 
are squares, and the number 64 is the square of 8 ; therefore, 
at the expression proposed is the product of factors^ vhieh are 
squares, it will have for a root the product of the roots of thesi 
several factors {l'i\); and, consequently, 

\/64a' 6' e* = 8 a» fc* c. 
123> In other cases, different from the above, at mutt endeav- 
our to resolve the pr<fosed quantity, considered as a product, into 
tJBO other products, one of which shall contain only such factors as 
are squares, and the other those factors which are ttol squares. To 
effect this, we must consider each of the quantities separately. 
Let there be, for example, 

s/72a*b^c'. 
We see that among the divisors of 73, the following are i,::rfect 
squares, namely, 4, 9, and 36 ; if we take the greatest, we have 

72 = 36 X 2. 

As the factor a* is a square, we separate it from the others ; 

. passing then to the factor b', which is not a square, since 3 is an 

odd number, we observe that this factor may be resolved into 

two others, t* and 6, the first of which is a square ; we have then 

b'—b'.h; , 
it is obvious also that 

c* = e' . c. 
Sy proceeding in the same manner with every letter, wfaoK ex- 
ponent is an odd number, the quantity is resolved thus^ 
72o*6»c* —SG.2a*b*.ic*.ei 



rmn-n-.;Goog\c 



Sqaart Rcot of Alg^trme Quanlitia^ 139 

by coUectlng the factors, which are squares, it becomes 
Z6a*b'c* X 26c. 
Lastly, taking the root of the firfit product and indicaiiag that 
of the secood, we have 

V72a*>»c* = 6 0* 6 c» V2fte. 
See some examples of Ihb kind of reduction, with the steps, by 
which they are performed ; 

J? = 4°' J = ° >|l = » J-^ = E >'"' i 

\9i \ 49 . 2 \ 49 ■ 2 

6.5 , |3^_30i-|53 
7 -^2"" 7 -^2' 

a' at' a*m ) a' at' + a' m ii _ 



JI^^^^^-^)==v^^=M^ 



It will be seen by the first of these exanptes, that the denonf 
inator of an algebraic fraction may be taken from under the 
radical sign by being made a complete square, in the same man- 
ner as we reduce the root of a numerical fraction (104.) 

134. We now proceed to the extraction of the square root of 
polynomials. It must here be recollected, that no binomial is a 
perfect square, because every simple quantity raised to a square 
produces only a simple quantity, and the square of a binomial 
always contains three parts (34). 

It would be a great mistake to suj^ioae the binomial a 4* 6 to be 
the square root of o* + b*, although talen separately,a is the root 
ofa>,andbthatof6* ; forthesquareof a-|-6, ora' + 3ai-fb', 
contains the term -(-Sob, which is not found in the expression 
o'+6». 

Let there be the trinomial 

24o» J»c-|- 16a* c» + 9 6". 
In order tiiobtatn from this expression the three parts, which 
compose the square of a binomial, we must arrange it with 
reference to one of its letters, the letter a, for example ; it then 
becomes 16o*c' + 24a» fc' c + 9i'. 
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Now, whatever be the square root sought, if we suppose it ar- 
ranged with reference to the same letter a, the square pf its first 
term mast necessariiy form the first term, 16 «• c*, of the pro- 
posed quantity ; double the product of the first term of the root 
by the second must give the second term, 24 a' 6' c, of the pro- 
posed quantity ; and the square of the last term of the root must 
give exactly the last term, !)(', of the proposed quantity. The 
operation may be exhibited, as follows; 

ICo'e* -1- 24o»&'c-)- 9 6" < 4 a' c -f-Sfe' root 
— 16 a«c» (8o*c-f-3M 

-f- 24a*6'c -f 9 6» 
— 24a' 6* c— 9 4" 





We begin by finding the square root of the first term, 16 a< c" 
and the result 4a> c (122) is the first term of the root, which is 
to be written on the right, upon the same line with the quantity, 
whose root is to be extracted. 

We subtract from the proposed quantity, the square, 16 a* c*, 
of the first term, 4 a^ c, of the root; there remain then only the 
two terms 24 a^ i* c -{- 9 6'. 

As the term 24 a" b'^ c is double the {Hvduct of the first term 
of the root, 4 o' c, by the second, we obtain this last, by dividing 
24 a" 6' c by 8 a' c, double of 4 o' c, which is written below the 
root; the quotient 36' is the second term of the root. 

The root is now determined; and, if it be exact, the square of 
the second term will be 9 4*, or rather, double of the first term 
of the root 8 a* c together with the second 3 6', multiplied by the 
second, will reproduce the two last terms of the square (91) ; 
therefore we write +3 6' by the side of Sn* c, and multiply 
8 a* c -|- 3 6' by 3 5' ; after the product is subtracted from the 
two last terms of the quantity proposed, nothing remains ; and 
we conclude, that this quantity is the square of 4 o' e + 3 6'. 

It is evident that the same reasoning and the same process may 
be applied to all quantities composed of three terms. 

1 ^5. When the quantity, whose root is to be extracted, has 
more than three terms, it b no longer the square of a binomial i 
but if we suppose it the square of a trinomial, m ■\- n -\- j), and 
represent by I the sum m-\-n, this trinomial becoming now I -{-p, . 
its square will be 
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in which the square I' of the biotHoial m -{- n, produces, when 
developed, the terms m' + 2 mit + n». Now, after we have 
arranged the ivoposed quantity, the first term will evidently be 
the square of the first term of the root, and the second will cod- 
taui double the product of the firet term of the root by the second 
of this root; we shall then obtain tbislast by dividing the second 
term of the proposed quantity by double the root of the first. 
Knowing then the two first terms of the root sought, we ctnoplele 
the square of these two terms, represented here by /■ ; subtract- 
ing this square from the proposed quantity, we have for a re- 
Biainder 

Qtp+p', 
a quantity, which contabs double the product of I, or of the first 
binomial m -|- n, by the remainder of the root, plus the square 
of this remainder. It is evident, therefore, that we must proceed 
with this binomial as we have done with the first term m of the 
root. 

Let there be, for example, the quantity 
64a* bc + ^5a'b* ^40a'b + 16 a* + 64 6* c» — 80at* c; 
we arrange it with reference to the letter a, and make the same 
disposition of the several parts of the operation as in the above 
example. 

16a« — 40o*J4-25a''6"— 30a6»c+646»c» ( 4a* — 5ai-{-8be 
+64o'6c J 8o»_ Safe 

— ^fig* , < 8a» — 10«6+86c 

,1st rem. — 40o'6+25o»6*— 80a6"c+646»c» 

-|-64ffl'6c I. . 

^40a*b — 25a»6* 

2d rem +64a^6c — 80ai»c+646*c» 

— G4a ' bc-\- SOah ' c — 646* c' 



We extract the square root of the first term 16 a*, and obtain 
*a' for the first term of the root sought, the square of which is 
to be subtracted from the proposed quantity. 

We double the first term of the root, and write the result, 8 a*, 
under the root ; dividing by this the term — 40 a* b, which be- 
gins the first remainder, we have — 5 a 6 for the second term of 
the root ; this is to be placed by the side of 8 a' , we then multi- 
ply the whole by this second term, and subtract the result from 
the remainder, upon which we are employed. 
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Thus we have subtracted from the f»vpoBed quamity the square 
of the biDomial 4 a* — Sab; the secood remainder can contsin 
only double the product of this Iniioaual, bjr the third term oi 
the root, together with the square of this term ; we take thea 
double the quantity 4 a' — 5 a b, or 

8 a* — 10 a 6, 
which is written under 8 a* — 6ab, and constitutes the divisor 
to be used with the second remainder ; the first term of the quo- 
tient, which is 3 b c, is the third of the root. 

This term we write by the side of 8 a* — 10 ab, and multiply 
the whole expressiou by it ; the product being subtracted from 
the remainder under consideration, nothing is left ; the quantity 
proposed, therefore, is the square of 

4 a* — 5ab + abc. 

The above operation, which is perfectly analogous to that, 
which has been already applied to numbers, may be extended 
to any length we please. 

0/ the formation of Powers and the extraction of their Roots. 

136. The arithmetical operation, upon which the resolution of 
equations of the second degree depends, and by which we ascend 
from the square of a quantity to the quantity, from which it is 
derived, or to the square root, b only a particular case of a 
more general problem, namely, to find a number, any poner of 
uAtch is knoum. The investigation of this problem leads to a 
result, that is still termed a root, the different hinds being called 
degrees, but the process is to be understood only by a careful 
examination of the steps by which a power is obtained, one ope- 
ration being the reverse of the other, as we observe with respect 
to division and multiplication, with which it wilLsoon be perceiv- 
ed that this subject has other relations. 

It is by multiplication, that we arrive at the powers of entire 
numbers (24), and it is evident, that those of fractions also are 
formed by raising the numerator and denominator to the power 
proposed (96). 

So also the root of a fraction, of whatever degree, is obtained 
by taking the corresponding root of the numerator and that of 
the denominator. 

As algebraic symbols are of great use in expressing every 
thing, which relates to the composition and decomposition oi 
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^BMitiai, I shaU first ouisMer how the powers df sit|;ebraic ex- 
|M«nioQafwe fomied,lho8e (^ numben being eaiilj found by the 
methods that hkre already been given (24). 



TaHU of the first Sevm Powers of Mimbtrs from 1 to 9. 



1st 


1 


3 


. 8 


4 


6 


6 


7 


8 


» 


id 


1 


4 


4 


16 


*5 


36 


49 


64 


81 


Sd 


1 


8 


97 


64 


125 


216 


343 


512 


72( 


4th 


1 


16 


81 


2*6 


625 


1296 


2401 


4096 


6561 


5lh 


1 


64 
128 


243 


1024 


SI2S 


777G 


1G807 


32768 


59049 


eth 

7^ 


1 

T 


729 
2187 


4096 


15635 
78126 


4fi656 


117649 


262144 


631441 


I63S4 


•279936 


Rsasis 


2097152 


4782->69 



This table is iotmded particularly to show with what rapidity 
the higher powers of numbers increase, a circumstance that will 
be found to be of great importance hereafter ; we see, for in- 
stance, that the seventh power of 2 is 128, and that of 9 amounts 
to 4782969. 

It will hence be readily perceived that the powers of fractions, 
properly ao called, decrease very rapidly, since the powers of 
the deoominator become greater and greater in comparison with 
those of the numerator. The seventh power of ^, for example, 
is fify and that of ^ is only 

4782969' 

127. It is evident from what has been said, that in a product 
each letter has for an exponent the sum of the exponents of its 
several factors (26), that tkeponer of a simple quantity is obtained 
bj/ mu/f^^yinjf the exponent of eadi factor bi/ the exponent of thit 
poKtr. 

The third power of a' b* c, for example, is found by multiply- 
ing the exponents 2, 3, and 1, of the letters a, b, and c, by 3, the 
exponent of the power required ; we have then a* 6* c^ ; the 
•peration may be thus represented, 

a* 6* c X «* ft* c X «■ *• c = a» ■ » 6' • • c' ■ s. 

If the proposed quantity have a numerical coefficient, this co- 
efficient must also be raised to the same power ; ^hus the fourtji 
power of 3 a b* c*, is 

81««i'c»*, 

^Ig.' 18 
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138. With req)ect to the b^h, with which flimple quanUtiet 
nay be affected, it must be observed, that every /ranwr, the expo- 
nent of whicA M on «wn number, hu the lign -\-, and eoery ptmer^ 
the exponent of which u an odd number, hat the tame tign at Ac 
yaantity from vihitk it it formed. 

In &ct, powers of an even d^ree arise from the multiplication 
of an even number of factors ; and the signs ^-, cotnbined two and 
two in the multiplication, always give the sign + in the product 
(31). On the contrary, if the number of factors is uneven, the 
prodact will have the sign — ^ vhen the factors have this sign, 
»nce this {»t>duct will arise from (hat of an even number of 
factors, multiplied by a negative factor. 

139. In order to ascend from the power of a quantity, to the 
root from which it is derived, we have only to reverse the rules 
given above, that is, to divide the exponent of eadt letter by that, 
vAich marks the degree of the root required. 

Thus we find the cvbe root, or the root of (he third degree, d 
the expression <»• b* c', by dividing the exponents 6, 9, and 3, by 
3, which gives 

a* b' c. 

When the proposed expression has a numerical coefGcient, its 
root must be taken for the coefficient of the literal quantity, ob- 
tained by the preceding rule. 

If it were required, for example, to find the fourth root oi 

81 a*b* c**, we see, by referring to table, art. 136, that 81 is the 

fourth power of 3 ; then, dividing the exponent of each of the 

letters by 4, we obtain for the result 

3a6»c'. 

When the root of the numerical coefficient cannot be found by 
the table inserted above, it must be extracted by the methods to 
be given hereafter. 

' 130. It is evident, that the roots of the literal part of simple 
quantities can be extracted, only when each of the exponents is 
divisible by that of the root ; in the contrary case, we can only 
indicate the arithmetical operation, which is to be performed, 
whenever numbers are substituted in the place of the letters. 

We use for this purpose the sign v/'j but to. designate the 
degree of the root, we place the exponent as in the following 
expressions, . 



n,g,'t,.rJM,GOOglC 



Fomuilion ofPomtn and iht Extraction ofthtir Roou. 139 

the first of which represents the cube root, or the root oif the 
third degree of a, and the second the fiflh root of a* . 

We may often simplify radical expressions of any degree 
whatevOT, by observing, according to art. 12T, [hat any power 
Qfaproduct w made up of iheproduct of die santepomer of each of 
the factors, and that, consequently, any root of a product is made vp 
of the product of the roots of the same degree of the several factors, 
lb follows from this last principle, that, if the quantity placed 
vnder Jfce radical sign have factors, which are exact powers of the 
degree denoted by this sign, the roots of these factors may be taken 
tqaarattly, and their product, multiplied by the root of the other fac- 
tors indicated by the sign. 

Leit there be, for example. 



i/9Ga'b->e\'. 
h may be seen that, 

96 = 32 X 3 = 2'. 3, 
that a* is the fifth power of d, 

that 5' = b» . 6", 

that c'» = c'» . c; 

we have then 

96 a' 6' c" = 2" fl» 6* e" X 3 6' c. 
As the first factor, 2* o' 6" c> •, has for its fifth root the q 
tjty iabC, the expression becomes 



V96a'6'e" = 2 o 6 c» VS ft' e. 
• 131. As every even power has the sign + (128), a quantity, 
affected with the sign — , cannot be a power of a degree denoted 
by an even number, and it can have no root of this degree. It 
follows from thi^-f^t every radical expression ofra degree nhtch it 
denoted by an even number, and which involves a negative quantih/, 
it imaginary, thus 

V — a, V—a*', b + V— oi', 
are imaginary expressions. 

We cannot, therefore, either exactly or by approximation, as- 
sign for a degree, the exponent of which is an even number, any . 
roots but those of positive quantities, and these roots mui/ be affect- 
ed indifferenthf with the sign + or — , because, in either case, they 
will equally reproduce the proposed quantity with the sign +, 
and we do not know to which class they belong. 

The same cannot be said of degrees expressed by an odd num- 
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bcr, for here the powers have the same sign as their roots (1S8) ; 

and ne rniuf give to At rooU of that degrtta Ae tign, vtA vJath 
Ihc potser it affected ; and no imagiDary ezpressioDS occur. 

133. It is proper to observe, that the apf^atioa of the rule 
giren in art. 129, for the extraction of the roots of simple quaa- 
ticies, bj means of the exponent of their factors, leads to a more 
convenient method of indicating roots, which cannot fae oblaintid 
algebraically, than by the aign \/, 

If it were required, for example, to find the third root of a', it 
is necessary, acccwding to the rule given above, to divide the ex< 
ponent & by 3 ; but as we cannot perform the division, we have 
for the quotient the fractional number ^; and this form of the 
exponent indicates, that the extraction of the root is not possible 
in the actual state of the quantity proposed. We. may, therefore, 
consider the two expressions 

Va" and a* 
as equivalent. 
The second, however, has this advantage over the first, that it 

leads directly to a more simple form, which the quantity Va* 
is capable of assuming ; for if we take the whole number con- 
tained in the fraction |, we have 1 -|- } as aa equivalent expo- 
nent ; consequently, 

0*= «»+§ = o> X a^ (2a); 

from which it is evident, that the quantity a* is composed of tw* 

factors, the first of which is rational, and the other becomes Va*> 
The same result, indeed, may be obtained from the quantity 

under the form Vo*, by the rule given in art. 130, but the frac- 
tional exponent suggests it immediately. We shall have occasion 
to notice in other operations the advantages of fractional expo- 
nents. 

We will merely observe for the present, that as the division of 
exponents, when it can be performed, answers to the extractbn of 
roots, the indication of this division under the form of a fraction 
is to be r^arded as the symbol of the same operati(m ; whence, 

Va" and o5 
are equivalent expressions. 
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We have rules then, which result from the assumed manner of 
ezpressiug powers, which lead to particular symbols, as in art 
37, we arrived at the expression a» = 1. 

133. It may be observed here, that as we divide one power 
b; another, by subtracting the exponent of the latter from that of 
the former (36), fractions ot a j^rticutar description may readily 
b« reduced to new forms. 

By aj^lying the rule above referred to,' wc have 



but if the exponent n of the daiominator exceed the exponent m 
of the numerator, the exponent of the letter a in the second 
member will be negative. 
It, for example, m = 2, n = 3, we have 

^ = a*-^ = a-' ; 

but by another method of simplifying the fraction — , we find tt 

it equal to -, the expressions ' ^ 

- and o""*, 
a 

are therefore equivalent. 

In general, we obtain by the rule for the exponents, 

<'" — — n — 

and by another method 

rf» — i_. 

it follows from this, that the expressions .^ 

-— and o~"| 
are equivalent. 

In fact, the sign — , which precedes the exponent n, being 
taken in the sense defined in art. 62, shows that the exponent in 
question arises from a fraction, the denominator of which con- 
tains the factor a, n times more than the numerator, which frac- 
tion is indeed — ; we may, therefore, in any case which occurs, 
substitate one of these expressions for the other. 

The quantity -^-t^-, for example, being considered as equiva- 
lent tg 
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o* t' X ^ X ^ 

m&j be reduced to the follvwiog form, 
a» b" <r-« d-*} 
that is, ve may trantftr to Uu numenilor all ihe fectori of iht do- 
nominator, h/ ghing to iheir a^onmU the lign — . 

Reciprocally, whtn a qiumtily containt f acton, which htnt ntgon 
live expanentt, at ma^ amvtrl them into a denominator, teeming 
mereb/ to give to their exponent* the $ign -\- ; thus the quantity 

a* t' r-» d-", 
becomes 

afb' 

Of the Fonnalion of the Powers <^ Compound QuanAtia. 

134. We shall b^in this section bj observing, that the powers 
of compouncl quantities are denoted hy including these quantities 
in a parenthesis, to which is annexed the exponent of the power. 
The expression 

(4o' — 2oi + 66»)», 
for example, denotes the third power of the quantity, 

4a' — 2a6 + 6b'. 
This power may also be expressed thus, 

4o» — 2ab + &b'*' 
ISS. BiDomials next to simple quantities are the least compli- 
cated, yet if we undwtake to form powers of these by successive 
tnultiplicatioDs, we in this way arrive only at particular results, 
as in art. 34, we obtained the second and third power ; thus 
(k + a)* = X* + 2aar + a*, 
(a; + a)' = *' + 3«x» + 3o*x + a", 
{x + a)* = X* + 4ax' + 6a*s' + 4a*x + a*, 

&.C. 

It is not easy from this table to fix upon the law, which deter- 
mines the value of the numerical coefficients. But by consider- 
ing how the terms are multiplied into each other, we perceive, 
that the coefficients have their origin in reductiwis depending oa 
the equality of the factors, which form a power. This is ren- 
dered very evident by an arrangement, which prevents these 
reductions taking place. 

It is sufficient for this purpose to give to the several binomials 
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to be mulUplied different secontl terms. If we take, for example, 

by performing the muUiplicatbus indicated below, and placing 
in the same column the terms, which mvolve the same power of 
V, we shall immediately find, that 

(jc + o) (« + fi) = »• + (ir + o6 

+ 61 
(a + a) (« + ftXi" + *=) = *'+ ''^'' +*** + 0^ 

+ fcr* + acar 

+ cai* + 6ca! ,^ 

(» + B)(« + 6)(a! + c(a! + d) = a;* +ai* + o6a;» +a6cx+oic(l 

+ &!!;'-(- ac«» + ofcdE' 

4- da:* + A«* + hcix 
-Yhix^ -A ■ 

Without carrying these products any further, wc may discover 
the law according to which they are formed. 

By supposing all the terms involving the same power of 7, 
and placed in the same column, to form only one, as, for ex- 
ample, 

as* +fci* -(-c** + d«* = (a + 6 + c -J- d) *", 
&c. 

1. WtfnA \n eocA ^roducl one itrm imrt f^n ihxrt are unt'tf in 
Hit number of factors. 

3. The exponent of % in the Jirsl term u the tmne at the number 
offactortf and goet on decrtaaing by unity m each of the follomii^ 
lemu, 

3. Tht greatat power of x has unity for itt coefficient ; tkefbl- 
lowing, or that, whose exponent w one less, ia tnaliiplitd by the turn 
of the second terms of tht binomials ; that, whose exponent is two 
lets, is mvlt'^lied by the sum of the different products of the second 
terms of the binomials taken two and two ; that whose exponent is 
three Use, is multiplied by the swn of the different producU of the 
second term of the btTi&mials, taken three and three, and so on / in 
At last term, the exponent of x, being considered as zero (37), is 
equal to that of the first, diminished by at mantf units at there are 
factors employed, and this term contairta the product of all the second 
hrmt Iff the Unomialt. 
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It is manifest, that the form of these products most 1m subject 
to the same laws, whatever be the aumber of bcton ; aa may be 
shown bj other evidence beside that fnnn analogy. 

136. It will be seen immediately, that the products, of which 
we are speaking, must contain the successive powers <^ it, from 
that, whose exponent is equal to the number of factors employed, 
to that, whose exponent is zero. To present this proposition 
under a general form, we shall express the number of factors bj 
the letter m ; the successive powers of x will then be denoted by 
«-, af^, a*^, &x. 

We shall employ the letters A, £, C, F, 

to express the quantities, by which these powers, beginning with 
»"^', are to be multiplied j but as the number of terms, which de- 
pends on the particular value given to the exponent, will remain 
indeterminate, so long as this exponent has no particular value^ 
we can write only the first and last terms of the expression, de- 
signating the intermediate terms by a aeries of po^ts. ■ 
The formula then 

*" + ^i— ' + BiC"-* + Cx*-* + Y, 

represents the product of any number m of feclors, 
x-^a, x-\-bfX-\-c,x-^df &c. 
If we multiply this by a new factor x + 'i it becomes 
a— ^^ + ^a:-+ J?OC— '+ C oT-* . . . . } 

+ Ix' + M*— ' + /B«— • \-lY $• 

It is evident, 1. that if ^ is the sum of the m second terms 
a,b,c,d, &.C. A + I will be that of the m + 1 second terms 
a,b,c,d, &c. I, and that consequently the expression employed 
to denote the coefficient will be true for the product of the de* 
gree m + 1 , if it is true for that of the degree m. 

3. If B is the sum of the products of the m quantities a, (, e, d, 
&c. taken two and two, B+IA will express that of the products 
of the m 4- 1 quantities a, b, c, d, &c. I, taken also two and two ; 
for A being the sum of the first, / A will be that of their products 
by the new quantity introduced / ; therefore the expression em- 
ployed will be true for the degree m 4- 1, if it is for the degree m. 
If C is the sum of the products of the m quantities a, b,c,d, 
&.C. taken three and three, C-\- IB will be that of the products 
of them-f* 1 quantities a,&,G,<J,&c./, taken also three and three, 
since IB, from what has been said, will express the sum of the 
products of the first taken two and two, multiplied by the new 
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quanUty introduced / ,- therefore, the expression employed will 
be true for the degree m -{■ i,l( it is true for the degree m. 

It will be seen, that this mode of reasoning may be extended 
to all the terms, and that the last, / Y, will be the product of 
tn -f- I second terms. 

The propositions laid down in art. 135, being true for expres- 
sions of the fourth degree, for example, will be so, according to 
what has just been proved, for those of the fifth, for those of the 
sixth, and, being esLended thus from one degree (o another, thej 
may be shown to be true generally. 

It follows from this, that the product of any number whatever 
Tn, of binomial factors x + a, x -{- b^ x -\- c, x -{- d, &c. being 
represented by 

a^ + ^a;*-' + Ba;"^ + Ca;"-» + &c. 
A will always be the sura of the m letters a,b,c, &c., B that of 
the products of these quantities, taken two and two, C that of the 
products of the quantities, taken three and three, and so on. 

To comprehend the law of this expression in a single term, 1 
take one, whose place is indeterminate, and which may be rep- 
resented by .Va;"*". 

This term will be the second, if we make n = I, the third, 
if we make o =z 2, the eleventh, if we make n = 10, &.c In the 
first case, the letter JV will be the sum of the m letters a, b, c, 
&c. in the second, that of their products, when taken two and two j 
in the third, that of their products, when taken ten and ten ; and 
in general, that of their products, taken n and n. 

137. To change the products 

(i + o) (. + i), (. + »)(« + J) (x + t), 
(I + »)(. + 6) (i + e) (I + d), Sic. 
into powers of x + o, namely, into 

ix + a)', {x + a)\ 
(a; + a)', &c. 
it is only necessary to make, in the development of these pro* 
ducts, 

a = b, a = b = c, 

a = fc =: c = d, &;c. 

All the quantities, by which the same power of jt is multiplied, 
become in this case equal; thus the coefficient of the second 
term, which in the product 

ix-\-a){x + b)(x + c)(x + cr) a a + b+c + d, 

Alg. 19 
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is changed into 4 a j that of the third term in the same pn>duct, 
which is, 

ab-\-ac + ad + bc-{-bi-^cd, 
becomes 6 a' . Hence it is easy to see, that the coefficients of the ' 
different poners of x will be changed into a single power of a, 
repeated as many times as there are terms, and distingntsbed by 
the number of factors contained in each of these terms. Thus, 
the coefficient JV, by which the power x*"* is multiplied, will, in 
the general development, be thai power of a denoted by n, lur a% 
repeated as many times, as we can form different products hy 
taking in every possible way a number n of letters from among 
a number m ; to find the coefficient of the term containing x"-* 
then is reduced to finding the number of these products, 

138. In order to perform the problem just mentioned, it is 
necessary to distinguish arrangements or permulaliona from pro- 
ducts OF cwibinatiotu. Two letters, a and b, give only one pro- 
duct, but admit of two arrangements, a b and b a ; three leUers, 
«, b, c, which give only one product, admit of six arrangements 
(S8), and so on. 

To take a particular case, I will suppose the whole number of 
letters to be nine, namely, 

iL,b,c,d, «,/, g, fc, i, 
and that it is required to arrange them in sets of seven. It is 
evident, that if we take any arrangement we please, of six of 
these letters, abcde/,{or example, we may join successively to 
it each of the three remaining letters, g, h, and t ; we shall then 
have three arrangements of seven letters, namely, 

obc4 efg, ahcd e/k, abed e/i. 

What has been said of a particular arrangement of six letters, 
is equally true of all ; we conclude, therefore, that each arrange* 
ment of six letters will give three of seven, that is, as many as 
there remain letters, which are not employed. If, therefore, the 
number of arrangement of six letters be represented by P, we 
shall obtain the number consisting of seven letters by multiplying 
P by 3 or 9 — G. Representing the numbers 9 and 7 by m and 
n, and regarding P as expressing the number of arrangements, 
which can be fumbhed by m letters, taken n — 1 at a tune, the 
.«amc reasoning may be employed ; we shall thns hare for the 
number of arrangements of n letters, 

P(«,_(„_1)), or P(m-»+l). 
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This formula com|H%hends all the particular cases, that can 
occur in any question. To find, for example, the number of 
arrangements, that can be formed out of m letters, taken two and 
two, or two at a time, we make n = % which gires 

n — 1 = 1; 
we have then 

P.= m; 
for P will in this case be equal to the number of letters takeo 
one at a time ; there results then from this 

m(ni— 2+ 1), or m(m— 1), 
for the number of arrangements taken two and two. 
Again, taking 

P — m(m—l) and n = 3, 
we find for the number of arrangements, which m letters admit 
of, taken three and three, 

m (m — 1) (n» — 3 + 1) z= »i (in — 1) (m — 2). 
Making 

P = m(m — 1) (m — 2) and n = 4, 
we obtain 

«(m— 1 (m — 9)(m — 3) 
for the number of ^rangements, taken four and four. We may 
thus determine the number of arrangements, which maj be form- 
ed from any number whatever of letters.* 

* la these arrangements it Is sappoted bj the nature of the inquiry, 
that there are no repetition* of ttte same letter ; but the theory of 
permalatioas and combinations, which is the foundation of the doc- 
trine of chances, emhTacet questions in which they occur. The effect 
ma; he seen ia the example we have selected, hj ohserviDg, that we 
may write iadifiereotly each of the 9 letters a, b, e, d, «,/, g, k, t, ai^er 
the product of 6 letters abcdef. Designating, therefore, the num- 
ber of arrangements, taken 6 at a time, by P, we shall have /* X ^ 
for the number of arrangements, takeo 7 at a time. For the same 
reason, if P denote the number of arraagsments of m letters, taken 
« — 1 at a time, that of their arrangementa, when taken » at a time, 
will be fm. 

This being admitted, ai the number of arrangements of m letters, 
taken one at a time, is evidently m, the number of arrangements, 
when taken i and 2, will be m X *»• c ">*: when taken 3 and 3, the 
number wilt be tn X " X Mi or m' ; and lastly, m" will express the 
number of amngemenls, when they are taken n and n. 
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1 39. Passing now from the number of arrangententis of n let- 
ters, to that of their different products, we must find the number 
of arrangements, which the same product admits of. In order to 
this, it maj be observed, that if in anj of these arrangements, we 
put one of the letters in the first place, we may form of all the 
others as many permutations, as the product of n — 1 letters 
admits of. Let us take, for example, the product abed tfg, 
composed of seven letters ; we may, by putting a in the first 
place, write this product in as many ways, as there are arrange- 
ments in the product of six letters hcd tfg ; but each letter of 
the proposed product may be placed first. Desisting then the 
number of arrangements, of which a product of six letters is sus- 
ceptible, by Q, we shall have Q x 7 for that of the arrangements 
of a product of seven letters. It follows from this, that if Q de- 
signate the number of arrai^ments, which may be formed from 
a product of n — 1 letters, Qn will express the number of ar- 
rangements of a product of n letters. 

Any particular case is readily reduced to this formula; for 
making n ^ 2, and observing, that when 'there is only one letter, 
Q = 1, we have 1 X 2 = 2 for the number erf arrangemenis of 
a product of two letters. Again, taking Q = 1 x 2 and n = 3, 
we have 1 X 2 X 3^= 6 for the number of arrangements of a 
product of three letters ; further, making Q = \ X 2 X 3 and 
n = 4, there result' 1 X 3 X 3 X 4, or 24 possible arrange- 
ments in a product of four letters, and so on'*=>. 

140. What we have now said being well understood, it will 
be perceived, that by dividing the whole number of arrange- 
ments obtained from m letters, taken n at a time, by the number 
of arrangements of which the same product is susceptible, we 
have for a quotient the number of the different products, which 
are formed by taking in all possible ways n factors among 
these m letters. This number will, therefore, be expressed by 

t{m n-|- I ^ which being considered in connexion with 
Q« ^ 

• It may be observed, that if we make successively 
n = 2, n = 3, n =z 4, &c. 

the formula — ^ — rj — '^—^ becomes 

1.2' 1.2.3 ' 1 .2.3.4 ' - 
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what was laid down in art. 137, will give — ^ — ^ — ^— ^ a"!"*-* 

for the term coplaining «*"" in the devclopmeat of (« + a)". 

It is evident, that the term which precedes this will be ex- 
pressed by ^ a"-' jc""**"' ; for in going back towards the first 

tenn, the exponent of X is increased by unity, and that of a 
diminished by unity; moreover, P and Q are the qaantities, 
which belong to the number n — 1. 



above, become 



jy ([i-i ajm-n+i ai,d ^ 



(».-n+l) „ 



These results show how each term in the development of (x ■]- a)", 
is formed from the preceding. 

Setting out from the first term, which is a^, we arrive at the 
second, by making n = I ; we have Jtf = I, since x" has only 
unity for its coefficient; the result then is — — ^ oi'^',or 
^ a I*"-', In order to pass to the third term, we make 3f = — . 
and n = 2, and we obtain " >"* ~ ' a' af^. The fourth is 
found by supposing M = — ^ — - — -y and n = 3, which gives 

— i — ~ ^^ ■ o' a"*"*, and so on : whence we have the for- 

1.2.3 
muta 

(a: + a)" = a;"" + - a a*-' + ^^i^^^-i^ a» «— » 

, »if»i — ll (n» — 2) , ___, , e_ 
+ _^-_^_ 'a» ar-' + &c. 

which may be converted into this rule. 

To pass from ont term lo the following, ne multiply the mmierical 
coeffidtnt by the exponml of x in ike Jirat, divide by the number, 
which marks the place of this term, increase by unity the exponent of 
a, and diminish by unity the exponent ofx. 

Although we cannot determine the number of terms of this 
formula without assigning a particular value to m; yet, if we 
numbers, which express respectively, how many comblnatioos may 
be made of any nnmber m of things, taken (wo and two, three and 
three, four and four, Sic. 



rmn-n-.;Goog\c 



ISO JS/oncfUf i^tSIgAra. 

observe the depcHlence of the terms upon each other, we can 
have no doubt respecting the law of their formation, to whatever 
extent the seiies may be carried. It will be seen, that 
m(m-l){m-2)....(m-n+l) 
1.2.3 .... M 

eipresses the term, which has n terms before it. 

I'his last formula is called the general term of the series 

«- + " o«— ■ + ItS^^lUa' !*-• + &c. 

because if we make successivelj 

n = 1, n = 2, n = 3, &c. 
it gives all the terms of this series. 

143. Now, if {x -f- a)' be developed, according to the rale 
given ia the preceding article ) the first term being 

x' or a*x' (37), 
the second wiU be 
5 
-a' x' or 5«x', 

the third 



the sixth 

i^a'x* or o'. 
Here the process terminates, because in passing to the follow- 
ing term it would be necessary to multiply by the exponent of x 
in the sixth, which is zero. 

This may be shown by the fonnula ; for the seventh term, 
having for a numerical coefficient 

«(«_lK«-S)(.B-^8)(«-4)(ii.-5) 
I. 2. S. 4. 5. 6 ' 

contains the factor tn — 5, which becomes 5 — 5 = 0; and this 
same factor entering into each of the subsequent terms, reduces 
it to nothing. 

Uniting the terms obtained above, we have 
(x + a)' T=x' + Sax* + 10 a* x' + lO/i* x* +5a*x+a''. 
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143. Any power whatever of any binomial may be developed 
by the formula given in art. 141. If it were required for exam- 
ple to form the sixth power of 2«> — Sa^, we have only to sub- 
stitute in the formula the powers of 2 «' and — 5 a* respectively 
for those of x and a ; since, if we make 

2 a;* = a* and — flo* = o*, 
we have 

(2iF» — 5a»)» =:(x' + oO» = 

CE'* + 6<^x'* + I5a'»i'» +20a'«x" 

+ 15o'«x'» +6o"a!' + a" (141), 

and it is only necessary to substitute for a/ and a^ the quantities, 

which these letters designate. We have then 

(2a*)« + 6(— 5a>) (2a:>)' + 15(— 5fl»)* (2a!»)* 
-(- 20(— 5(i»)'(2a!^)* + 16(— 5a»)'(2a;*)" 

or 

64«" — 960o»*'» + 6000a' «■■ 

— 20000 a* a!» + 37500 o'»x' 

— 37500a"i"-|- 15625 0". , 

The terms produced by this development are alternately posi- 
tive and negative ; and it is manifest, that they will always be so, 
' when the second term of the proposed Unomial has the sign — . 

144. The formula given in art. 141, may be so expressed as to 
fecilitate the applioAlion of it in cases analogous to the preceding. 

Since 

aj»-i ~ ^, a*^* = ^, «»-* =: ^ &c. 
X %* %* 

the formula may be written 

_ , ma _ , m(« — !)«• _, . 

aJ» J ^ -1 i — --i _ I" _L itc. 

^ \z ' 1 . 2 «* ^ 

which may be reduced to 

< «g t(m-l)g^ mCw^lKx— 2) a^ g^> 

( ^1*^ 1.2 x'^ 1.2.Sz'^$' 
by insulating the common factor a^. In applying this formula, 
the several steps are, to form the nries ofnuttibert, 



tomuttiply thtjlrtt hy thefraciion -, then this product by the secmi 
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and also &y Ae/raction -, thm again thit last rtsull by ike third 

and by the fraction -, and so on ; to unite all these terms, and add 

unity to the sum ; and lastly, to multiply the whole by the factor x". 
In the example, (2:r' — 5 a')', we musl write (2a!')" ia the 

place of a:™, and -. in that of -. I shall leave the applica- 

r ' 2i* X '^'^ 

tion of the formula as an exercise for the learner.t 

145. We may easily reduce the development of the power of 
any polynomial whatever, to that of the powers of a binomial, as 
may be shown with respect to the trinomial a + 6 -)- c, the third 
power for instance being required. 

First, we make 6 -{- c = m, we then obtain 
{a + b + cy = {a + my = a^ -\- 3a' m + Sam* + m' ; 
substituting for m the binomial b -]- c, which it represents, we 
have 

(a-\-b + cY = a'' + Sa'{b + c) + 3aib + cy -|-(fe + c)>. 
It only remains for us to develop the powers of the binomial 
b -|- c, and to perform the multiplications, which are indicated ; 
we have then 

a^ + 3a' b + Bab' + b* 
"^ 4- 3a»c + 6abc + Sb' c 
-\-3ac' +3bc' 
+ c\ 

Of the Extraction of the Roots of Compound Qaanlities. 

146. Having explained the formaiion of the powers of com- 
pound quantities, I now pass to the extraction of their roots, be* 
^nning with the cube root of numbers. 

In order to extract the cube root of numbers, we must first be- 
come acquainted with the cubes of numbers, counting of only 
one figure; these are given in the second line of the following 
table ; 

t The formula for the development of (r -J- o)" answers for all 
values of the exponent m, and is equally applicable to cases in which 
the exponent is fractional or negative. This property, which is 
very important, is demonstrated in a note to the last part of the 
Cambridge course of Mathematics on the Differential and Integral 
Calculus. 
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123456789 
.1 8 27 64 125 216 343 512 729 

and the cube of 10 being 1000, no number consisting of three fig> 
urea can contain the cube of a number consisting of more than one. 
The cube of a number consisting of two figures is formed'in a 
manner analogous to tbat, by which we arrive at the square ; for 
if we resolve ihb number into tens and units, designating the 
first by a, and the second by 6, we have 

{a + by — a' + 3a' b + 3 ab* + b'. 
Hence it is evident, that the cube, or tkirdpotner of a nun^rcom- 
posed of tens and units, contains four parts, namely, the cube of thi 
tens, three times the square of tht tens mvltiplied by the units, three 
times the lens multiplied by the square of the units, and ike cube of 
the units. 

If it were required to find the third power of 47, by making 

« = 4 tens or 40, 6 = 7 units, we have 

a' = 64000 

3 a» 6 = 33600 

Sab' = 6880 

6= = 343 



Total, 103823 = 47 X 47 X 47. 

Now to go back from the cube 103823 to its root 47, we begin 
by observing that 64000, the cube of the 4 tens, contains no sig- 
nificant figure inferior to thousands ; in seeking the cube of the tens 
therefore, we may neglect the hundreds, the tens, and the units of 
the number 103823. Pursuing, therefore, a method similar to that 
employed in extracting the square root, we separate, by a comma, 
the first three figures on the right ; the greatest cube contained 
in 103 will be the cube of the tens. It is evi- 103,823 1 47 
dent from the table, that this cube is 64, the 64 48 

root of which is 4 ; we therefore put 4 in the 398,23 ' 
place assigned for the root. We then subtract 64 from 103; 
and by the side of the remainder, 39, bring down the last tbree 
figures. The whole remainder, 39823, contains still three parts 
of the cube, namely, three times the square of the tens multiplied 
by the units, 'or 3o*6, three times the tens multiplied by the 
square of the units, or 3 a 6*, and the cube of the units, or ft*. If 
the value of the product 3 a* b were kaonn, we might obtain the 

4lg. 20 
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units b, by dividing this product by 3 a', which is a known quan- 
tity, the tens being now found ; but, on the supposition that the 
product, 3a*b, is unknown, we readily perceive, that it can have oe 
figure inferior to hundreds, since it contains the factor a*, which 
represents the square of the tens ; it must, therefore, be found in 
the part 398, which remains on the left of the numbw 39933, 
after the tens and units have been separated, and which contains, 
besides this product, the hundreds arising fnnn the product, 3 a &*, 
of the tens by the square of the units, and Srota the cube 6', of 
the units. 

If we divide 398 by 48, which b triple the square of the tens, 
3 a' or 3 X 16, we obtain 8 for the quotient; but from what pre- 
cedes, it appears that we ought not to adopt this figure for the 
units of the root sought, until we have made trial of it, by em- 
ploying it in forming the three last parts of the cube, which must 
be contained in the remainder 39823. Making 6 = 8, we 
lind 

3a' 6 = 38400 

3a6» = 7680 
i' = 513 



Total, 4659S. 

As this result exceeds 39833, it is evident that the number 8 is 
too great for the units of the root. If we make a simitar trial 
with 7, we find that it answers to the above conditions; 47 there- 
fore is the root sought. 

Instead of verifying the last figure of the root in the manner 
above described, we may raise the whole number expressed by 
the (wo figures, immediately to a cube ; and this last method is 
generally preferred to the other. Taking the number 48 and 
proceeding thus, we find 

48 X 48 X 48 = 110593. 
As the result is greater than the proposed number, it is evident, 
that the fignre 8 is too laige. 

147. What we have laid down in the above example may be 
af^Iied to all cases, where the proposed number consists of more 
than three figures' and less than seven. Having separated the 
first three figures on the right, we seek the greatest cube in the 
{tart, which remains on the lefl, and write its root in the wual 
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place ; we subtract thb cube from the number to which it relates, 
and to the remainder bring down the last three figures ; sepa- 
rating now the tens and the units, we proceed to divide what 
remains on the left, bj three times the square of the tens found ; 
hut before writing down the quotient as a part of the root, we 
verify it bj raising to the cube the number consisting of the tens 
known, together with this figure under trial. If the result of 
this operation is too great, the figure for the units is to be dimin- 
ished ; we then proceed in the same manner with a less figure, 
and so on, until a root is found, the cube of which is equal to the 
proposed number, or is the greatest contained in this number, if 
it does not admit of an exact root. As we have often remainders, 
that are very considerable, I will here add to what has been 
said, a method, by which it may be soon discovered, whether or 
not the unit figure of the root be too small. 

The cube of a -|- 6, when 6=1, becomes that of a -f 1, 
«r a» + 3a* + 3a + 1, 

a quantity, which exceeds a', the cube of a, by 

Sa' +3a+l. 
Hence it follows, that whenever the remainder, after the cvbe root 
has been ea:lracltd, is less than three limes the square of the root,plus 
three litnes the root, plus unittf, this root is not loo small. 

14S. In order to extract the root of 105833617, it may be ob- 
served, that whatever be the number of figures in this root, if we 
resolve it into units and tens, the cube of the tens cannot enter into 
the last three figures on the right, and must consequently be found 
in 105823. But the greatest cube contained in 105823 must have 
more than one figure for its root ; this root then may be resolved 
into units and tens, aad, as the cube of the tens has no figure infe- 
rior to thousands, it cannot enter into the three last figures 833. 
If, after these are separated, there remain more than three figures 
on the left, we may repeat the reasoning just employed, and 
thus, dividing the number proposed into portions of three figures 
each, proceeding from right to left, and observing that the last 
portion may contain less than three figures, we come at length to 
the place occupied by the cube of the units of the highest order 
in the root sought. 

Having thus taken the preparatory steps, we seek, by the rule 
given in the preceding article, the cube root of the two first por 
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tions on tbc left, and find for ihe resuit 47 } 105,828,817 
we subtract the cube of thb number from the C4 



two first portions, and to the remainder 3000 4 1 8,33 
bring down the following portion 817. The 103 833 



6627 



number 2000817 will then contain the three 20008,17 
last parts of thecubeof a number, the tens of 105 833 817 
which are 47,and the units remain to be found. 000 000000 
These units are therefore obtained as in the example given in 
the preceding article, by separating the two last figures on the 
right of the remainder, and dividing the part on the left hy 6637, 
triple the square of 47. Then making trial with the quotient 3, 
arising from this division, by raising 473 to a cube, we obtain 
for the result the proposed number, since this number is a per* 
feet cube. 

The explanation, we have given, of the above example, maj 
lake the place of a general rule. If the number proposed had 
contained another portion, we should have continued the opera- 
tion, as we have done for the third ; and it is to be recollected 
always, that a cipher must be placed in the root, if the number 
to be divided on the left of the remainder happen not to contain 
the number used as a divisor; we should then bring down the 
following portion, and proceed with it, as with the preceding. 

141). Since ihtcuhtof a fraction is ftntndhf multiplying thvfrac- 
ii<m bjf its square, or vihich amounts to the same thing, by taking the 
cube of l/ie numerator and that of the denominator ; merging ihit 
process, me arrive at the root, by extracting the root of the new nu- 
merator and that of the new denominator. The <?ube of |, for ex- 
ample, is m ; taking the cube root of 135 and of 316, we find {. 

We always proceed in this way, when the numerator and de- 
nominator are perfect cubes ; but when this is not the case, we 
may avoid the necessity of extracting the root of the denomina- 
tor, by multiplying the two terms of the proposed fraction by the 
square of Ibis denominator. The denominator thence arising, 
will be the cube of the original denominator; and it will be only 
necessary then to find the root of the numerator. If we have, for 
example, |, by multiplying the two terms of this fraction by S5, 
the square of the denominator, we obtain 
r5 
5X5X5' 
The root of the denominator is 5 ; while that of 75 lies between 
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4 and 5. Adopting 4, we have f for tfae cube root of | to within 
one fifth. If a greater degree of accuracy be required, we uiust 
take the approximate root of 7S, hy the method I shall soon pro- 
ceed to explain. 

If the denominator be already a perfect square, it will onlj be 
necessary to multiply the two terms of the fraction by the square 
root of this denominator. Thus in order to find the cube root 
of ^, we multiply the two terms by 3, the square root of 9 ; we 
thus obtain 



3X3X3 
Taking the root of the greatest cube $, contained in 12, we 
have % for the root sought, within one third. 

150. It follpws from what has been demonstrated in art. 97, 
thai the cube root of a number, which is not a perfect cube, can- 
not be expressed exactly by any fraction, however great may be 
the denominator j it is therefore an irrational quantity, though 
not of the same kind with the square root ; for it is very seldom 
that one of them can be expressed by means of the other. 

151. We may 'obtain the approximate cube root by means of 
vulgar fractions. The mode of proceeding is analogous to that 
g^ven for finding the square root (103) ; but, as it may be readily 
conceived, and is besides not the most eligible, 1 shall not stop 
to explain it. 

A better method of employing vulgar fractions for this pur- 
pose consists in extracting the root in fractions of a given kind. 
Thus, if it were required to find, for example, the cube root of 
33, within a fifth part of unity, observing that the cube of j^ is 
tIj, we reduce 32 to y// ; then taking the root of 3750, so far 
as it can be expressed in whole numbers, we have .y, or 24 for 
the approximate root of 22. 

152. It is the practice of most persons, however, in extracting 
the cube root of a number, by approximation, to convert this 
number into a decimal fraction, but it is to be observed, that this 
fraction must be either thousandths or millionths, or of some high* 
er denomination; because when raised to the third power, tenths 
become thousandths, and thousandths millionths, and in general, 
iht num&er of decimal figures found in the cube, is triple the number 
mmtaintd in the root. From this it is evident, that we must place 
after the proposed number three times as many ciphers, as there 
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are decimal places required in the root. The root is then to be 
extracted according to the rules already given, and the requisite 
number of decimal figures to be distinguished in the result. 

]f we would find, for example, the cube root of 327, within a 

hundredth part of unity, we must write six ciphers after this 

number, and extract the root of 327000000 according to the usual 

method. This is done in the following n 

327,000,000 



216 


103 


1110,00 


13872 


3144 32 




125 680,00 




325 660 672 





1 339 328 

Separating two ligures on the right of the result for decimals, 
we have 6,88 ; but 6,89 would he more exact, because the cube 
<^ this last number, although greater than 327, approaches it 
more nearly than that of 6,88. 

If the proposed number contain decimals already, before we 
proceed to extract the root, we must place on the right as many 
ciphers, as will be necessary to render the number of decimal 
figures a' multiple of 3. Let there be, for example, .0,07, we 
must write 0,070, or 70 thousandths, which gives for a root 0,4. 
In order to arrive at a root exact to hundredths, we must annex 
three additional ciphers, which gives 0,070000. The root of the 
greatest cube contained in 70000 bemg 41, that of 0,07 becomes 
0,41, to within a hundredth. 

153. Hitherto 1 have employed the formula for binomial quan- 
tities only in the extraction of the square and cube roots of num- 
bers ; this formula leads to an analogous process for obtainuig 
the root of any degree whatever. I shall proceedflivffiil^in 
this process, after offering some remarks upon the extraction of 
roots, the exponent of which is a divisible number. 

We may find the fourth root by extracting the square root 
twice successively j for by taking first the square root of a fourth 
power, o*, for example, we obtain the square, or a*, the square 
root of which is a, or the quantity sought. 

It is obvious also, that the eighth root may be obtained by 
extracting the square root three times successively, since tb* 
square root of a' is a*, and that of a* is a', and lastly, that of 
a' is n. 
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In the same masner it may be shown, that all roots of a de- 
gree, designated bj anj of the numbers S, 4, 8, 16, 32, &,c. that 
IB, bj any power of 2, are obtained by successively ezlracling 
the square root. 

Roots, the exponents of which are not prime numbers, may be 
reduced to others of a degree less elevated ; the sixth root, for 
example, may be found by extracting the square and afterwards 
the cube root. Thus, if we take a* and go through this process 
with it, we find by the first step a", and by the second a ; we 
may also take first the cube root, which gives a*, and afterwards 
the square root, whence we have a, as before. 

154. I now proceed to treat of the general method, which I 
^all apply to roots of the fiflh degree. The illustration will be 
rendered more easy, if we take a particular example ; and by 
comparing the different steps with the methods given, for the 
extraction of the square and the cube root, we shall readily per- 
ceive,. in what manner we are to proceed in finding roots of any 
degree whatever. 

Let it be required then to extract the fifth root of S3}554p07. 
Now the least number, it may be observed, consisting of 2 figures, 
that is 10, has in its fifth power, which is 100000, six figures ; we 
therefore conclude, that the fiflh root of the number proposed 
contains at least two figures ; this root may then be represented 
by a -(- b, a denoting the tens, and b the units. The expression 
for the proposed number will then be 

{a + by = a' -f 5 0' 6 -H 10 o' b' + Sic. 
I have not developed all the terms of this power, because it is 
sufficient, as will be seen immediately, that the composition of the 
first two be known. 

Now it is evident, that as a', or the fifth power of the tens of 
this root, can have no figure, that falls below hundreds of thou- 
sands, it does not enter into the last five figures on the right of 
the proposed number ; we, therefore, separate these five figures. 
If there remained more than five figures on the left, we should 
repeat the same reasoning, and thus separate the proposed num- 
ber into portions of five figures each, proceeding from the right 
to the left. The last of these portions on the left, will contain 
the fiflh power of the units of the highest order found in the 
root. 
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We find, by forming the fifth powers of 2315,54 007 [ 
numbers consisling of only one figure, that 1034 



2315 lies between the fifth power of 4, or 12»I 5,40071 1280 
1024, and thai of five, or 3125. We take, therefore, 4 for the 
tens of the root sought; then subtracting the fifth power of this 
number, or 1024, from the first portion of the proposed number, 
ne have for a remainder 1291. This remainder, together with 
the following portion, which is to be brought down, must contain 
5 a* 6 -f- 10a' 6' -]- &c. which is left, after a* has been subtract- 
ed from (d -|- by ; but among these terms, that of the highest 
degree is 5 a* 6, or five times the fourth power of the tens multi- 
plied by the units, because it has no figure, which falls below tens 
of thousands. In order to consider this term by itself, we sepa- 
rate the last four figures on the right, whi^h make no part of it, 
and the number 12915, remaining on the left, will contain this 
term, together with the tens of thousands arising from the suc- 
ceeding terms. It is obvious, therefore, that by dividing 12915 
by 5 a*, or five times the fourth power of the four tens already 
found, we shall only approximate the units. The fourth power 
of 4is256; five times this gives 1280; if we divide 12915 by 
1280, we find 10 for the quotient, but we cannot put more than 
9 in the place of the root, and it b even necessary, before we 
adopt this, to try whether the whole root 49, which we thus 
obtain, will not give a .fifth power greater than the proposed 
number. We find indeed by pursuing this course, that the num-. 
ber 49 must be diminished by two units, and that the actual root 
is 47, with a remainder 2209000 ; for the fifth power of 47 is 
229345007 ; that is, the exact root of the proposed number falls 
between 47 and 48. 

If there were another portion still, we should bring it doWn 
and annex it to the remainder, resulting from the subtraction of 
the fifth power found as above, from the first two portions, and 
proceed with this whole remainder, as we did with the preceding, 
and so on. 

After what has been said, it will be easy to apply the rules, 
which have been given, as well in extricating the square and 
cube root of fractions, as in approximating the roots of imperfect 
powers of these degrees. 

155. We may by processes, founded on the same principles, 
extract the roots of literal quantities. The following example 
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will be sufficient to illustrate the method, which is to be employ- 
ed, whatever be the degree of the root required. 

We found io art. 143, the sixth power of 2 a;^ — 5 o' ; we 
shall now extract the root of this power. The process is as fol- 
lows; 

64*»«— 960o'k"-|- 6000a»a;" — SOOOOfl* 

4- 37500 a" »• — 37500a" 

-1-15625 0' 

rem'. — 960tf'»ic'»+ &c, "i! ^ ^ 

The quantity proposed being arranged with reference to the S- 1'~ :", 
letter x, its first term must be the sixth power of the first term ":-^ Jt^' 
of the root arranged with reference to the same letter ; taking i;^ , ? 
then the sixth root of G4 x' ', according to therule given in art."^^ f • 
199, we have 2 a;' for the first term of the root required. ', ,. '. ■ 

If we raise this result to the sixth power, and subtract it from . c - . 
the proposed quantity, the remainder must necessarily commence ' - 
with the second term, produced by the development of the sixth 
power of the two first terms of the root. But, in the expression 

(a-[-by = a'+ea'b+ &c. 
this second term is the product of six times the fifth power of the i ' , 
first term of the root by the second ; and if we divide it by 6 a', '• 
the quotient will be the second term b. i. ' 

We must, therefore, take six times the fifth power of the first ^ ':'',- 
term 2a!* of the rooi, which gives ^ 

e X 32a;" or 192«>', ~- " 

and divide, by this quantity, the term — 960 a' a;", which is ; '| ,. 
tbe first term of the remainder, after the preceding operation ; ~ " 
the quotient — 5 o^ is the second term of the root. In order V> \ • \ 
verify it, we raise the binomial 2i' — ia' to the sixth power,-^ ~ •■ 
which we find is the proposed quantity itself. ^ ^ 

If the quantity were such as to require another term in the t \ - 
root, we should proceed to find, after the manner above given, ,. ' j' 
a second remainder, which would begin with six times the pro- ^ ; i 
duct of the fifth power of the first two terras of the root by the ^ ' "• 
third, and which consequently being divided by 6 (2a:' — 5a')*, . * . 
the quotient would foe this third term of the root ; we should then ; 
verify it by taking the sixth power of the three terms. The same ■:■" 
course might be pursued, whatever number of terms might re- " 
.main to be found. .. '. 
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OfEqttaiiont with two Tertru. 

156. Evert equation, involving only one power of the un> 
known quantity, combined with known quantities, may always 
be reduced to two terais, one of which is made up of all those, 
which contain the unknown quantity, united in one expression, 
and the other comprehends all the known quantities collected 
together. This has been already shown with respect to equa- 
tions of the second degree, art. 105, and majt be easily proved 
concerning those of any degree whatever. 
If we have, for example, the equation 

a* x' ~~ a'b* =6*c' -{- acx', 
by bringing all the terms involving x into one member, we 
obtain 

a' x' — acx' ^ b* c' -\- a' b*, 
or (a' — ac)x' = b* c' + a' 6', 

Now if we represent the quantities 

a' — ac by p, b* c' + o* 6' by q, 
the preceding equation becomes 

px''=q; 
freeing x' from the quantity, by which it is multiplied, we have 



whence we conclude 

If) general, every equation with two terms being reduced to 
the f<ffm 

p^. = q, 

gives 

«- = «; 
P 
taking the root then of the degree m of each member, we have 

"^ = -sl^' 

157. It must be observed, that if the exponent m is an odd 
number, the radical expression will have only one sign, which 
will be that of the original quantity (131). 

When the exponent m is even, the radical expression will have 
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the double sign ± ; it will in this case be imaginary, if the quan-. 

tity ^ is negative, and the question will be absurd, like those of 

which we have seen examples in equations of the second de- 
gree (131). 

See some examples. 
The equation x* = — 1024, 

gives 

a: = V — 1024 = — 4, 
the exponent 5 being an odd number. 
The equation 

xi = 625, 

gives a; = ± y625 = ± 5, 

' as the exponent 4 is even. 
Lastly, the equation 

X* =. — 16, 
which gives 

x= ± V^^^ 
leads only to imaginary values, because while the exponent 4 is 
even, the quantity under the radical sign is negative. 

1S8. 1 shall here notice an analytical fact, which deserves 
attention on account of its utility, as well in the remaining part 
of the present treatise, as in the Suf^kment, and which is suffi- 
ciently remarkable in itself; it is this, that all the expressions 
a: — a, x' -— a*, a;» — a*, and in general *"* — a" (o» being 
any positive whole number), are exactly divisible by a: — a. 
This is obvious with respect to the first. We know that the 
second 

;r« — a« =(a: + «)(^ — o)(34), 
and the others may be easily decomposed by division. If we 
divide ar" — (^ by a; — a, we obtain for a quotient 

jrM-i _^ a a;— » + a* a!—* + &:c. 
the exponent of x, in each term, being less by unity than in the 
preceding, and that of a increasing in the same ratio. But in- 
stead of pursuing the operation through its several steps, 1 shall 
present immediately to the view the equation 

'" ■ ^'^ - = iT'' + a «"-» -j- 0* ar-^ + o— • x + a—\ 
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which maj be verified by multipljriag the second member hj 

X — a. It then becomes 

j^ + ax— >+0*a*-« + <^^x* +0— »a! 

_ — .aa*-i — n* ic"~*-^ o' u;""* >■..,... — <i*~'iT— -(^; 
all the terms in the upper line, after the first, being the same, 
with the exception of the signs, as those preceding the last in the 
lower line, there only remains after reduction, x" — a", that is, 
the dividend proposed. 

It must be observed, that the term a' x"-*, in the upper line, 
is necessarily followed by the term o' x""*, which is destroyed 
by the correi^pondlng term in the lower line; and that, in the 
same manner we find, in the lower line, before the term a""**, a 
term — o"~'j^*, which destroys the corresponding one in the 
upper line. These terms are not expressed, but are supposed to 
be comprehended in the interval denoted by the points. 

159. This leads to very important consequences, relative to 

the equation with two terms a:" = i. 

If we designate' by a the'number, which is obtained by directly 
extracting the root according to the rules given in arL 154, we 
have 

- = a* or a:* = o* i 
P 
transposmg the second member we obtain 

«- — a" = 0. 
The quantity a:" — a" is divisible by x — a, and we have by 
the preceding article 

a* — rf» = (x — o) (x^^ + aaf^ + cf^x + o"^'). 

This last result, which vanishes when cr = a, is also reduced to 
nothing, if we have 

a---i _j_ a ^«-. + a— »a; + a*-' = 0. (116); 

and, consequently, if there exists a value of x, which satisfies this 
last equation, it will satisfy also the equation proposed. 

These values have with unity very simple relations, which 
may be discovered by making x = ay; then the equation 
a;"* — a" = becomes 

0";," — o" = 0, or y"— 1=0, 
and we obtain the values of x, by multiplying those of y by the 
number a. 
The equation y" — 1=0, gives m the first place 
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s-= 1, y = vr= 1; 

then hy dividing y" — J by y — 1, we have 

y*-' + jr^ + y"-" *- + y' +y + i- 

Taking this quotient for one of the members, and zero for the 
other, we form the equation on which the other values of ^ de- 
pend ; and these values will, in the same manner, satisfy the 
equation 

y»— 1 =0, ory-= 1, 
that is, their power of the degree m will be unity. 

Hence we infer the fact, singular at first view, that unity may 
have many roots beside itself. These roots, though imaginary, 
ore still of frequent use in analysis. I can, however, exhibit 
here only those of the four first degrees, as it b only for these 
degrees, that we can resolve, by preceding observations, the 
equation 

y~-' + r^ + 1 = 0, 

from which they are derived. 
1. Let m = 2, we have 

J* — 1 = 0, 
whence we obtain 

S = + l, Jl = -1, 
3. By making m = 3, we have 

j> — 1 = 0, 
whence we deduce 

y = t, 
then y» -j- y + I = 0. 

This last equation being resolved, gives 

_ — 1 + \'"^^ _ — 1 — v'^o 

y— 2 » y— 2 ' 

thus we have for this degree the three roots 

— I + ,^~3 — 1 — v''^^ 
5=1, y = ~ , y = ~ . 

The last two are imaginary; but if we take the cube, forming 
that of the numerator, by the rule given in art. 84, and observing 
that the square of v**^^ being — 3, its cube is — 3 y'^Tg, we 
still find y> = 1, in the same manner as whea we employ the 
root y = 1. 
3. Taking m = 4, we have 

y« - 1 == 0, 
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from which we deduce 

y = h 

then y* + y rf- y + » = 0. 

We are not, at ppeseot, furnished with the means of resolving 

this equation ; but observing that 

jC_i=(s- + i)(y-i), 

we have successively 

Jl" — 1 = 0, y= 4- 1 = 0, 
whence 

j/ = -l-l, y — — 1, yrs+v^^l, 3 = —\'~^- 
Two of these values only are real ; and the other two imaginary. 

This multiplicity of roots of unity is agreeable to a general 
law of equations, according to which any unknown quantity nd- 
mils of as many values, as there are units in the exponent denot- 
ing the degree of the equation, by which this unknown quantity 
is determined ; and when the question doex nol admit of so mnny 
real solutions, the number is completed by purely algebraic sym- 
bols, which being subjected to the operations, that are indicated, 
verify the equation. 

Hence it follows, that there are two kinds of expressions or 
values for the roots of numbers; the first, which we shall term 
the arithmetical deUrmination, is the number which is found by 
the methods explained in art. 154, and which answers to each 
particular case; the second comprehends negative values and 
imaginary expressions, which we shall designate by the term 
algebraic determinatiotu, because they consist merely in the com- 
bination of algebraic signs. 

0/ Eqvatiom which may be resolved in iht same manner as those of 
the Second Degree. 

160. These are equations, which contain only two difierent 
powers of the uiiknown quantity, the exponent of one of which is 
double that of the other. Their general formula is 

a*" -f. j> a;™ — g-, 
p and q being known quantities. 

Now if we lake 3^ for the unknown quantity, and make 
a;" := M, we have^ 



whence ^ 
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« = — Jj) ± s/q + ip' . (I09)i 
restoring s" in the place of «, we have 

aa equation consisting of iwo terms, since the expression 

SB it implies only known operations, to be performed on given 
quantities, must be regarded as representing known quantities. 
Designatbg the two values of thb expression by a and o*, we 
have 

ac" =:: « and Jc" = a', 
from which we obtain 

a; = y'o and x = v'«'* 
If the exponent m be even, instead of the two values given 
above, we shall have four, since each radical expression may 
take the sign ±. ; then 

x :^ ~\- voi X ^ •{• v<*'» 

a; = — xa, X = — vo'i 
and these four values wiU be real, if the quantities a and of are 
positive. 

All the values of x may be comprehended under one formula, 
by indicating directly the root of the two members of the equa- 
tion 

«" = — if ± Vs+iP*' 
which gives 



* = >/— iP±V?^-ii'»• 
The following question produces an equation of this kind. 
161. To resolve the nunAer 6 into tteo mck factors, thai the sum 
ofAeir cu6eff shall be 35. 

Let X be one of these factors, the other will be -; then taking 



which may be reduced to 

«« 4- 216 = SSx; 
or X* — 3Sa!»= — 216. 
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If we consider x* bb the unknown quantity, we obtain, by the 
rule given for equations of the second d^ree, 
»» = V ± V(V)' —216. 
By going through the numerical calculations, which are udi- 
cated, we find 

(V)' = 'V'i 

V(y)'-2i6 = V'*' = V, 

lod consequently, 

a^^ = y + V = V = 97, 

whence 



« = v«^ — 2. 
The first value gives for the second factor f or 3, while the 
second value presents { or 3 ; we have, therefore, in the one 
case 3 and 3 for the factors sought, and in the other 3 and 3. 
These two solutions difier only in the order of the factors of the 
given number 6. - ' 

162. The equations, we have beeil considering, are also com- 
prehended under the general law given in art. 159; for the 

values of v a, vV ^''^ t*' he multiplied by the roots of unity be- 
longing to the degree denoted by the exponent wi. 
Applying what has been said to the equation, 
X' — 35a;' = — 216, 
we find the six following roots ; 

x—\X% a; = lx2, 

— 1 + v''^ — 1 + V— 3 

'^ = =P--XS, ;r= ^~~X % 

— 1 — ; ^ZTh „ — I — v/^^ 

« = ■„ X 3, I = -„ X 2, 



of which the first two only are real. 

Calculns of Radical Exprutitmi. 

163. The great numbw of cases, in which no exact root caa 
be found, and the length of the operation necessary for obtain- 
ing it by approximation, have led algebraists to endeavour to 
perform immediately upon the quantities subjected to the radical 
sign, the fundamental operations, intended to be performed 



Calculm of Radical Evpi 

upon their roots. In this way we simplify the expression as 
much as possible, and leave the extracting of the root, which is 
a more complicated process, to be performed last, when the 
quantities are reduced to the most simple state, which the nature 
of the question will allow. 

The addition and subtraction of dissimilar radical quantities 
can take place only by means of the signs + and — . For ex- 
ample, the sums 

and the difTerences 

l_ 1_ 3_ S 

can be expressed only under their present form. 
The same cannot be said of the expression 

4 a s/Th + \/l6fl^"6 — ^ s/T^h, 
because the radical quantities,of which it is composed, become 
similar, when they are reducAto their more simple forms, ac- 
cording to the method explained in art. 130. First, we have 

the quantity, therefore, becomes 

4 a V26 + 2 a y^ 
which gives, when reduced, 

6 a vat -j~ VaS op (6 d — 5 c) ^ v'aft. 

164. With respect to other operations the calculus of radical 
quantities depends upon the principle already referred to, name- 
ly ; lAa( a product, cunjuting of several factors, is raised to any 
power by raising each of Ike factors to this power. So also, by 
suppressing the radical sign, prefixed to a quantity, we raise 
this quantity to the power denoted by the exponent of this sign. 

For example, \^ raised to the seventh power, is a simply, since 
this operation, being the reverse of that which is indicated by 
the sign v'") merely restores the quantity a to its original state. 

According to the principles here laid down, it, for example, in 
the expression 

Jllg. 22 



26 


or 


2aV26 


"6 


or 


«■ V2»; 


fr — 


5a' e »_:. 
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We BU[^>ress the radical signs, the result ah will be the seventh 
power of the above product ; and taking the seventh root, we 
find 

T _ I * _ 

l^iis reasoning, which may be applied to all simitar cases, shbtri, 
that in order (o multiply two radical txprtsaions of ihi same dtgrie 
togtthtr, me mitst lake the product of the quantities un(£cr the radical 
tign, nbstrvii^ to place tl under a sign of the same degrtti 
Wc have by this rule 

S ViTP X T^/Sa'bc = 21 x^iOa'h^c = 
2t a* b* a/Wc ; 



4v'o*— ft* X \i^a^ + i>' = 4:t/(a'—b'){a'+b') - 
4 ^a* - h' ; 



a* ft' c' -\- b' c' 



ha'— gift* [ a* t" c' + b~, 

^ «t— ft* *^ ^ d« 



l£!(i£-^)x'-i?(«-T^ 



a* — ** = (a» + 6») (o« — J*). 

165. As the seventh power of the expression -j — , for example, 

is ^, it will be seen, by taking the seventh root of this last result, 
that 

Hence to divide a radical quanUly by another of the same degret^ 
me tniul take the quotient arising from tht division of the quantities 
under the radic^ sign, recollectii^ to place it under a sign of the 
game degree. 



Calculus Iff Radical Kxfntsvmt. 
We find by this rule, thai 







166. It follows from the rule, given in art. 164, for the multi- 
plication of radical quantities of the same degree, thai lo raist a 
radical qtumtily to any pomtr wkatner, we have only to raise to this 
ptmtr Iht quantity under the radiaU sign, observing that the result 

must take the same sign ; thus to raiae VoSi for example, to the 
third power is to take the product 

VoS" X V^ X v'^, 
aod as the radical signs are all of the same degree, the quantities 
to which they belong, are to be multiplied together, and the rad- 
ical sign to be prefixed to the [uroducl, which gives 

In the same manner vo' f>' raised to the fourth power, gives 
\fa*b'*, which may be reduced to 

by resolving a* (' * into a'' b'' x a b*, and takfiig the root of the 
factor a'' t' (130). 

It may be observed, that nhen the exponent belonging lo the 
radical sign it divisible fyy that of the power to which the prcpo$ed 
quantity is to be raised, the tqitration is performed by dividitig ike 
first exponent by the second. For example, 

(v a) = V*. 
because | = 3. 

Indeed \'a denotes a quantity, which is six times a factor in a, 

and the quantity v'a> which is obtained by dividing 6 by 3, being 
only three times a factor in a, is consequently equivalent to the 
product of two of the fir^t factors, and is therefore the second 

power of one of these factors, or of s/a. 
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The same reasoning may be applied lo all simitar cases, as in 
the foUowiiig example ; 

167. If we reverse the methods given in the preceding article, 
we shall be furnished with rules for extracting the roots of radi- 
cal quantities. 

We perceive, by attending to the rule first stated, that if tht 
exponenli of the quantities under tkt radical sign art dioisibte by 
thffl ofUu root required, ike operation may be performed as if there 
were no radical sign, only it is to be observed, that the result must be 
placed under the original sign. 

We find, for example, that 



^fu^=>/Ji^= 



\/«*. 



\l/^rsi= Vva* b' = Voi*. 

From the second rule given in the preceding article, it is 
evident, that the general method for finding the root of radical 
quantities, is to multiply tht exponent belonging to (Ac radical sign 
by that of the root, which is to be extracted. 

By this last rule, we find, that 

In fact, x/n*^ "s a quantity, which is five times a factor in a* 

(24,129); but the rube root of vo^? being also three times a 
factor in this last quantity, is found 5x3 times or 15 times a 

factor in the first a* ; therefore Vv'o* = Vo** Tn the same man- 
ner it might be shown, that Vvo* = v"*^* 

168. Since by multiplying the exponent of a quantity under a 
radical sign, by any number (166), we raise the root which is 
indicated, to the power denoted by this number, and by multi- 
plying also the exponent belonging to the radical sign, by the 
same number (167), we obtain for the result a root of a degree 
•equal to that of the power which was before formed, it is evi- 
dent, that this second operation reduces the proposed quaotity 
back to its original state. 
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The expression, v'a') for example, may be changed into \/'^, 
by multiplying the exponents 5 and 3 by 7 ; for multiplying the 
exponent of a' by 7, we have, making use of the radical sign, 

VaTT) the seventh power of the proposed radical quantity, and 
muUiplying by 7 the exponent 5 belonging to the radical sign in 

the expression \/'a^, we obtain the seventh root of the former 
result ; this last process, therefore, restores the expression lo its 
original value. 

169. By this double operation, me reduce to the same degree any 
number of radical quanliltM of different degrees, by muUiplying, at 
the same lime, the exponent belonging to each radical sign, and those 
of the quantities under this sign, by the product of the exponents 
belonging to alt the other radical signs. That the new exponents, 
which are thus found for the radical signs, are the same, is obvi- 
ous at once, since they arise from the product of all the expo- 
nents belonging to the original radical signs ; and after what has 
been said above, it is evident that the value of each radical 
quantity is the same as before. 

By this rule we transform 

^a'b' and \/e* d=^ 

into V"*'* 2"*^ v'c»M". 

In the same manner the three quantities 

V''^ V^^ V**^ 
become respectively 

Va"*") V^^^e"' V^"'"- 

If we meet with numbers, under the radical signs, we shall be 

led, in applying this rule, to raise them to the power denoted by 

the product of the exponents belonging to the other radical signs. 

170. In the same way, we may place under a radical sign a 
factor which is without one, by raising it to the power denoted by tke 

exponent which accompanies this sign. 
We may change, for example, 

a' into VoTJ, and 2 a \/b into ViasT. 

171. After having, by the transformation explained above, 
reduced any radical qunnlilies whatever, to the same degree, we 
may apply to them the rules, given in articles 164 and 165, for 



,Coot^lc 
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the multiplication and division of radical quantities of the fisme 
degree. 

Let there be the genenl expressions 

we change (168) 

into Vo^^i t/h^^i 

then by the tule given in art. 164, we have 



for the product of the proposed radical quantities. 
We have also by the rule, art. IC5, 



RartBrks on somt peculiar ctutt, which occur m the Calculaa of 
Radical QtiantiUa. 

172. The rules to which we have reduced the calculus of 
radical quantities, may be applied without difficulty, when the 
quantities. employed are reaL But they might lead the learner 
into error with regard to imaginary quantities, if they are not 
accompanied with some remarks upon the properties of equa- 
tions with two terms. 

For example, the rule laid down in art. 164, gives directly 



V*— • X v'—a = V— oX— « =v'<»»i 
and if we take + a for \/^, we evidently come to an erroneoiB 
result, for the product v^^ X V— «i being the square of i/^^ 
must be obtained by suppressing the radical sign, and is there- 
fore equal to — a. 

B^zout has obviated this difficulty, by observing, that when 
we do not know by^bat method the square a* has been formed, 
we must assign for its root both •\- a and — a ; but when, by 
means of steps already taken, we know which of these two quan- 
tities muUiplied by itself produced a', we are not allowed, in 
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going baek to tb« toot, to lake the other quantity. This i« evi- 
dently the case with respect to the expression \/— a X V— ' > 
nere we know, that the quantity a*, contained under the radical 
Sign in the expression Vo^t arises rrom ■-» a mukiplied by — a; 
ttke ambigtiiiy, therefore, is prevetrted, and it will be readily 
seen, that in taking the root, we are limited to — a. 

The difficulty above mentioned w«illd present itself in regard 
lo the product Va ^ Vo, if we were not led, by the circum- 
stance of there being no negative sign in the expression, to take 
immediately the positive value of VoT- In this case, since o* 
arises from -{■ a multiplied by 4* "i its root must necessarily be 
+ a. 

There can be no doubt with respect to examples of the kind 
we have been considering ; but there are cases, which can be 
clearly explained only by attending to the properties of equa- 
tions with two termsi 

173. If, for example, it were required to find the product 

Vb V— It reducing the second of these radical 'expres>stons to 
the same degree with the first (169), we have 

a result which is real, although it appears evident, that the 

quantity t^a multiplied by the imaginary quantity v'^^i ought 
to give an imaginary product. It must not be supposed, howev- 
er, that the expression va is in all respects false, but only that 
it is to be taken in a verj peculiar sense. 

In fact, \/a, considered algebraically, being the expression for 
the unknown quantity *, in the equation with two terms, 

X* — = 0, 
admits of four different values (159); for if we make a = «*, by 

taking « to represent the numerical value of \/'a, considered 
independently of its sign, or the arithmetical determination of 
this quantity, we have the four values 

«X + I, ax — 1, cc X + i/^^y a X — \/=l, 
the third of which is precisely the product proposed. 

By a little attention, it will be readily perceived, whence the 
ambiguity of which we have been speaking, arises. The second 
power -|- 1 of the quantity — - 1 under the radical sign, as it may 
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arise as well from + 1 X + Ij as from — 1 X — 1, causes the 

quantity •^T to have two values, which are not found in v'— l* 

In general, the process by which the product \/a X Vi "s 
■ formed, is reduced to that of raising this product to the power 
mn i for if we represent it by z, that is, if we make 

V" X Vb = r, 
by raising the two members of this equation, first to the power 
m, wc have 

a vt" = J", 

again, raising it to the power n, we obtaJD 

a- (^ = 2-~. 

This product, therefore, being determined only by means of 

, its power of the degree m n, or by an equation of this degree 

with two terms, must have mn values (169). This will be per- 

c^ved at once, if we reflect that the expressions v'o and v** 
being nothing but the values of the unknown quantities x and »/, 
in the equations with two terms, 

a^ — o := 0, s" — 6 = 0, 
and, consequently, admitting of m and of n determinations, we 
have, by uniting the several tn determinations of x, with the 
sev^^al n determinations of y,mn determinations of the product 
required. 

When we are employed upon real quantities, there is no diffi- 
culty in finding the values, because the number of those, that are 
real, is never more than two (157), which difler only in the sign. 

174. If we use the transformation esplained in art. 1S9, the 
difliculty will be confined to the roots of + 1 and — 1 ; for if we 
make x=^al and ^ = |3 u, a and ^ denoting the numerical values 

of V") V' considered without regard to the sign, the equations 

x" =F a = 0, y'^=p b = 0, 
become 

t" =p i =0, «" T 1 = 0, 

whence 

xt/ = s/^li X v/±6 = ft(J(« = a(3 \/±7 X v^±T ; 

in which « ? represents the product of the numbers \/a, V* > t the 
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arithmetical detemunation of the root of the degree m n of the 
number a" 6". 
If we would give a determinate value to the j»x>duct of the 

radical quantities V=t 'h V^ ^i ^7 fixing the degree of the 
radical signs, we must obtaio from the equations 
f ap 1 = 0, u" q= 1 = 0, 

the several expressions for y^±: i, ^di I, and combine them in 
a suitable manner. 

To conclude, these operations are not often required, except 
in some verj simple cases, of which the following are the prin- 
cipal ; 

i. v'^=^ X \/^b = VS X VS (^"=1 X V^^ ; 
I suppress the radical sign in the expression V^^i and obtain 
v'"^o X V^^ = V«^ X — 1 = — V «6* 

2. v"=^ X V^^ = V*^ (V^^* i 

I do not here multiply — 1 by ^ 1, because this would lead to 
the ambiguity menticMied in art. 1 73 ; but observing, that the 
square of the fourth root is simply the square root, we have 

V^^ X x/^i = Vab X V^^- 

3. V^ X v""^ = Vai X W'^)' = V"* X v"^ 

= x/li X — 1 = ~ i/Tb. 
The results will be thus found to be alternately real and imagi- 
nary. 

Calculus of Fractional Exponents, 

175. Ir we substitute in the place of the radical signs, their 
corresponding fractional exponents (132), and apply immediately 
the rules for the exponents, we shall obtain the same results, as 
those furnished by the methods employed in the calculus of 
radical quantities. 

If we transform, for example, 





)/a'f, V"'«'> 


into 






.nt, an*. 


we have 




Alg- 


23 
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then, since 1 = 1+4, and, consequently, 

J = a^ + ^~axai (25^ 
and a' 6' c* is equivalent to \^a6> e* , we have 

a result which is not ouly exact, but is reduced to its most sim- 
ple form. 

Let there be the general example y'o' W X \/lf c ; the rad- 
ical expressions here employed may be transformed into 

t 1 L L 

(!"()", 6" t" , 

we then have, according to the rules for exponents, (35), 

t 1 L '_ i 1 + r f. 

Now in order to add the fractions — , -, we must reduce them to 
m n 

the same denominator ; and to give uniformity to the results, we 

must do the seme with respect to the fractions ^. - ; we obtain, 
M n 

by this means, 

amD (, -H e»ij 
and placing this result under the radical sign, we have 



176. The manner of performing division is equally simple, we 
have for example 

which maj be reduced to 



;.,— .*cl at-»c* 



jL. 
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this placed under the radical sign becomes 

We have in geoeral, 



V'n'b' _a^\r _a''lf 



reducing the fractional exponents to the same denominator, ii> 
order to perform the subtraction, which is required, we find 



V^^j.' ■ 



'^^=J- 



It is obvious, that the reduction of fractional exponents to the 
same denominator, answers here to the reduction of radical ex- 
pressions to the same degree, and leads to precisely the same 
results (171). 

177. It is also verjr evident, by the rule given in art. 127, that 

/■■ ■\it / p\* I* 1 

Wtf) = V«"^ = a- = Vtf*, 
and by the rule laid down in art. 139, that 

The calculus of fractional exponents affords one of the most 
remarl^ble examples of the utility of signs, when well chosen. 
The analogy which prevails among exponents, both fractional 
and entire, renders the rules, that are to be followed with res- 
pect to the latter, applicable also to the farmer ; but a particular 
investigation is necessary in each case, when we use the siga 
^~, because it has no connexion with the operation that is indi- 
cated. The further we advance in algebra the more fully shall 
we be convinced of the numerous advantages, which arise from 
the notation by exponents, introduced by Descartes. 

General Theory of Equations, 

178. EQUATIONS of the first and second degree are, properly 
speaking, the only ones, which admit of a complete solution ; but 
there are general properties of equations of whatever degree, by 
which we are able to solve them, when they are numerical, and 
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which lead to many conclusions, of use in the higher parts erf 
algebra. These properties relate to the particular fonn, nhich 
every equation is capable of assuming. 

An equation in its most general form must contain all the 
powers of the unknown quantity, from that of the d^ree of the 
equation to the first degree, multiplied each bj some known 
quantity, together with one term wholly known. 

A general equation of the fifth degree, for example, contains 
all the powers of the unknown quantity, from the first to the fifth ; 
and if there are several terms involving the same power of ihe 
unknown quantity, we must suppose them to be united in one ; 
according to the method given for equations of the second de- 
gree, art. 108. All the terms of the equation are then to be 
brought into one member, as in the article above referred to ; 
the other member will necessarily be zero ; and when the first 
term is negative, it is rendered positive by changing the signs of 
all the terms of the equation. 

In this way we obtain an expression similar to the following ; 
nx' + px* + ? a:' -\- rx* -f- » » + ( = 0, 
in which it is to be observed, that the letters n^p, y, r, », (, may 
represent negative as well as positive numbers ; then dividing the 
whole by n, in order that the first term may have only unity for 
its coeflScient, and making 

n n It n u 

we have 

«• + Px* + Qx> •{■ Rx* + Sx + T= 0. 

In future, I shall suppose, that equations have always been 
prepared as above, and shall represent the general equation of 
any degree whatever by 

«" + Pa*-' + Qa*-' + Tx + U = 0. 

The interval denoted by the points may be filled up, when the 
exponent n takes a determinate value. 

Every quantity or expression, whether real or imaginary, 
which, put in the place of the unknown quantity x in an equation 
prepared as above, renders the first member equal to zero, and 
which consequently satisfies the question, is called the rmt of the 
proposed upialion ; but as the inquiry does not at present relate to 
powers, this acceptation of the term root is more general, than 
that, in which it has hitherto been used (90, 139). 
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179. Take a proposition anal<^us to those given m articles 
116 and 159, and one which ma/ be -regarded as fundameHtal. ' 
If the root of any equation mfcateeer, 

x- + Px-> + Qx'^ + Tx + U = 0, 

be rtpnsenltd hy a, the first member of this tquatian may be exMtly 
divided by ti~—3.. 

Indeed, since a is one value of a:, we have, necessarilj, 

o» + Po»-» + Qa—* + Ta+U—0, 

and, consequenil/, 

U = — a' — Pa'-' — Qo— ..... — To, 
so that the equation proposed is precisely the same as 

which may be reduced to 

+ T{^-41~^- 

As the quantities 

V — a", a:"-' — a"-', a;"-* — o""*, x — a, 

are each divisible by it — a (158), it is evident, that the first 
member of the proposed equation is made up of terms, all of 
which are divisible by this quantity, and may consequently be 
divided by a; — a, as the enunciation of the proposition requires.* 



* D'Alembert has proved the same proposition in the following 



If we conceive the first member of tfae proposed equation to be 
divided b; x — a, and the operation cantinued until all the terms 
involving x are exhausted, the remainder, if there be any, cannot 
contain x. If we represent this remaioder by R, and the quotient 
to which we arrive by Q, we have necessarily 

V + P a^' 4- &c. = Q (x — a) + R. 

Now if we substitute a in the place of x, the first member is reduced 
to nothing, since a Is the value of x ; the term Q (x — a) Is also 
nothii^, because the factor x — a becomes zero ; we must, there- 
fore, have R =:0, and it is so, independently of the substitution of a ; 
for, as this remainder does not contain x, the substitution cannot take 
place, and it still preserves the value it had before. 

Hence it follows, that in every case, A ^ 0, and that, conaeqnently, 
*» + P a"-* + Q x-^, &c. 
is exactly divisible hy x — a. 
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180. To form the quotient we have only to substitute for the 
quantities 

a!" — a', »*-' — o^S ic"-* — a"-*, x — a, 

the quotients, which are obtained by dividing these quantities by 
X — a, and which are respectively 

x^' -f o :r*-* + a» »!»-• + tf^', 

a--» + a x*^ + rf^, 

a--» + a—*, 

Arranging the result with reference to the powers of x, we have 
x— ' + ar^ + a' 3c"-* + rf^, 

+ Qx"-" + e<i^, 

'+T.' 

181. It is evident from the rules of division simply, that if the 
first member of the equation, 

a" + Pa*-» + Qa*^ + &c. = 0, 
be divided by i — a, the quotient obtained will be exhibited 
under the following form, 

P', Q', &.C. representing known quantities different from P, Q, &c. 
we have then 

x' + Pf.'-' +&C. =(x — a)(x— » + P'x"-' + &c.)i 
and according to what was observed in art. 116, the proposed 
equation may be verified in two ways, namely, by making 
x — a — 0, or »»-> + Px"-* + &x. ■= 0. 
Now if the equation 

a;«-i ^ pi JJ.-S + &c. = 

has a root 6, its first member will be divisible by * — 6 ; we 
have then 

X— 1 + iw a;--*- + &c. ={x — b) (x"-» + P"a;"-» + &X.), 
and, consequently, 

x' + Pa;-^+ Si£. = {x — a)(x~b)(x'^+P"x'-^+Si.c.)i 
the equation proposed may, therefore, be verified in three ways, 
namely, by making 

if— a = 0, or a — fc = 0, or a*^ + /»"«—* + &c. =0. 
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If the last of these equations has a root, e, its first member may 
still be decomposed into two factors, 

* — c, at»-* + P"'a;"-* + &c. = 0; 
we then have 

iu" + Pa"^ + &x. 
- =(i^ii)(x — 6)(« — c)(«»-» + P"'i*-^ +&c.)i 
from which it is obvious, that the proposed equation may be veri- 
fied in four ways, namely, bj making 

X — n = 0, a;— 6 = 0, a: — c = 0, a:*^ 4- F"'a*-« -f- fee. = 0. 
Pursuing the same reasoning, we obtain successively factors 
of the degrees 

n — 4, n — 5, n — 6, &c. ; 
and if each of these factors being put equal to zero, is susceptible 
of a root, the first member of the proposed equation is reduced to 
the form 

(«-»)(•-») («-')(»-■*) (»-0, 

that is, it is decomposed into as many factors of the first degree, 
as there are units in the exponent, n, which denotes the degree of 
the equation. 

The equation 

x« + Pa--' +&C. z=0, 
may be verified in n ways, namely, by making 

X — a =0, or X — 6 = 0, or x — c = 0, or x — (i = 0, 
or lastly, x — / = 0. 

It is necessary to observe, that these equations are to be re- 
garded as true only when taken one after the other, and there 
arise manifest contradictions from the supposition, that they are 
true at the same time. In fact, from the equation x — a = 0, 
we obtain x := a, while x — 6=0 gives ji = J, results, which 
are inconsistent, when a and 6 are unequal quantities. 

182. If the first member of the proposed equation, 
x" + Px»-» + &c. = 0, 
be decomposed into n factors of the first degree, 

X — a, X — '6, X — c, X — d, x — I, 

it cannnot be divided by any other expression of ibis degree. 
Indeed, if it were possible to divide it by a bmomial x — a, dif- 
ferent from the former ones, we should have 

x' + Ps/^ + &c. = (a; — a) («•-» +px^ + &c.) 
and, conset^ently, 
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(a _ «) (x — fc) (« — c)<iC — d) (« — 

= (« — «) (a*-* + ;>«*^ + &c.) ; 
now by changing « into a, this becomes 

(«_ o) (a _ ft) (,_,)(«_ d) (« _ /) 

= (a _ a) (a— 1 +pa'~» + fee.) 
I'he second member vanishes by means of the factor a — «, 
which is nothing ; this is not the case with respect to the first, 
which is the product of factors, all of which are different (rma 
zero, so long as « differs from the several roots a,b,e,d...l. 
The supposition we have made then is not true ; therefore, an 
tguation of amf dtgret whatever does not admit of more binomM 
diviaort of the first degree, than there are units in the eajmtent 
denoting its degree, and contequentli/, camtol have a greattr number 
<^ roots.* 

183. An equation regarded as the product of a number of 
fectors, 

X — a, X — 6, a; — c, x — d, fec^ 
equal to the exponent of its degree, may take the form of the 
product exhibited in art. 135, with this modification, that the 
terms will be altematelj positive and negative. 
If we take four factors, for example, we have 

X* — ax' -\- abx' — flic* -\- abed ^ 0. 
^bx^-\-acx' — abdx 

— ex* + odx* — acdx 

— dx' -|-*^'>'' — ftcdiF 

-fftdx" 
-^ cdx' 

The second terms of the binomials x — o, x — h,x — c, &c 
being the roots of the equation, taken with the contrary sign, 
the properties enumerated in art. 135, and proved generally in 
art. 13fi, will, in the present case, be as follows, • 

The confident of the second term, taken leith the contrary iign, 
mill be the swn of the roots ; 

The coefficiatt of the third term wt// be the sum of the products of 
the roots, taken two and Imo ; 

The coefficient of the fourth term, t<dcen mA the contrary sign, 
wiii be the sum of the products of the roots, mull^lied three and 

* This demonstration is taken from the Atmale* de Mathimatique» 
publiEhed b; M. Gergonne. See vol. iv, pp. 209, 210, note. 
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(Ar«, and so on, t^ ligna of the coefficients cf the evet tetms 
being changed { 

The laal Urm, subject alto to this law, mil it the product of all 
the roots. 
Making, for example, the product of the three factors 
J! — 5, a: + 4, a; -f J, 
equal to zero, we form the equation 

i» + 2 a« — 22 a; — 60 = 0, 
the roots of irhich are 

+ 5,-4,-3; 
we have for their sum 

6 — 4 — 3=: — 2; 
for the sum of their products, taken two, and two, 
+ 5X— 4 + 5X— 3 — 4X — 3 = — 20— 164-12=~23, 
and for the product of the three roou, 

+ 5X— 4X— 3 = 60. 
In this way we form the coefficients, 2, — 23, — 60, changing 
the signs of those for the second and fourth terms. 
If we make the product of the factors 

^ — - 2, a: — 3, and x -{- 5, 
eq^ual tp zero, the equation thence arising 

i' — . 19t + 30 = 0, 
as it has no term involving x', the power immediately inferior 
to that of the first term, want* the stcond Urm ; and the reason 
is, that the sum of the roots, which, taken with the contrary 
sign, forms the coefficient of this term, is here 

2 + 3 — 5, 
or zero, or in other words, the sum <^ the positive roots is equal 
- to that of the negative.* 

1G4. We have pcoved (182), that an equation, considered as 
arising from the product of several simple factors, or factors of 
the first degree, can contain only as many of these factors, as 
there are units in the exponent n denoting the' degree of this 
equation ; but if we combine these factors two and two, we form 
quantities of the second degree, which will also be factors of the 
proposed equation, the number of which will be expressed by 

"-^ (.40). 
* See note at the end of this treatise. 
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For example, the first member of the eqaation 


as* — ox» + ahx' — abet + 


tibcd = 


— 6«- + aci' —abdx 




_ — ex' -j- ttdx' — ocdai 




— dx' -\-bcx' —bcdx 




+ bd,- 




+ cdx' 




being the product of 




(.-.)X(.-»)X(«-<) 


X (x-i). 




rolloiring wajs; 




(*-»)(*-») X(*-c) 


(—J) 


(«-«)('-«) X(«-») 


{x-d) 


{x-,)(x-d)x{x-b) 


(.•-') 


(x — b)(x-e)x(x-a) 


(x-d) 


(x — b)ix-d)X(x-a) 


(x-e) 


{x-c}(x — d)x(x-,) 


(x-b); 



whcDce it appears, that an equation of the fourth degree may 
have six divisors of the second. 

By combining the simple factors three, and three, we form 
quantities of the third degree for divisors of the proposed equa- 
tion ; for an equatirai of the degree n the number will be 
,(„-l)(n-2) 
1.5.3 * 
and so on. 

Of Elimiiuttion among Equaliotts wuulmg the Pint Dtgree. 

185. The rule given in art. 78, or the method pointed out in 
art. 84, is sufficient, in all cases, for eliminating in two equations 
an unknown quantity, which does not exceed the first degree, 
whatever may be the degree of the others ; and the rule of art. 
78, is applicable, even when the unknown quantity is of the first 
degree in only one of the proposed equations. 
4f we have, fiw example, the equations 

■ax' 4" ^"'S + '^y' — "»■) 
X* +xy = n*, 
lakmg, In the second, the value of y, which will be 
n' — x>, 
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and substituting this value and its square, in the place of y and 
g' in the first equation, we obtain a result involving only x. 

186. If both of the proposed equations involved the second 
power of each of the two unknown quantities, the above method 
could be applied in resolving only one of the equations, either 
with respect to a; or y. 

Let there be, for example, the equations 

-ax* + bxy + cy* = m», 
X' + y» = n» i 
the second ^ves 

y = ± v^B* — X* ; 
Substituting this value of y, and its square in the first, we obtain 
ax* ±bx V«' — X* -\- e ^n* — x') = tn". 
Our purpose appears to be answered, since we have arrived at 
a result, which does not involve the unknown quantity y, but we 
are unable to resolve the ei^uation containing x, without reducing 
it to a rational form, by baking the radical sign, under which 
the unknown quantity is found, to disappear. 

It will be readily seen, that if this radical expression stood 
akme in one member, we might make the radical sign to disap- 
pear by raising this member to a square. Collecting together 
all the rational terms then in one member, by transposing the 
terms ± 6a: Vn' — x* and m', we have 

ax* + c(n' — a;*) — m» = zfi i a- Vn — z' ; 
taking the square of each member, we form the equation 

a'x'+c'^n^—x'y+m* \ ~6tji/„t__i\ ' 

■^^acx'(n' — x')^~3can'x* — 2em''(n» — a;*) J ^ /> 

which contains no radical expression. 

The method, we have just employed for making the radical 
sign to disappear, deserves attention, on account of the frequent 
occasion we have to apply it ; it consists in instilatir^ the quantity 
found under ike radical sign, and titm raising the two menders of 
the prcjiosed equation lo the power denoted by the degrie of this sign. 
187, The complicated nature of this process, which increases 
in proportion to the number of radical expressions, added to the 
difficulty of resolving one of the proposed equations with refer, 
ence to one of the unknown quantities, a difficulty, which is often 
insurmountable in the present state of algebra, has led those, who 
have cultivated this science, to seek a method of effecting the 
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cUaiination without this; bo that the reeolution of the equations 
shall be the last of the operatioDs required for the solution of the 
ftroblem. 

In order to render the operation more simple, we reduce equa- 
tions with two unknowQ quantities to the form of equations with 
only one, by presenting only that, which we wish to elioiinate. 
If we have, for example, 

X* + ory + ia: = cy» 4- dy + e, 
we bring all the terms into one member, and arrange them with 
reference to x ; the equation then becomes 

^* +(oi/ -i-6)a; — cy» — dy — e = 0( 
abridging this, by making 

ay -i- b ^ P, ' — cy* — dy — e ^ Q, 
we have 

X* +Px + Q = Q. 
The general equation of the degree m with two unknown 
quantities must contain all the powers of x and y, which do not 
exceed this degree, as well as those products, in which the sum 
of the exponents of x and y does not exceed m ; this equation 
then may be represented thus ; 
x"+{«+6y)^— .-|-(c+dy+«,»)x-»+(/+gy-i-fcy«+fa/'>— » 

+(p+qi/+ry' . . - +«s'^')x+p'+g's+^s' ■ • • +Vy"=o. 

No coellicient is assigned to x" la this equation, because we 
may always, by division, free any term of an equation we please, 
from the number, by which it is multiplied. Now if we make 
a+6y = P, r+dy-f ey»=Q. f+gy+hy'-^ky^-R, 

p + 5S.... + «y->=r,;/ + y'y....+r'y-=[7, 
the above equation takes the following form, 

j:- + Pa*-^ + Qa:»-' + iJi*-» + Tx-\-V=0. 

138. It should be observed, that we may immediately elimi- 
nate X in the two equations of the second degree, 

«» +Pjc + Q=:0, X* -ir P* X ■\- ^ — 0, 
by subtracting the second from the first. This operation gives 

(P_/*')a;-i-e-e' = o, 

, Q— 0* 

whence a; = — ■pH.'p' ' 

substituting this value in one of the two proposed equations, the 
. first for example, we find 



n,g,t,7rJM,GOOglC 



Equations txeeeding tkt Ftrit Degrtt. , 1S9 

(Q_Q.). P(O-g) 

(P — f")' P — P' ^ ^ ' 

making the deoominators to disappear, we liave 

(Q _ Q.). _ p (P _ P) (Q- e) + e (P — i»)- = 0, 
then developing the two last terms, and making the reduction 

(Q — er + {P — niPQ' — QP') = 0. 

We have then only to substitute for P, Q, /", and Q', the partic- 
ular values, which answer to the case under consideration. 

189. Before proceeding further, I shall show, how we may 
determine, whether the value of any one of the unknown quanti- 
ties satisfies at the same time the two equations proposed. In 
order to make this more clear, I shall lake a pariicular example ; 
the reasoning employed wiU, however, be of a general nature. 
Let there be the equations 

a:' +3a:«y + 3«y*— 98 = (l), 

a;. +4»y— 2i/' —10 = (2), 

which we shall suppose furnbhed by a question, that gives ^ = 3, 
In order to verify this supposition, we must substitute 3 in the 
place of 1/, in the proposed equation ; we have then 

a;» + 9 X* + 27 a? — 98 = (a), 

a:» + tSs — 28 = (b), 

equations, which must present the same value of x^ if that, which 
has been assigned to y, be correct. If the value of x be repre- 
sented by a, the equation (a) and the equation (b) will, accord- 
ing lo what has been proved in art. 179, both of them be divisi- 
ble by a: — « ; they must, ^therefore, have a common divisor, of 
which X — a forms a part ;' and in fact, we find for this coaunon 
divisor x — 2 (48) ; we have therefore o; := 2. Thus the value 
^ =: 3 fulfils the conditions of the question, and corresponds to 
a; = 2. 

If there remained any doubt, whether or not the common divi< 
Bor of the equations (a) and (b) must give the value of x, we 
might remove it, by observing, that these equations reduce them- 
selves to 

(a;s -I- II X + 49) (a: — 2) = 0, 
{x-\- 14)(r — 2) = 0, 
from which it is evident, that they are verified by putting 2 in 
the place of x. 

190. The 'method I have just explained, for finding the value 
of ff, when that of j is known, may be employed immediately in 
the elimination of x- 
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Indeed, if we lake the equations {\) and (3), and go through 
the process necessary for deterinintng whether they have a com- 
mon divisor involving a, instead of finding one, we arrive at a 
remainder, which contains only the unknown quantity y and 
numbers, that are given ; and it is evident, that if we put in the 
place of jf its value 3, this remainder will vanish, since by the 
same substitution, the equations ( ] ) and (3), become the equatione 
(a) and (b), which have a common divisor. Furming an equa- 
tion, therefore, by taking this remainder and zero for the two 
members, we express the condition, which the values of */ must 
fulfil, in order that the two given equations may admit, at the 
same time, of the same value for x. 

The adjoining table presents the several steps of the operation 
relative to the equations, 

a:' -f- 3 »» y -|- S « jf» — 98 = 0, 
X* + ixy — 2i/» — 10 = 0, 
on which we have been employed in the preceding article. We 
6Dd for the last divisor, 

(9y» + lO)* — 2y» — lOy — 98; 
and the remainder, being taken equal to zero, gives 
4St,« 4- 345 y* — 1960y» + 750 S> — 2940y— 4302 .= 0, 
an equation, which admits, besides the value y = 3 given above, 
of all the other values of y, of which the question proposed is 
susceptible. 

The remainder above mentioned being destroyed, that preced- 
ing the last becomes the common divisor of the equations pro- 
posed ; and being put into an equation, gives the value of x when 
that of y is introduced. Knowing, for example, that y = 3, we 
substitute this value in the quantity 

(9y» + 10) a; — 2y^ _ lOy — 98 ; 
then taking the result for one member, and zero for the other, 
we have the equation of the first degree 

91*— 182 = 0, or a; = 2. 

191. The operation to which the above equations have been 
subjected,- furnishes occasion for several important remarks. 
Fkst, it may happen that the value of y reduces the remainder 
preceding the last to nothing; in this case, the next higher 
remainder, or that which involves the second po^er of x, be- 
comes the common divisor of the two proposed equations. Intro- 
ducing then into this the value of y, and putting it equal to zero, 
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we have an equation of the second degree, involving only a:, the 
two values of which will correspond to the known value of y. 
If this value still reduce to nothing the remainder of the second 
degree, we mast go back to the preceding, or that into which 
the third power of x enters, because this, in the case under con- 
sideration, becomes the common divisiu- of the two proposed 
equations ; and the value of i; will correspond to the three values 
of «. In general, we must go back until we arrive at a remain- 
der, which is not destroyed by substituting the value of i/. 

It may Bometinies happen, that there u m> remainder, or that 
the remainder contains only known quantities. 

In (he first case, the two equations have a common divisor 
indepcndenlly of any determination of y ; they assume then the 
following form, 

D being the common divisor. It is evident, that we satbfy both 
the equations at the same time, by making in the first place 
i) = ; and this equation will enable us to detepmine one of the 
unknown quantities by means of the other, when the factor D 
contains both ; but if it contains only given quanlilies and «, this 
unknown quantity will be determinMe, and the ether will remain 
wholly indelermiaate. With respect to the factOBs, which do 
not contain x, they are found by whal h laid down in art. 50. 

Next, if we make at the same tinre 

P = 0, e ^ 0, 
we have still two equations, which, will ftirnish solotims of the 
question proposed. 

Let there be, for example, 

(fl a; + 6 y — c)(mx -\- ny — d) =.0, 
{a'x + (/, _ c') (ma; + ny — d) = ; 
by supposing, first, the second factor, common to the two equa- 
tions, to be nothing, we have with respect to the unknown quan- 
tities :c and y only the equation 

mx ■\- ny — d = 0, 
and in this view the question will be indeterminate; but if we 
Suppress this factor, we are furnished with the equations 

ax -^-hy — c = 0, afx-\-Vy — c' = 0, 
or ax-\'by=^c, a!x-^}/y=zd'y 

and in this case the question will be determinate, since we have 
as many equations as unknown quantities. 
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When the remaiDder contains only given quanliliea, the two 
proposed equations are comradictory ; for the common divi»or» 
hy which it is shown that they may both be true at the same 
time, cannot exist, except by a condition which can never be 
fulfilled-^"} This case corresponds to that mentioned in art. 68, 
relative to equations of the 6rst degree.* 

192. If then we have any two equations, 

«-+■ Paf^* + Qx*^ + Rx'-^ + Tx+ U = 0,- 

«" + P'x—^ + C**-* + R'x—' + Y'a: + Z' = 0, 

vhere the second unknown quantity, y, is involved in the cocfii' 
cients, P, Q, Sz,c. P", Q', &.c. in seeking the greatest common 
divisor of their first members, we resolve them into other more 
simple expressions, or come to a remainder independent of «, 
which must be made equal to zero. 

This remainder will form the final equation of the question 
proposed, if it does not contain factors foreign to this question ; 
but it very often begins with polynomials involving y, by which 
the highest power of «, in the several quantities, that have been 
successively employed as divisors, is multiplied, and we arrive 
at a result more complicated than that which is sought should 
be. In order to avoid being led into en^r with respect to the 
values of t/ arising from these factors, the idea, which first pre> 
sents itself, is, to substitute immediately in the equations propos- 
ed each of the values furnished by the equation involving y 
only; for all the values, which give a common divisor to these 
equations, necessarily belong to the question, and the others must 
be excluded. It will be perceived also, that the final equation will 

T ■ ■ ' 

* It will be readiljr perceived, by what precedes, that the problem 
ftir obtaining the final equation from two equations with two unknown 
qnantities, is, in general, determinate ; bat the same final equation 
answers to an infinite varietj of systems of equations with two un- 
known quantities. Reversing the process, by which the greatest 
common divisor of two quantities i% obtained, we may form these 
systems at pleasure ; but as this inquiry relates to what would be of 
little use in the elflmentsry parts of mathematics, and would lead m« 
into tedious details, 1 shall not pursue It here. Researches of this 
nature must be lefl to the sagacity of the intelligent reader, who 
will not lail, as occaaioa offers, of arriving at a satisfactory result 
dig. 25 
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become iiicomplele, if we suppress in the operation any factor 
involving y ; but all these circumstances together occasion some 
inconvenience in the application of the above method,* and lead 
me to prefer the method givt;n by Euler^ which I shall explain 
in the following article. 

193. Let there be the equations 

»* -j-P'x' + Q'T' + fi'x + S' = 0} 
rcpiTsenting by a: — a the factor, which must be common tobolb, 
when y is determinate in a proper sense, we may consider the 
first as the product of x — a by the factor of the second degree, 
a;* -\- px ^ q^ and the second as the product of j; — a. by the 
foctor of the third degree i' •\- }/ x" ■{• <]^ x-\- t',p and j, p', 9' 
and r" being inileicrminale coelUcients. We have then 

X* J^ P'x^Jf-qx' Jr R-x + S' -{x~a){x^ +pfx^ +q'x-\-r'\ 
Exterminating Ihe binomial {x — «), in the same manner as an 
unknown quantity of the first degree (84), we find 

(,. + Pa^. + Qx + Ji) (a7» +/«* + 9'a. + O = 
(x* + P j; » + Q' X' + il' a: + S') (^=* + /> ^ + ?) i 
a result, which must verify itself without any particular value 
being assigned to x ; this cannot take place, however, unless the 
first member be composed of the same terms as the second; we 
must, therefore, after performing the niuUipticalions, which are 
indicated, put the coefiicienls belonging to each power of a; in 
one member, respectively equal to those belonging to the same 
power in the other. In this way we obtain the following equa- 
tions; 

Q+Pp'-^'f^Q'+P'p+q R<j!-\-Qr'=S'p+R'i 

R+Qp'+P^+''=li'+Q'p-\~P'q Rr'=S'q. 

Aa we have here six equations, and only five indeterminate 

quantities, namely,;), g,}^, 9', and r', all of which are of Ihe first 



* On this subject see a memoir of Iff. Bret, in the 15th number of 
Journal de VEcoh Poli/tecknique, also one of M. Lefebure, 3d num- 
ber, vol. ii. of the Corretpottdance of the same school. 
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degree, ibese quantities maj be exterminiited ; we'sball thus 
arrive at an equation, which, involving on\y the quaniities P, Q, 
-^1 P't Q't -^'i ^""^ ^'■< ™'" express a condition necessarily impli- 
ed in the condiiions of the question, and which, consequently, will 
be the final equation in y.* 

Should this equaiion be identical, it follows, that the proposed 
equations have at least one factor of the form x — a, whatever y 
may •be; on the contrary, if ihe final equation contain only 
known quantities, the proposed equations are contradictory. 

When the Imal equation takes place, we obtain the factor 
X — a by dividing the first of the proposed equations by the 
polynomial x' -\-px+ q; we find for the quotient 

3> + P~p, 
and neglect the remainder, because it must necessarily be reduc- 
ed to nothing, when we substitute in the place of y a value ob- 
tained from the final equation. Putting the above quotient equal 
to zero, we find 

X =p — P, 



lultipljinsr 

each of the pruposed equations by a factor, the coefficients- of whicl^^ 
are indeterminate, putting the products equal, and disposing the 
coefficients in such a maDoer, that the terms contntniog the unkuown 
quantity destroy each other. In this form U is presented iti his 
Introduction to the aitalyiis of infinites. The exponent, which denotes 
the degree of the products, being dcsiguated by fc, that of the factors 
a k — tn for the equation of the degree m, and k — n for that of the 
degree n.. The first term of each of these factors, having unity for 
a coefiicient, the one contains k — m indeterminate coefficients, and 
the other k — n. The sum of the products contains a number k of 
terms involving x; but it is necessary lo destroy k — 1 terms only, 
because that, which contains the highest power of 2, vanishes of 
itself. It follows from this, that the whole number 2 k — m — n 
of indeterminate coefficients must be equal to k — 1, and conse- 
quently fc = m-|-~ft — 1) "fi must, therefore, multiply the equation 
of the degree m ^ a factor of the degree n — 1 , that of the degree 
n by a factor of the degree m — I, and put the products equal, 
term to term, a method elmilar to that given in the text It may be 
obeerved, that this former method of Euler contains the germ «f 
that developed by Bezout in his Thtorit da Equation* Algibriqua. 
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aod this value of x will be known, or at least will be expressed 
by means of y, if we substitute for;> its value deduced from the 
equations of the first degree, formed above. 

This expression assumes, in general, a fractional form, ao that 

we have x =. ^^^ or A" a; — M=0; and it may be seen in this 

cas?, (hat the values of ^, which would cause M and A" to vanUh 
at the same time, would verify the preceding equation* inde- 
pendently of X ; this takes place in consequence of the fact, that 
by means of these values, the proposed equations would acquire 
a common factor of a degree above the first. It would not be 
difficult to go back to the immediate conditions in which this 
circumstance is implied ; but the limits I have prescribed to 
myself in the present treatise do not permit me to enter into de- 
tails of this kind. 

194. Now let there be the equations 

X' +PX + Q-0, «• +P'«-|-e'=,0; 
the factors, by which x — a is multiplied, will be here of lite 
first degree, or ot + p and a: + p' simply ; in this case, 

R = 0, R' = 0, S' = 0, q = 0, q' = 0, r" = 0, 
and we have 

p+p' =p'+p ) i p—p' =p—P' 

Q + Ppr = <i'+P'pUrlP'p — P,/ = Q — <if 
Qp'=Q'P > (Q'r — Qp'=0. 

From the first two equations we obtain 

._ (P-f')P-CQ- <y) 
P- p_p, 

(P-POP'-(Q-Q-) 
F— P—P' 

Substituting these values in the third, we have 

or (p— P')(Pis'_gp') + (e-e)' = o. 

Now if in the equation 

X =p — P; 
we put, in the place o{p, its value found aiiove, we have 

p — P' 

195. In order to aid the learner, I shall indicate the operations 
necessary for eliminating x in the two equations 

x'^^Px' + Qx + R:^0, x'+Fx>+Q'x+R' = 0. 
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In this case, we have 

^ = 0, r' = (193), 
and are furnished with these five equations ; 

P+p' =1" +p, 

Q + Pj^ + <r -Q! + ^;> + ?, 

Rff=Bfq, 
which may lake the following form, 

p—pf =P — p', 

P'p — Pp'+ q — cf =Q— e, 
Qp^Qf J^P'q^P<f=R—R', 
R'p — Rp'+Q'q-'Qq'=0, 
R'q—Rq'=^0. 
We may, by the rules given in art. 88, obtain immediately 
■ from any four of these equations, Ibe values of the unknown 
quantities p,}/, q and 9'; but the simple form, under which the 
first and the last of the equations are presented, enables us to 
arrive at the result, by a more expeditions method. In order to 
abridge the expressions, we make 

P~P' — e, C_Q'=:e', R — R' = ^'; 
and proceed to deduce from the first and last of the proposed 
equations, 

then substituting these values in the three others^ and making 
the denominator R Co disappear, we have 

f^P' - P) Rp + (^R _ R')q = Rie'-Pe)...(^,), 
(Q'-Q) Rp+iRP'-PR')q = R («"- Qe) . . . (b), 

(fi' — R) Rp + iRQ' — QR')q = ~ R' e (c). 

If now we obtain, from the equations (a) and (b), the values of ^ 
and q (88), and suppress the factor R, which will be common to 
. the numerators and the denominator, Ve have 

_ (. ' - Fe) (Kf - Fit-) - (H - BQ (," - Q,) 

'^~(P— P) (SF' — PH')— (« — «')(«'— Q) ' 

_ (P- - F) (." - 0.) « ^ « («■ - P«) (Q- _ Q) 

'~(P' — PJCBP" — PR') — (K — H') (Q- — Q) ' 

putting these values in the equation (c), we obtain a final equa> 

tion, divisible by R, and which maj be reduced to 
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(R'—R)[(e — Pt) (RP — PR') — {R—R') it"—Qey] 

+ (^e-efl')[(P'-p)c«"-eo-(^-''0{e'-c)] 

= _ fi , [( A* _ />) (ftp- _ Pfi') _ (fl _ ii*) (Q/ _ Q)] . 

it only remains ihen to subslilule for the letters e, e', e", the quan- 
titips {.hey represent. 

196. ir we hnve the three unknown quantities x, y, and z, and 
are furnished with an equal number of equations, disiinguislied 
by (I), (2) and (3); in crder to dciermiuc these unknown quan- 
tities, we may combine, for exan.ple, the equation (I) with (2) and 
U'iih (3), to eltminjte x^ and then exterminate y from the (wo re- 
sults, which are obtained. But it must be obEcrved, that by this 
succiisaive ctiminaiion, the three proposed equations do not concur, 
in the same manner, to form the final equation; the equation (1) 
is employed twice, while (2) and (3) are employed only once ; 
hence the result, to which we arrive, contains a factor foreign to 
the question (84). Bezout, in his Tkiorie des Equations, has- 
made use of a method, which is not subject to this inconvenience, 
and by which he proves, that ike degree of the final etjuatum, rt- 
sulling from the elimination among any number whatever of com- 
pltle egualions, containing an equal number of v,t>knovm guantitia, 
and quantities of any degrees vikatever, is equal lo the product of iht 
exponents, which denote the degree of these equations, M. Poisson, 
has given a deinonstraiion of the same proposition more direct 
and shorter than that of Bezout ; but the preliminary informa- 
tion, which it requires, will not permit me to explain it here ; it 
will be found in the Supplement. At present, I shall observe sim- 
ply, that it is easy lo verify this proposition in the case of the 
iinal equations presented in articles 1 94 and 195. If we suppose 
the proposed equations given in those articles to be complete, the 
unknown quantity y enters of the first degree into P and /*, of 
the second degree into Q and Q', of the third into R and R' ; 
hence it follows, that « will be of the first degree, e' of the second, 
and e" of the third, and that the terms of the highest degree found 
in the products indicated in the final equation given in art. 194, 
will have 4, or 2 . 2, for an exponent, and those of the final 
equation, art. 195, will have 9 or 3 . 3. 
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Of CommtnsUTohlt Roots, and the equal Roots of Kumtrical 
Equations. 

197. Having made known the most important properties of 
algebraic equations, and explained the method of cliniii)aiing the 
unknown quantities, when several occur, 1 shall proceed lo the 
numerical resolution of equations with only one unknown quan- 
tity, that is, to the finding of their roots, when theii' coefficients 
are expressed by numbers.* 

I shall begin by showing, that when the proposed equation has 
only tohoh numbers for its corfficimts, and that of its first tenn is 
unity, its real roots cannot be expressed by fractions, and consequently 
€an be only whole numbers, or numbers, that are incommensurable. 

In order to prove this, let there be the equation 

x' + Px'-^ + Qa:"-» + Tx + U = 0, 

in which we substitute for x an irreducible fracUon 7; the equa- 
tion then becomes 

'i + P°^,+ Q°^ + 2-|+t7=b, 

reducing all the terms to the same denominator, we have 

a* + Pa—'b + Qa*^b' + Tqi— ' + (76- = 0, 

which is equivalent to 

a" + 6 (Pa—' + Qa— »fc + Tab'-* + Db'~') = 0. 

The first member of this last equation consists of two entire 
parts, one of which is divisible by b, and the other is not (98), 
since it is supposed, that the fraction - is reduced to its most sim- 
ple form, or that a and b have no common divisor ; one of these 
parts cannot therefore destroy the other. 

198. After what has been said, we shall perceive the utility 
of making the fractions of an equation lo disappear, or of render- 
ing its coeflicienEs entire numbers, in such a manner, however, 

* There is no e-eneral solation for degrees higher thaa the fourth ; 
properly speaking, it is only that for the second deg;ree, which can 
be regarded as complete. The expressions for the roots of equa- 
tions of the third and fourth degree are very coroplicnted, subject to 
exceptions, and less convenient in practice than those, which I am 
about t9 giTe ; I shall resume the subject in the Supplement. 
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that the fin! term niaj have onlj unity for its coefficient. This 
is dune hjj making the trnknoan qaantitt/ propostd, equal to a new 
uuknmcn quantily divided by iht product of all ike deTtomiitalori of 
the tquatiaa, then reducing all the tenus to the same denomiDator, 
by the method givea in art. £2. 
Let there be, for example, the equation 



we take x = -=-— , and introducing this expressioo for x into the 

proposed ecjuation, we obtain 

"' + -?»!_ + -AJL + '-=0; 
m*n'p^ m'H'p* mn*p p 

as the divisor of the first term contains al) the factors found in 
the other divisors, we may multiply by this divisor and thus re- 
duce each term to its most simple expression ; we find then 
y» -\- anpy' + fcm» np' y -\- c m' n' p' =0. 

If the deDomioators, m, n,p, have common divisors, it is only 
necessary to divide y by the least number, which can be divided 
at the same time by all the denominators. As these methods of 
simplifying expressions will be readily perceived, I shall not 
Slop to explain them ; I shall observe only, that if all the denom- 
inators were equal to m, it would be suflkient to make x = —. 

The proposed equation, which would be in this case, 

-■ + v + ^' + s = °- 

ihen becomes 

S + ^+^ + S = <'' 
and we have 

y' + ay» + bmy + m* c = 0. 
It is evident, that the above operation amounts to multiplytog 
all the roots of the proposed equations by the number m, since 
(c = " gives y = m I. 

199. Now since, if a be the root of the equation 

X* + Px'-^ +Q «— » + Tx ■{■ U—0, 

we have 

[/ = — fl» — Pa— »— Qo"-* — Ta (179), 
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it follows, that a is necessarily one of the divisors (^ the entire 
number U, and consequently, when this number has but few divi- 
• sors, we have only U> substitute them successively in the place 
of «, in the proposed equation, in order to determine, whether or 
not this equation has any root among whole numbers. 
If we hare, for example, the equation 

a.»_6a:» -{- 27* — 38 = 0, 
as the numbers 

t, 2, 19, 38, 
bre the only divisors of the number 38, we make trial of tbese, 
both in their positive and negative state ; and we find, that the 
whole number -^ 3 only satisfies the proposed equation, or that 
« = 3. We then divide the proposed equation by k — 2 ; put- 
ting the quotient equal to zero, we form the equation 

i' — 4* + 19 = 0, 
the roots of which are imaginary ; and resolving this, we find 
that the proposed equation has three roots, 

a; = 2, a; = 2 + V— 15, a: = 2 — v— ts- 
200. The method just explained, for finding the entire number, 
which satisfies an equation, becomes impracticable, when the 
last term of this equation has a greet number of divisors ; but the 



U = — o- — P a— > — Q a*-* . . . . — r o, 

furnishes new conditions, by means of which the operation may 
bS very much abridged. In order to make the process more 
plain, I shall take, as an example, the equation' 

X* + Px' + Qx' + Rx + S — 0. 
The root being constantly represented by a, we have 
a* + Po* + Qa* + Ra + S = 0^ 
S — —Ra — Qa'~Pa^ — a*, 
from which we obtain 

^-—R^Qa—Pa'—a', 

It is evident from this last equation, that - must be a whole num- 
ber. 
Bringing R into the first member, we have 

^+fi = — Qo — Pa"— a»; 
^Ig. 26 
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the two mecabers of the equation 

R' = —Qa — Ptt* — o» 
by a, we have 

whence we conclude, that — roust also be a whole number. 

Transposing Q, and making \- Q = Q', then dividing the 

two members by a, we obtain 

whence we infer, that — must be a whole number. 

a 

Lastly, bringing P into the first member, making — -\'P^P', 
and dividing by a, we have 



Putting together the above mentiontd conditions, we shall per- 
ceive that the number a will be the root of the proposed equa- 
tion, if it satisfy the equations 

- + fi = fl-, 

^ + Q = *, 

§ + ' = ». 

in such a manner, as to make R', Q*, and /" whole numbers. 

Hence it follows, that in order to determine, whether one of 
the divisors a of the last term S can be a root of the proposed 
equation, we must, 

1st. Divide the last term by the dftcuor a, and add to the fuoJienf 
ikt cotfficient of the ttrm inoolving i ; 

3d. Divide this sum by the divisor a, and add to the quotient the 
coejicient of ike term involving x* ; 

3d. Divide this sum by tht divisor a, and add to the quoUtnt the 
coefficient of the term involving x' ; 
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4th. Divide this sum hy the divisor a, and add to the ^uofimf 
unify, or ihe cotgicimt of the Itrm involving x* ; the result mtli 
become equal to zero, ifd. is, in fad, the root. 

The rules given above are applicable, whatever be the degree 
of the equation ; it must be observed, however, that the result 
will Dot become equal to zero,' until we arrive at the first term 
of the proposed equation.* 

201. In applying these rules to a numerical example, we may 
conduct the operation in such a manner as to introduce the sev- 
eral trials with alt the divisors of the last term, at the same time. 
For the equation 

a-4 _ 9 a?' + 23 «= — 20 a: -(- 15 = 0, 
the operation is, as follows ; 

4- 16, 4- 5, + 3, + 1, — I, — 3, — 5, — 15, 
+ 1, 4- 3, + 5, + 15, — 15, — 5, — 3, — 1, 
— 19, _J7, — 15, — 5, —35, —25, —23, —2), 
— 5, — 5, + 35, 
+ 18, + 18, +58, 
+ 6, +18, —58, 
_ 3, + 9,'— 67, 
_ 1, + 9, +67, 
0. 
All the divisors of the last term IS are arranged, in the order 
of magnitude, both with the sign + and — , and placed in the 
same line ; this is the line occupied by the divisors a. 

The second line contains the quotients arising from the niim- 
ber 15, divided successively by all its divisors ; this is the line 

, . ■■ S 

for the quantities -. 

The third line is formed by adding to the numbers found in the 

* It would not be difficult to prove hy means of the formula for the 

quotients given in art. 180, that the quantities—, — , —, taken with 

the contrary sign, and with the order inverted, are the coefficients 
of the quotient ariiii^ from the polynomial 

X* + Px» + Qa;' +i(* + S 
divided hj x — a, and which is, coaBequeatly^ 

X* ^ 3^ — — X ——. 
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preceding the coefficient — 90, bj which x is moltiplied ; tfaii ia 

the line for the quantities A* =: — |- B. 

The fourth line coatains the quotients of the seveFal numbers 
in the preceding;, divided by the corresponding divisors; this is 

the line for the quantities — . in forming this line, we neglect all 

Che numbers, which are not entire. 

The fifth line results from the numbers, written in the preced- 
ing, added to the number 23, by which x* is multiplied ; this 
line contains the quantities Q'. 

The sixth line contains the quotients arising from the numbers 
in the preceding, divided by the corresponding divisors ; it com- 
prehends the quantities — . 

The seventh line comprehends the several sums of the num- 
bers in the preceding, added to the coefficient — 9, by which «' 

is multiplied; in this line are found the quantities-^ -f- P. 

Lastly, the eighth line is formed, by dividing the several num- 
bers in the preceding by the corresponding divisors ; it is the 

line for — . As we find — 1 only in the column, at the head of 

which -I- 3 stands, we conclude, that the proposed equation has - 
only one commensurable root, namely, -f- 3 i it'is, therefore, divi- 
sible by ;c — 3.* 

The divisors -f 1 and — 1 may be omitted in the table, as it 
is easier to make trial of them, by substituting them immediately 
in the proposed equation. 

303. Again, let there be, for example, 

x» — Ix' -I- 36 = 0. 

Having ascertained, that the numbov -f- I and — } da-not 
satisfy this equation, we form the table subjoined, according to 
the preceding rules, observing that, as the term involving x is 
wanting in this equation, x must be regarded as having for a 
coefficient; we must, therefore, suppress the third line, and de- 
duce the fourth immediately from the second. 

* Fonoiog the qaotieat according to (he preceding note, we find 
IS — 6 «« -f 6 z — 6. 
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+ 1, + 4, + 9, + 9, + 4, -4- I, 
_ 6, — 3, + 2, + 2, — S, -r-e, ■ 
->.-». * -1, + 1, +1, 
0, 0, 0. 

We find in this example three numbers, whicb fulfil aH'the- 
conditions, naraelj', + 6, 4- 3, and — 2. Thus we obtain, at the 
same time, the three roots, which the proposed equation admits 
of; we conclude then, that it is the product of three simple fac- 
tors, « — 6, X '— 3, and X -|- 2. 

303. It may be observed, that there are literal 'equations, 
which may by transformed, at once, into numerical ones. 
If we have, for example, 

y» + 2pn' — 33^ » y + \ip* =^ 0, 
making^ =s px, we obtain 

p'x' -f- 2p'x* -~ SSp'x + Up' = 0, 
a result, which is divisible by ^', and may be reduced to 
x» + 2ir» — 33cc + 14 = 0. 
As the commensurable divisor of this last equation is a^ -|- 7, 
which gives x =x — 7, we have 

y = -.7p. 
The equation involving y is among those which are called 
homogenetms e^fualums, because taken indej^endently of the nu- 
merical coeSicients, the several terms contain the same number 
of factors.* 

204. When we have determined one of the roots of an equa- 
tion, we may take for an unknowo quantity the difference be- 
tween this root and any one of the others ; by this means we 
arrive at an equation of a degree inferior to that of the equation 
proposed, and which presents several remarkable properties. 
Let there be the general equation 

af + Pa*-' + Q a*-* + Rx*^ + Tx+ U = 0, 

and let a, ft^ c, d, &x. be its roots ; substituting a -|- y in the place 
•f x, and developing the powers, we have 

* For a more full account of the e»mmetuuraik diviton of equa- 
tions, the reader it referred to the third part of the &4mtnt ^ Jllgk 
hrt of Clairag^ This geometer bai treated of literal as well as 
sumericat equations. 
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?£!!=;i o"j,-+...+j. 

+ Ta ■+3> 

+v 

The first column of this result, being similar to the proposed 
equation, vanishes of itself, nnce a is one of the roots of this 
equation ; we may, therefore, suppress this column, and divide 
all the remaining terms by y ; the equation then becomes 

+ T 

This equation bas evidei^tly for its m — - 1 roots 

y = 6 — a, y = c — a, y = £l — a &c. 

I shall represent it by 

'« + |s + 5^J' +J— = W. 

abridging the expression^, by making 

TOtf^i + (m— l)Po— » + (m — 2)Qa--* + T=j3, 

ni(m— l)a—* + (m — l)(m — 2)Pa'^ = B, 

&c., 

and I shall designate by F the expression 

a" + Po^' + QcT-* + Ta+U. 

205. If the proposed equation has two equal roots ; if we have, 
for example, a = b, one of the values of y, namely, b — a, be- 
comes nothing ; the equation ((Q will therefore be verified, by 
supposing y = 0; but upon this supposition all the terms vanish, 
except the known term Ji ; this last must, therefore, be nothing 
of itself; the value of a must, therefore, satisfy, at the same time, 
the two equations 
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V =0 and A = 0. 

When the proposed equation has three roots equal to a, name- 
ly, a =: 6 ^ c, two of the roots of the equati^ {d) become noth- 
ing, at the same time, namely, b—a and c — a. In this case the 
equation (d) will be divisible twice successively by y — (179) 
or y ; but this can happen, only when the^ coefficients A and B 
are nothing; the value of a must then satisfy, at the same time, 
the three equations 

V=0, A = 0, B = 0. 
. Pursuing the same reasoning, we shall perceive, that when the 
proposed equation haa four equal roots, the equation (li) will 
have three roots equal to zero, or will be divisible three times 
successively by y ; the coefficients, A, B, and C, must then be 
nothing, at the same time, and consequently the value of a must 
satisfy at once (he four equations, 

V—0, 4 = 0, B = 0, C = 0. 

By means of what has been said, we shall not only be able to 
ascertain, whether a given root is found several times among the 
roots of the proposed equation, but may deduce a method of de- 
termining, whether this equation has roots tiepeated, of which we 
are ignorant. 

For this pnrpose, it may be observed, that when we have 
A =.0,or 

m((^» + (m — l)Pa"-»-}-(m— 2)Q(i»->...+ T =: 0, 
we may consider a as the root of the equation 

ma*-> + (m_ 1) P j;— » + (m— 2) Qa;»-» ...+ 7=0, 
a; representing, in this case, any unknown quantity whatever; 
and since a is also the root of the equation F =: 0, or 

ar* + P a;"-' -}- &c. = 0, 
it follows, (189) that x — a is a factor common to the two above 
mentioned equations. 

Changing in the same manner a into x in the quantities, B, C, 
&c. the binomial x — a becomes likewise a factor of the two 
new equations, 5 = 0, C = 0, &c. if the root a reduces to noth- 
ing the original quantities, B, C, &c. 

What has been said with respect to the root a, may be applied 

to every other root, which is several times repeated ; thus, by 

seeking, according to the method given for finding the greatest 

common divisor, the factors common to the equations, 

F = 0, .4 = 0, 5 = 0, C = 0, &c., 
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we ahall ba furnish(.-d Hith the equal roots of the proposed equa- 
tion, in the following order ; 

The factors common to the first two equations only, are twice 
factors in the equation proposed ; that is, if we find for a com- 
moD divisor of F = and ^ = 0, an expression of the form 
(x -^ «) (x — S), tar uample, the unknown quantitjr x will have 
two values equal to a, and two equal to ff, or the propoied equa- 
tion will have these four factors, 

C»_«), (*-«), (« — tf). C*-ff)-' 

The factors common, at the same time, to the first'three of the 
above mentioned equations form trijrfe factors in the proposed 
equation ; that is, if the former are presented under the fonn 
(x — k) (« — *), the latter will take the form, (« — a)» (a — ff)». 
This reasoning m&j easily be extended to any length we please. 

SOe. It may be remarked, that the equaUon ^ = 0, which, by 
by changing a inlo x, becomes 

ma--» + (m— 1) 1»»— « + (m— 2) Qa--» . . + r= 0, 
is deduced immediately from the equation V =:0, or fh>ffl the 
proposed equation, 

*- + PaT-^ + Qa— • . . . ■\- Tx + U = 0, 
by multiplying each term of this last by the exponent of the 
power of X, which it contains, and then diminlBbing this exponent 
by unity. We may remark here, that the term U, which is 
equivalent to U X x*, is reduced to nothing in thia operation, 
where it la multiplied by 0. Th««iuation il = is obtained 
from ^ = 0, in the same manner as «? = b deduced from 
V =0; C = is obtained fixxa B =0, in the same manner as 
this from ^ = 0, and so on.* ' 

207. To illustrate what has been said, by an example, I shall 
take ihe equation 

X' — 13x« + 67 a!* — 171a;« + 21S*— 108 = 0; 
the equation A =:. becomes, in this case, 

* It ii ihown, though very imperfectly, iu most elementary trea- 
tises, that die divisor common to the two equations y=0aadA^O, 
contains equtd factors raised to a power less by unity than that of 
the equation proposed ; this may be readily inferred from what pre- 
cedes ; but for a demonstration of this propositioa we refer the reader 
to the Su^hmmi, where it is proved in a manner, wincb appears to 
me to be simple and new, .'■ ■ 
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5«* — 62 0!" + sola' — S42X + 216 = 0; 
the divisor common to this aod the proposed equation is 

a» — 8*' + 21»— 18. 
As this divisor is or the third degree, it must itb'^lf contaiD sev- 
eral factors ; we must therefore seek, whether it does not contain 
some that are commofl to the equation B ^ 0, which is here 

20 1= — 166 1" + 402 « — 342 = 0. 
We find, in fact, for a result x -r- 3 ; the proposed equation then 
has three roots equal to 3, or admits of (x — S)* among the 
number of its factors. Dividing Hie firU tommon divisor \tj 
c — 3, as many times %s possible, that is, in this case twice, we 
obtain x — 2. As this divisor is ctKnoion only to the {H«posed 
equation, and to the equation A :=-0,'\i can enter only twice into 
the [^oposed equation. It is evident then, that thus equatioa is 
equivalent to 

(a, _ 3)» (a; — S)' = 0. 
208. As the equation (d) gives the difference between 6^ and 
the several other roots, when b is substituted for o, the difference 
between c and the others, when c is substituted for a, &c. and 
undergoes no change io its form by these several substitutions, 
retaining the coefficients belonging to the equation proposed, it 
may be converted into a general equatiw, which shall give all 
the differences between the several roots combined two and two. 
For this purpose, it is only necessary to eliminate a by means 
of the equation 

o" + P «?« + Q 0*-* + 7'«i+U=:0; 

for the result being expressed simply by the coefficients, and ex- 
hibiting the^ipot, under cimsidn^tion in no form whatever, an- 
swers alike Ha all the roots. 

It is evident, that the final equation moat be raised to the de- 
gree m (m— 1) ; for its roots 

a — 6, a-^c, a — ' d, ■ &c. 
6 — 0, 6 — c, h — d, &c. 
C—rOy c — 6, c — A, &c. 
are equal in number to the number of arrangements, which the 
m letters, a, b, c» &:c. admit of. when taken two and two. More- 
over, since the quantities 

a — h and & — a, a — c and c — a, 6 — c and t — &,&c> 
differ only in the sign, the roots of the equation SLre equal, wbea 
taken two and two, independently of the signs ;. so that if we have 
Alg. ■ 27 
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jf = o, we shall have, at the same time, y = — «. Hence it fol- 
lows, that this equation must be made up of terms involving onljr 
even powers of the unknown quantity ; for its first member must 
be the product of a certain number of factors of the second de- 
gree of the form 

y»_«'={y-«)(y + «) (184); 
it will, therefore, itself be exhibited under the form 

f+pf^+tl^ + ty* +u = 0. 

If we put y' ^ z, this becomes 

2- H-pr— +qz'-* + tz + ii = Oi 

and as the unknown quantity z is the square of y, its values will ' 
be the squares of the differences between the roots of the pro- 
posed equation. 

It may be observed that as the difi*erenceB between the real 
roots of the proposed equation are necessarily real, their squares 
will be positive, and consequently the equation in z will have 
only positive roots, if the proposed equation admits of those only, 
which are real. 
Let there be, for example, the equation ' 
X' ~Tx+ 7 — 0; 
putting X = a -|- y, we have 

of +3a^y + 3at,' + y" ) 

— la—ly J- = 0. 

+ ' ) 

Suppressing the terms a^ — 1 a -\- 1, which, from their identity 

with the proposed equation, become nothing when united, and 

dividing the remainder by y, -we have 

3a» -|-3ay + i,*— 7 = 0; 
eliminating a by means of this equation and the equation 

a> — 70 + 7 = 0, 
we have, 

y" — 42y* -f- 441 y* — 49 = ; 
putting 2 = y', thb becomes 

z* — 42 z« -H 441 z — 49 = 0. 
S09. The substitution of a ■+ y in the place of x in the equation 

a*+Pi»-» + Qa:**-* + 17=0 (204), 

b sometimes resorted to also in order to make one of the temu 
of this equation to disappear. We then artange the redult^di 
reference to the powers of y, which takes the place of the un- 
known quantity a;, and consider a as a second unknown quan- 
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ti^, which is delermined by putting equal to zero the coefficient 
of the term ne wish to cancel ; in this way we obtain 
y + may"^^ 4- "S^^JT - J a' y»-» + a" j 

+ Pir-'+im^l)Pty~-' + Pa-'' 

+ Qy'"-' + Qa'^ 

+u ' 

If the lenn we would suppress be the second, or that which 
involves y*~*, we make ma -\- P ^ 0, from which we deduce 

a ^ . Substituting this value in the result, there remain 

only the terms involving 

Hence it follows, that we make ike second term of an equation to 
disappear, by substituting for the unknown quantity in this equation 
a new unknown qtiantity, united with the coefficient of the second 
term taken with the sign contrary to that originally belonging to it, 
and divided by the exponent of the first tertn. 

Let there be, for example, the equation 

x^ +Gxy-3x + 4 = 0; 
we have by the' rule 

airry— j = y— 2; 
substituting this value, the equation becodies 

+ 6y» _24y + 24l 

- 3y+ ef-0' 

which may be reduced to ■ ■ "■ 

y^_15y + 26^0, 
in which the term involving y' does not appear. We may cause 
the third term, or that involving y*""*, to disappear by putting 
equal to zero the sum of the quantities, by which it is multiplied, 
that is, by forming the equation 



«(«-2)^ 



+ im—l)Pa+q = 0. 



Pursuing this method, we shall readily perceive, that the fourth 
term will be made to vanish by means of an equation of the third 
degree, and so on to the last, which can be made to disappear 
only by means of th« equation 

a" + Pa«-' + Q a"-* + [7 = 0, 

perfectly similar to the equation proposed. 
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It ifl not difficult to diBCorer the reascm of this ritoflarity. Bj 
making the last term of the equation in y equal to zero, we sup- 
pose, ihat one of the values of this unknoTTn . qiuiDtity is zero ; 
and if we admit this supposition with respect to the equation 
iT = y -f- 0, it follows that x = a; that is, the quantity a, in this 
case, is necessarily one of the values of x. 

310. We have Bometimes occasion to resolve equations into 
factors of the second and higher degrees. I cannot here explain 
m detail the several processes, which may be employed for this 
purpose ; one example only will be given. 

Let there be the equation 

i^24x' + laa;" — 1114-7 = 0, 
in which it is required to determine the factors of the third de- 
gree; 1 shall represent one of these factors by 

X' +P3!' + jj + r, 
the coefficients, p, q, and r, being indeterminate. They must be 
such, that the first member of the proposed equation will be ex- 
actly divisible by the factor 

x^ -l-px" +qx + r, 
independently of any particular value of x j but in making an 
actual divbion, we meet with a remainder 

— (p»— 2p,^24p + r— 12)«» 

— (p*q — pr — q^ — ^4q+ 11) » 

-(j,'r-qr~24r-7), 
an expression, which must be reduced to nothing, independently 
of a;, when we substitute tor the letters, p, q, and r, the values 
that answer to the condi^jns of the question. We have then 
p3 — 2;>f*~24;) + r — 12 = 0, 
p* q — pr — q* — 24 y + 11 =0, 
p' r—qr — 24 r — 7 = 0. 
These three equations furnish us with the means of determin- 
ing the unknown quantities,^, q, and r ; and it is to a resolution 
of these, that the proposed qaestion is reduced. 

Of the Resolution ofJ^umerical Equations &y Aj^roximatuM. 

211. Having completed the investigation of commensurable 
divisors, we must have recourse to the methods of finding roots 
by approximation, which depend on the following principle ; 
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IDken Kt arrivt vt tarn qtamtitia t^u^nibatituttd in thepiace «f 
llu tu)]snown qwmtity in an tqaalion, lead to two rtsulh mlk con- 
trary figns, wt mojf n*/cr, thai one of tkt roots of the pnpond tqva- 
tion lits betzeeen these tno quanltlita, and w ctmsequtntly real. 

Let there be, for example, the equation 

xl^lSx* + 7»— 1=0; 
if we substitute, successivdy, 3 and 30 in the place of x, in the 
first member, instead of beir^ reduced to zero, this member 
becomes, in the former case, equal to — 31, and in the latter, to 
-f- 2939} we may therefore conclude, that this equation has a 
real i-oot between 2 and 90, that is, greater than two and less 
than SO. 

As there will be frequent occasion to express this relation, I 
shall employ the signs >■ and ■<, which algebraists have adopt- 
ed to denote the inequality of two magnitudes, placing the greater 
of two quantities opposite the opening of the lines, and the less 
against the point of meeting. Thus I shall write 

a; ]> 2, to denote, that x is greater than 2, 
X •< 20, to denote, that x is less than 20. 

Now in order to prove what has been laid down above, we 
may reason in the following manner. Bringing together the 
positive terms of the proposed equation, and also those which are 
negative, wc have 

«* + Tx — {lSx* + 1), 
a quantity, which will be negative, if we suppose x =% because, 
upon this supposition, ^ ^ 

x^ -\'7x<::_lSxit.+ I, 
and which becomes positive, when we make x = 20, because, in 
this case, 

x^ +7x> 13a;» + 1. 
Moreover, it is evident, that the quantities 

a?" + 7t and 13a;« + 1, 
each increase, as greater and greater values are assigned to x, and 
that, by taking values, which approach each other very nearly, 
we may make the increments of the proposed quantities as small 
as we please. But since the (irst of the above quantities, which 
was originally less than the second, becomes greater, it is evi- 
dent, that it increases more rapidly than the other, in conse- 
quence of which its deficiency is made up, and it comes at length 
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to exceed the other; there must, therefore, be a point at which 
the two magnitudes are equal. 

The valus of x, whatever it be, which renders 
a:» + 7a = 13jb» + 1, 
and such a value hag been proved to exist, gives 
x' ■\-lx — (13j;» + 1) = 0, 
or. T* — 13x»-f-7a; — 1=0, 

and must necessarilj, therefore, be the root of the equation pro- 
posed. 

What has been shown With respect to the particular equation 
x> — I3a:» + 7a;— 1 = 0, 
may be affirmed of any equation whatever, the positive terms of 
which I shall designate by P, and the negative by N. Let a 
be the value of x, which leads to a negative result, and 6 that 
which leads to a positive one ; these consequences can take place 
only upon the supposition, that by substituting the first value, 
we have P<| A", and by substituting the second, P > N; P, 
therefore, from being less, having become greater than JV, we 
conclude as above, that there exists a value of x between a and 
fc, which gives P = ^.* 

* The above reaaoDing, though it may be regarded as sufficiently 
evident, when considered in a general view, has been developed by 
M. Encontre in a manner, that will be found to be useful to those, 
who may wish to see the proofs given more ia detail. 

1. It ia evident, that the increments of the polynomials P and N 
may be made a smal^ as we please/ Let 

P = ax- + €x'' + *^, 

M being the highest exponent of x ; if we put a -f- y ■» the place of z, 
this polynomial takes the form 

A+Bg+C;/' + Ty», 

the coefficients, A, B, C, . . . . T, being finite in number and having 
a finite value ; the first term A will be the value the polynomial jp 
assumes, when x = a ; the remainder, 

Bg+Cy' ....+ Ty-=y(B+Cy....Ty"-'), 
will be the quantity, by which the same polynomial is increased when 
we augment by y the value t^a. This being admitted, if 5* desig- 
nate tiie greatest of the coefficients, B, C, , , . . T, we have 
B+Cy,...+ rj.— <S(l+j,.... + y— ) , 

l + S.... + y— =1=^ (158)i 
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The statement here given aeems to require, that the values as- 
sifpied to a: should be both positive or both negative, for if they 
have different signs, that which is negative produces a change in 
the signs of those terms of the proposed equation, which contain 
odd powers of the unknown quaotily, and, consequently, the ex- 
pressions P and N are not formed in the same manner, when we 
substitute one value, as when we substitute the other. This diffi- 
culty vanishes, if we make a; = ; in this case, the proposed 
equation reduces itself to its last term, which has necessarily a 
sign contrary to that of the result arising from ttie substitution of 
one or the other of the above mentioned values. Let there be, 
for example, the equation 

ar«_-2a!» — 3 a:" — ISa — 3 = 0, 
the first member of which, when we put • 
•X ^ — 1 aod a: = 2, ,^ 
becomes -|- 12 and — 45. If we suppose n^. 0, jthis member 
is reduced tp ' — 3) substituting, theref6r*,' 

therefore, 

and, consequently, the qoanti^ by which the polynomial P is increas- 
ed, will be less than any given quantity m, if we make — =-j =— ' 

less than this last quanti^ ; this is effected by making - — — = m, 



equal to - — - — — * - ■ , will necessarily be less than the quantity 

m, which is indefinitely small. 

3. If we designate by A the tncremefit of the polynomial F, and by 
k that of the polynomial N, the change, which' will be produced in 
the value of their difference, will be A — it, and may be rendered 
smaller than a given quantity, by making smaller than this same 
quantity the increment, which is the greater of the two ; we may, 
therefore, in the interval between x :^ a and x ^ b, take values, 
which shallmake the difference of the polynomials P and IV change 
by quantities as small as we please, and since ibis difference passes in 
diis interval from positive to negative, it may be made to approach 
as near to lero as we choose. See Aimaki de Maihematiques pures 
et t^iqiUu, published by M. Gergonue, vol. iv. p. 210. 
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* = and * = — 1, 
we arrive at two results with contrary signs ; but putting — - y 
m the place of x, the proposed equation is changed (o 

y. + 2j» — 3y« + 15J — 3 = 0, 
and we have 

i» = y +2y» + 15y, JV=3y' + 3, 
whence 

i* < JV, when y = 0, 
P >;V; wheny = 1. 
Reasoning as before, we may conclude, that the equation in y 
has a real root, found between and -|- 1 ; whoice it follows, 
that the root of the equation in x lies between and — 1, and, 
consequently, between + 3 and — I. 

As every case the proposition enunciated can present, may be 
reduced to one or the other of those which have been examined, 
the truth of this proposition is sufficiently established. 

312. Before proceeding further, I shall observe, that wAateew 
bt the degree of an tqaalion, and whateBer itt coe^enls, wt majf 
almaifs assign a number, which, substituted for the unknoinn quan- 
tih/, will render the first lerm greater than the sum of all the othtrv. 
The truth of this [svposition will be immediately apparent fnxa 
what has been intimated of the rapidity, with which the several 
powers of a number greater than unity increase (136) ; since the 
highest of these powers exceeds those below it more and more in 
proportion to the increased magnitude of the number employed, 
ao that there is no limit to the excess of the first above each of 
the others. Observe, moreover, the method by which we may find 
a number that fulfils the condition required by the enunciation. 
It is evident, that the case most unfavourable to the* supposi- 
tion, is that, in which we make all the coefficients of the equation 
negative, and each equal to the greatest, that is, when instead of 

sT + P a*-' + Q !»-» ...^.+ Tx + U = 0, 
we take 

a» — Sx"-^ — Sa;"-* — Sx — S = 0, 

S representing the greatest of the coefficients, P,Q,.... T, U. 
Giving to the first member of this equation the form 

at" — 5 (iB»-i 4- a*-* +■ 1), 

we may observe, that 
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the preceding expression tlteo may be changed into 



i i or into a;" , 

if we substitute M for x, this becomes 

M—l^M — l' 
a quantitj, which evidcDlly becomes positive, if we make 

„._ SM- 

Now if we divide each member of this equation by .Af, we have 

By substituting therefore for x the greatest of the coefficients 
found in the equation, augmented by unity, we render the first 
term greater than the sura of all the others. 

A amaller number may be taken for M, if we wish simply to 
render the positive part of the equation greater than the nega> 
tive ; for to do this, it is only necessary to render the first term 
greater than the sum arising from all ihe others, when their co> 
efficients are each equal, not lo the greatest aiDong all the coeffi> 
cicnts, but to the greatest of those which are negative ; we have, 
therefore, uerely to take for M this coefficient ai^nented by 
unity.* 

Hence it follows, that the positive roots-of the proposed equa- 
tion are necessarily comprehended within and S' -j- I. 

In the same way wo may discover a limit to the negative roots ; 
for this purpose we must substitute — y for x, in the proposed 
equation, and render the first term positive, if it becomes negar 
tive (I7S). It is evident, that by a transformalion of this kind, 
the positive values of y answer to the negative values of x, and 
the reverse. If £ be the greatest negative coefficient after this 
change, A 4* ^ will form a limit to the positive values of y; con- 
sequently — ft — 1 will form that of the negative values of a;. 

Lastly, if we would find for the smallest of the roots a limit 
approaching as near to^zero as possible, we may arrive at it by 

* In the Resolution des equations jmmeriquesy by Lagrange, there 
are formulai, which reduce this uumher to narrower limits, but what 
has been aaid above is sufficient to render the fundamental proposi- 
tions for the resolution of numerical equations independent of the 
consideration of infinity. , 

Mg. 28. 
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substituting - for x in the proposed equation, and preparing the 

equation in ^, which is thus obtained, according to the directions 
given in art. 1 78. As the values of y are the reverse of those 
of X, the greatest of the first will correspond to the least of the 
second, and, reciprocally, the greatest of the second to the least 
of the first. ]f, therefore, S* -{- 1 represent the highest limit to 
the values of y, that is, if 

»<«' + h 

which gives 

^<S'+ 1, 
we shall have, successivelj, 

><(«'+')'.srVl<'- 

Indeed, it is very evident, that we may, without altering the 
relative magnitude of two quantities separated by the sign < or 
j>, multiply or divide them by the same quantity, and that we 
may also add the same quantity to or subtract it from each side 
of the Bigns <^ and ^, which possess, in this respect, the same 
properties as the sign of equality. 

213. It follows from what precedes, that eoery tqaatim of a 
degree denoted 6y an odd number has ntcusarUi/ a real root affected 
with a sign contrary to that of tl« last term ; for if we take the 
number M such, that the sign of the quantity 

M- + PM'^' + QJM--" + TJf ± tr, 

depends solely on that of its first term M", the exponent m being 
an odd number, the term M* will have the same sign as the 
number M (128). This being admitted, if the last term V has 
the sign -f-, and we make x := ^ M,vie shall arrive at a result 
affected with a sign contrary to that, which the supposition of 
;r = would give ; from which it is evident, that the proposed ^ 
equation has a root between and — M, that is, a negative 
root. If the last term U has the sign — , we make x := -f~ ^\ 
the result will then have a sign contrary to that given by the 
supposition of x = 0, and in this case, the root will be found 
between and ■\- M, that is, it will be positive, 

214. When the proposed equation is of a degree denoted by 
an even number, as the first term .W" remains positive, whatever 
sign we give to M, we are not, by the preceding observations, 
furnished with the means of proving the existence of a real root, 
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if the last term has the sign +, since, whether we make 1 = 0, 
or j; = ± JVf, we have always a positive result. But when this 
term is negative, we lind, hy making 

a? = + Jtf, 1 = 0, X = — M, 
three results, affected respectively with the signs +> — , and +) 
and, consequently, the proposed equation has, at least, two real 
roots'in this case, the one positive, found between M and 0, the 
other negative, between and — M; therefore, evtry equation of 
an even degrtt, the last term of which U negative, has at least two 
reed roots, the one positive and the other negative. 

315. I now proceed to the resolution of equations by approxi' 
mation ; and in order to render what is to be offered on this 
subject more clear, I shall begin with an example. 

Let there be the equation 

a;« — 4 1= — 3 a; + 27 = ; 
the greatest negative coefficient found in this equation being — 4, 
it follows (312), that the greatest positive root wilt be less than 
5. Substituting — y for x, we have 

y* + 4^,3 + 3y + 27 = 0; 
and as all the terms of this result are positive, it appears, that 
y must be negative ; whence it follows, that x is necessarily posi- 
tive, and that the proposed equation can have no negative roots ; 
its real roots are, therefore, found between and -f- 5. 

The first method, which presents itself for reducing the limits, 
between which the roots are to be sought, is to suppose succes- 

X = 1, X — ^, X = 2, X = 4; 
and if two of these numbers, substituted in the proposed equation, 
lead to results with contrary signs, they will form new limits to 
the roots. Now if we make 

« == 1, the first member of the equation becomes -f- 21, 

' a> = 2 + 5, 

X = 3 — 9, 

a = 4 , + 1*; * 

it is evident, therefore, that this equation has two real roots, the 
one found between 2 and 3, and the other between 3 and 4. To 
approximate the first still nearer, we take the number 2,5, which 
occupies the middle place between 2 and 3 (Arilh. 129), the 
present limits of this root ; making then x = 3,5, we arrive at 
the result 
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+ S9,0«35 — 62,5 — 7^ -|- 97 = — 3,9875 ; 
aB this result is negative, it i> evident, that the raet Mmght is 
between 3 and 3,5. The meBn of these two numbers is 3,35 ; 
taking ir = 3,3 we have the root sought wtthia about one tenth 
of its value, and shall approximate the true root very fastbyUke 
followit^ process, given hj Newton. 

We make x = 3,3 + JT ; it is evident, that the unknown quan- 
tity y amounts only to a very small fraction, the square and 
higher powers of which may be neglected ; we have then 
«*= (3,3)* + 4(2,3)«y 

— 4a!» = — 4(3,3)»— 12(2,S)»y 

— 3a: = — 3(2,3) — 3y; 
substituting these values, the proposed equation becomes 

— 0,5839 — 17,812y = 0, 
which gives 

_ 0,3839 
*~" 17,812' 
Stopping at hundredths, we obtain for the <ieault of the first 
operation 

y = — 0,03 and a^ =: 2,3 — 0^03 = 3,27. 
To obtain a new value of «, more exact than the preceding, mt 
suppose X = 3,27 •\*j^i substituting this value in the propasecl 
equation and neglecting all the powers of »f. exceeding the fiiBt, 
we find 

— 0,04595369 — 18,04646&y' =z Q, 
whence — 

" 18,046468 

and, consequently, x — 3,3675. We may, by pursDiog this pro- 
cess, approximate, as nearly as we please, the true value of x. 

If we seek the second root, contained between 3 and 4, by the 
same method, we find, slopping at the fourth decimal place, 
X = 3,6797. 

316. We may ascertain the exactness of the method above 
explained, by seeking the limit to the values of the terms, which 
are neglected. 

]f the proposed equation were 

«- + p a-^ ^- e*— « + r* + t; = 0, 

substituting a -}- y for «, we should have for the result the first 
of the equations foundjn art. 304, because a being not the root of 
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the eqntion, but only an approximate value of x, canned reduce 
to nothing the quantily 

fl- + f o*-* + Q(i*-» + Ta+U. 

Represeaiiug this laet by F, we have, insteaci of the equation (4) 
above Referred to, the folloning 

''+r*+i^>'+r:Tr5»' +»" = »! 

fron wJiich we obtain 

^j, = _F__^y.__£_y. _jr, 

_ _ F" _ By* Cy* _ y^ 

*~ ^ 1.*^ 1 .t.SA A* 

NeglecUog the powers of y exceeding the first, we have 
V 

and this value difiers from the real valae ott/hy 

Bg' Cy* _y- 

1.%A 1 .i.iA ~A' 

If a differs from the true value of x only by a quantity less 



which would arise from putting -a in the place off, wbich would 
give 

~x7%A\i) ~i.i.sA \^) ~A\^) ' 

Finding the value of this quantity, we shall be aUe to detennioe, 
whether it may be neglected when considered with reference to 

-^ and if it be found too large, we must obtain for a a number, 
which apjHVaches nearer to the true value of x. 

To conclude, when we have gone through the calculation with 
several numbers, y, y, y", &<:• if the results thus obtained form 
a decreasing series, an approximation is certain. 

S17. The method we have employed above, is called the 
Method by twxenive Svbatilutiotu. Lagrange has considerably 
improved it.* He has remarked, that by substituting only entire 

* See lUsobaim des Ejuationt mimiriqiu!. 
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numbers, we may pass over several roots without perceiving 
ihem. In fact, if we hare, for example, the equation 
(X— \) {x — ^){x- 3) Cx — 4) = 0, 
by substituting for x the numbers, 0, 1, 3, 3, &x- we shall pass 
over the roots \ and \, without discovering that they exist ; for 
we shall have 

(0-^){0 — J)(0-3)(0 — 4)= + 4X iX3X4, 

(1 - i) (I - *) (I - 3) (1 - 4) = + f X i X 2 X 3, 
results affected by the same sign. It will be readily perceived, 
that this circumstance takes place in consequence of the fact, 
that the substitution of 1 for x changes at the same time the 
signs of both the factors, x — }, and x — |, which pass from the 
negative state, in which they are when is put in the place of 
», to the positive ; but if we substitute for x a number between 
^ and }, the sign of the factor x -~- ^ alone will be changed, and ' 
we shall obtain a negative result. 

We shall necessarily meet with such a number, if we substi- 
tute, in the place of x, numbers, which differ from each other by 
a quantity less than the difference between the roots | and \. 
If, for example, we substitute \^ f , ^, 4i 4i &c- there will be two 
changes of the sign. 

It may be objected to the above example, that when the frac- •' 
tional coefficients of an equation have been made to disappear, 
the equation can have for roots only either entire or irrational 
numbers, and not fractions ; but it will be readily seen, that the 
irrational numbers, for which we have, in the example, substitut- 
ed fractions for the purpose of simplifying the expressions, may 
differ from each other by a quantity less than unity. 

In general, the results will have the same sign, whenever the 
substitutions produce a change in the sign of an even number of 
factors;' To obviate this inconvenience we must take the num- 
bers to be substituted, such, that the difference between the small- 
est limit and the greatest, will be less than the least of the dif- 
ferences, which can exist between the roots of the proposed equa- 
tion ; by this means the numbers to be substituted will necessa- 



* Equal roots cannot be discovered by titis process, wbes their 
number is even ; to find these we must employ the method given in 
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rily fall between the sifbcessive roots, and will cause a chauge 
in the sign of one factor only. This process does not presuppose 
the smallest difference between the roots to be known, but re- 
quires onlj, that the limit, below which it cannot fall, be deter- 
mined. 

In order to obtain this limit, we form the equation involving 
the squares of the differences of the roots (208). 

Let there be the equation 

2- ^.^2-i + ,j«-» . . . . + Jz -I- « = Q . . . . (B), 

to obtain the smallest limit to the roots, we make (213) z = -\ 
we have then the equation 

or, reducing all the terms to the same denominator, '■ 

1 ^pv + qv" + i,i"- + «r- =0, 

then disengaging c", 

and if - represent the greatest negative coefficient found in this 
equation, we shall have 

It is only necessary to consider here the positive limit, as this 
alone relates to the real roots of the proposed equation. 
Knowiiig the limit 



less than the square of the smallest difference between the roots 
of the proposed equation, we may find its square root, or at least, 
take the rational number uext below this root; this number, 
which I shall designate by k, will represent the difference which 
must exist between the several numbers to be substituted. We 
thus form the two series, 

0, + ft, + Sit, +3ft, &c. 
— k, — ai, — 3fc, &;c. 
from which we are to take only the terms, comprehended be- 
tween the limits to the smallest and the greatest positive roots. 
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and tboae to tke smtAat and the greateit native roots of the 
proposed equation. Substituting these different numbers, we 
■hall ftirive at a series of results, which will show by the changes 
of the aign that take place, the several real roots, wbetha posi- 
tive or negative. 

318. Let there be, for example, the eqnatioD 
»» _ 7 « + 7 = 0, 
from which, io art 308, was derived the equation 
z* — tit' -I-441Z — 49 = 0; 

makiDg 2 =: -, and, after substituting this value, arranging tbe 

result with reference to v, we have 

firom which we obtain j 

* < 10, 2 > ^ ; 

we must, therefore, take A = or < — ==. This condition will be 

fulfilled, if we make Jb = ^ ; but it is only necessary to suppose 
fc = ^ ; for by patting 9 in the place of » in the preceding equa- 
tion, we obtain a positive result, which must become greater, 
when a greater value is assigned to «, since the terms v' and 9 v' 
sdready desQroy each other, and }| v exceeds j\. 
The highest limit to the positive roots of the proposed equation 
x» — 7x + 7 = 0, 
is 8, and that (t> the negative roots — 8 ; we must, therefore, sub- 
stitute for X the numbers 

0. *- h h * V, 

— J.-J. — I.-J -V- 

We may avoid fractions by making x = — ; for in this case 

the differences between the several values of x' will be triple of 
those between the values, of x, and, consequently, will exceed 
unity; we shall then have only to substitute, successively, 

0, I, 2, 3, 24, 

— 1, — 2, — 3, — 24, 

in the equation 

x'* -~63x' + 189 = 0. 
The signs of the results will be changed between -|- 4 and + 5, 
between -J- 6 and + 6, and between — 9 and — 10, so that we 
shall have for the positive values, 
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a/ > 4 and < 5> whence J« > 4 a^d < f 
iC > S and < 6 J "°^"<=*= l« > t and < J 
and the negative value of j/ wilbbe found between — 9 and 
— to, that of a between — | and — y. 

Knowing now the several roots of the proposed equation within , 
\, we may apfn-eech nearer to the true value by the method 
explained in art. 31d. 

319. The methods employed in the example given in art. 215, 
and in the preceding article, may be applied to an equation of 
any degree whatever, and will lead to values approaching the 
several real roots of this equation. It must be admitted, how- 
ever, that the operation becomes very tcdiouB, when the degree 
ci the proposed equation is very elevated ; but iu most cases it 
will be unnecessary to resort to the equation (ZJ), or rather its 
place may be snf^lied by methods, with which the study of the 
higher branches of analysis will make us acquainted.* 

I shall observe, however, that by substituting successively the 
numbers, 0, 1, 2, 3, &;c. in the place of x, we shall often be lead 
to suspect the existence of roots, that differ finm each other by a 
quantity less than unity. In the example, upon which we have 
been employed, the results are 

+ 7, + 1, + 1, + IS, 
which begin to increase after having decreased from + 7 to -f- 1- 
Fro(p this order being reversed it may be supposed, that between 
the numbers •{- 1 and 4- 3 there are two roots either equal or 
nearly equal. To verify this supposition, the unknown quantity 

should be multiplied. Makkig x = :^, we find 

y»—700y + 7000 = 0, 
Sin equation, which has two positive roots, one between 13 and 
14, and the other between 16 and 17. 

The number of trials necessary for discovering these roots is 
Dot great ; for it is only betweei) 10 and 30, that we are to search 
for y i and the values of this unknown quantity being deter- 



* A very elegant method, given by Lagrange for avoiding the usa 
of the equation (D) may be found in th« JYtati de la Risohitim da 
Equatuuu maniriqua. 

Alg, 39 
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' mined in whole numbers, we may find those of x within one 
tenth (^ unity. 

330. When the niefficients in the equation proposed for reso> 
lution are very large, it will be found convenient to transfona 
this equation into another, in which the coeflkients shall be re>- 
duced to Btnaller numbers. If we have, for example, 

X* — 80a;» + 1998 a:« — 14937* + 5000 = 0, 
we may make x := 10 z ; the equation then becomes 

2' — 8z» + 19,98 z* — 14,937^ + 0,5 = 0. 
If we take the entire numbers, which approach nearest to the 
coefficients in this result, we shall have 

z» _8j1 -I- 20r» — 15z + 0,5 = 0. 
It may be readily discovered, thai z has two real values, one 
between and 1, the other between 1 and 2, whence it follows, 
that those of the proposed equation are between and 10, and 
10 and 20. 

I shall not here enter into the invcst^tion of imaginary roots, 
as it depends on princij^es we cannot at present stop to illus- 
trate ; I shall pursue the subject in the Suf^UmmL 

331 . Lagrange has given to the successive suhgEilutions a form 
which has this advantage, that it shows immediately what ap- 
proaches we make to the true root by each of the several opera- 
tions, and which does not presuppose the value to be known 
within one tenth. 

Let a represent the entire number immediately below the root 
sought; to obtain this root, it will be only necessary to augment 

a by a fraction ; we have, therefore, x = a -f ~. The equation 

invfJving y, with which we are furnished by substituting this 
value in the proposed equation, will necessarily have one root 
greater than unity ; taking b to represent the entire number im- 
mediately below this root, we have for the second approximation 

X = (t -|- -. But h having the same relation to y, which a has 

to «, we may, ib the equation involving y, make y = 6 + — , and 

y' wilt necessarily be greater than unity ; representing by t/ the 
entire number immediately below the root of the equatioa in jf', 
we have 

, , 1 iJ'4-l "■ 
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substituting this value in the expression for x, we have 
V 

for the third approximation to x. We ma;- find a fourth by 

makiog y* = 1/ -\- -j ; for if t" designate the entire number im- 

y 
mediately below y", we shall have 

y -- 

whence 

_ __^ bb'h"+b" + b 

*~ "^yr+l ~ b'b" + l ' 
__ , 6^6" + 1 

" ~'''^bb'b" + b" + h'' 

and so on. 

333. 1 shall apply this method to the equation 
x^ ~7x + 7.= 0. 
We have already seen (218), thai the smallest of the positive 
' roots of this equation is found between ^ and ^, that is, between 

1 and 3 ; we make, therefore, :Z = 1 + - ; we shall then have 

y»_4ys +3y+ 1 =0. 
The limit to the positive roots of this last equation is 5, and by 
substituting, successively, 0, 1,3, 3,4, in the place ofy, we imme- 
diately discover, that this equation has two roots greater than 
unity, one between 1 and 2j and the other between S and 3. 
Hence 

I = 1 4* li and a; = 1 -|- J^ 
that is, 

X = % and a: = |. 
These two values correspond to those, which were found above 
between ^ and |, and between f and }, and which differ from 
each other by a quantity less than unity. 

In order to obtain the first, which answers to the supposition 
ofy = 1, to a greater degree of exactness, we make 

we then have 

y" — 2y"— y' + l =0. 
We find in this equation only one root greater than unity, and 
that is between 3 and 3, which gives 

D„:,iP<.-jM,G00glc 
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y = 1 + i = I, 
whence 

' = ! + »=»• 
AgaiD, if we suppose y' = 3 -| — ^, we shall be furnished wii^ - 
the equation 

y"»_3y"»_4y" — 1 =0; 
we fini] the value of y" to be between 4 and 5 ; takuig tlie small- 
est of these numbers, 4, we have 

S' = 2 + i, y = 1 + I = V. * = 1 + A = fJ- 
It would be easj to pursue thb process, hy making y" = 4 ■{• -^^ 

and so on. 

i return now to the second value of x, which, by the first ap. 
proximation, was found equal to |, and which answers to the 

supposition of y = 2. Making y = 2 4* — 7 and substituting this 

expression in the equation involving y, we have, after changing 
the signs in order to render the first term positive, 
y +y'^-2y'— 1=0. 

This equation, like the corresponding one in the above operation, 
has only one root greater than unity, which is found between 1 
and S; taking y = 1, we have 

J = 3, « = t. 

Again assuming 

we are furnished with the equation 

y"»_3y"»_4y"— I =0, 
in which t/" is found to be between 4 and 5, whence 

y = f, y = y, x= H- 

We may continue the process by makingy" = 4 + ~;^ and so on. 

The equation x' — 7a!+7 = has also one negative root, 
between — 3 and — 4. In order to approach it more nearly, 

we make « = — 3 ; which gives 

ys — 20y« — 9y — i = 0, y > 20 and < 21, 
whence 

a. = _ 3 — 3\ = — li. 
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To proceecl further, we may suppose y'= 20 + -; &c., we 

shall then obtain, successively, values raore and more exact. 

The several equations transformed into equations in y, y'l y'l 
&c. will have only one root greater than unity, nrless two or 
more roots of the proposed equation are comprehended within 
the same limits a and a + I ; when this is the case, as in the above 
example, we shall find in some one of the equations in y, y", Slc. 
several values greater than unity. These values will introduce 
the different series of equations, which show the several roots of 
the proposed equation, that exist within the limits a and a + 1 . 

The learner may exercise himself upon the following equation ; 
a.» — 2ir — « = 0, 
the real root of which is between' 3 and 3 ; we find for the entire 
values of I/, y, &c. 

10, 1, 1, 2, 1, 3, 1, 1, 12, &c. 
and for the approximate values of x, 

h H, H. «> V.S W. HI, ith Wj'. 'VftV- 

Of Proporlioli and Progrestion. 

223. AuTHKZTic introduces us to a knowledge of the defini- 
tion and fundamental properties of pr^ortioK and eqmd^trence, . 
or of what is termed geomttrkal and arilhnetical profmrtitm. I 
now proceed to treat of the application of algebra to the princi- 
ples there developed ; this will lead to several results, of which 
frequent use is m»de in geometry.' 

I shall begin by observing, that equidifference and proportion 
may be expressed by equations. Let A, B,C,D,he the four 
terms of the former; and a,b,e,d, the four terms of the latter ; - 
we have then 



equations, which are to be regarded as equivalent to the expres* 
sions 

A.B:C.D, a:b::c:d, 
and which give 

Ji + D:=B+ C, ad = bc. 
Hence it follows, that, in tquidifference, tfu nan of Ae exireipe temu 
it equal to thai of the mamt, and, in proportion, the product of Vie 
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tiftrema is tqval to Ike product of the means, as hat beeo shown to 
Arithmetic (127, IIS), by reasonings, of which the above equa- 
tions are only s translation into algebraic expressions. 

The reci[H<ocal of each of the preceding propositions may be 
easily demonstrated ; for from the equations 

A + D=i B+ C, ad = hcj 
we return at once to 

D-C=B-A, ^=^, 
a e' 

and, consequently, when four quantitta are such, that (too among 

them gwe the same *um, or the lamt product, as the other Imo, (A< 

first are the means ami the second the extremes (or the convecse) 

O^on equidifferenct or proporlion. 

When B ^ C, the equidifference is said to be contirvued; the 

same is said of proportion, when b =■ c. We have m this case 

A + D^'iB, ad — b': 

that is, in continued equidifference, the mm of the extremes is equal 

to double the mean ; and tn proportion, the product of the extremes 

is equal to the square of Ike mean. .From this we deduce 

the quantity B is the middle or mean arithmetical proportional 
between A and D, and the quantity b the mean geometrical pro- 
portional between a and d. 
The fundamental equations, 

B-A = D-C, - = i 

a c 

lead also to the following ; 

C — A = D~B, - = ii 
a 

from which it is evident, that we may change the relative places 

of the means in the expressions A.B: C . D,a:b:: e : d, and in 

this way obtain A . C ; B . D, a: c : : b : d. In general, we may 

make any transposition of the terms, which is consistent with the 

equations 

A + D = B + C9aAad = be (Arith. 114.) 

I have now done with equidifference, and shall proceed to 

consider proportion simply. 
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S24. It is evident, that to tlie two members of the equation 

- = - we may. add the lame quantity m, or subtract it from 

them ; so that we have 

b d 

a c 

reducing the terms of each member to the same denominator, we 
obtain 

ftzfcwa _ dzhmc 
a c ' 

an equation, which may assume the form 
c _ J=bic . 
a J db ma' 
and may be reduced to the following proportion, 
b ± ma : d ± mc i: a : Ci 

and as - = n we have likewise 
a o 

d±.mc ,_ d 
b±ma b' 
or b ± ma: d ± mc :: b: d. 

These two proportions may be enunciated thus; Tht first eonat' 
qutnl plus or mtnui ila antecedent taktn a giyn. number of timu, is 
to the second consequent plus or minus its antectdent taken the same 
number of times, as the first term is to the tkird^ or as the second is 
to the fourth. • 

Taking the sums separately and comparing them together, and 
also the differences, we obtain 

d+mc _ c d—me _ e 
b-{-ma ? 6 — ma a' 
whence we conclude 

d+me _ d—t»e 
b-|-ma A — ma' 
thatis, 

h +ma; d -{-mciib — maid — mc; 
or rather, by changing the relative places of the means 

b-\-ma:b-^ma::d-^mc: d — mc; 
and if we make m= 1, we have simply 

. b -j- a:b — a:: d '\- c: d — c, , 
which may be enunciated thus ; 

The sum of the first tvo terms is to their differtnct as the sum of 



the last two is to Ihdr dijfirence. 
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935. The proportion a:b::c:d may be written thug ; 
a : c : : b : d i 



- ± m = T d= m, 



and lastly, 

c±nta:dd:m&::a:i or -.ic-.d^ 
from which it follows, that the nemd tmUttdtmt. pttu or minut tke 
jinl to&en a givm number of lunei, it lathe atcond comegtunt pliu 
or tntntu thtjtril taken the tarn* tmmhtr of timet, at any ont of the 
anUcedtntt whatever ia taUa conitqutnt. 

This proposition may alio be deduced immediately from that 
given in the preceding article ; for by changing the order of the 
means in the original proportion 

a:b:: c : d, 
and applyingthe proposition referred to, we obtain, successively, 
at ctthid, 
c Th m a : d ± mi t i a : b or •.:c: d, 
and denominating th« letters, a, h, c, d, in this last proportion,' 
according to the place they occupy in the original proportion, we 
may adopt the preceding enunciation. 

Making m =: 1, we obtain the proportions 
c±aid±b::a:b 
•.:e:d, 
e + a: c — a:; d + b: d — 6; 
whence it appears, that the mm or 'difference of iHe anttcedfintf is 
to the mm or d^^rence of the conte juenb, as one antecedetU w to its 
conse^ant, and that the mm of the anUcedentt u to their d^erenee 
as that of fA« cotutijaxKls u lo (Aeir difference. 
In general, if we have 



-?-/-* 



:,&c., 



and make - = g, we shall have 



/_ 



= 5, &c., 
which gives 

b = aq, d T^ cq, f^ eq, hzsgq, Stc. 
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then, by adding these equations member to member, we obtain 

» + •<+/+ * = »? + '? + '?+«?> 
or b + d+/+h = ,{i, + , +, + i). 

whence it follows, that 

This result is enunciated thus ; in a series oftqual ratios, 

a:b::c:d::e:f::g;h, &c. 
the man of any nwm^r whatever of^ntwedenta is to the sum of a 
like number of consequents, as one antecedent is to its consequent, 

226. If we have the two equations 

'- = i, and ■^ = *, 
a c e g 

and multiply the first members together aud the second together, 

the result will be 

*/— ^. ' 
ae ~ eg'' 

an equation equivalent to the proportion 

ae ; bf: : eg : dh, 
which may be obtained also by multiplying the several terms of 
the proportion 

a:b::cid, 
by the corresponding ones in the proportion 

y.f-.ig-.h. 
Two proportions multiplied thus term by term are said to be 
mtttliplied in order ; and the products obtained in this way, are, 
as will be seen, proportional ; the new ratios are the ratios coTn- 
/foum/ed of the original ration {Arith. 123). 

It will be readily perceived also^hat if we divide ti^o propor- 
tions term by term, or in order, the result will be a proportion. ' 

227, If we have - = -j 
we may deduce from it 

■; ^ _ ^ 

a- ~ e-' 
which gives 

o" : 6" : : <^ : d" ; 
whence it follows, that the squares, the cubes, and, in general, the 
similar powers of four proportional quantities are also proportioiial. 
The same may be said of fractional powers, for, since 
^Ig. 30 
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M 



V5 V= 



if a : 6 : : c : d; that is, tfte rooti of At lame degree <^fiur pro- 
portional qwmtitia, art also pngyortional. 

Such are the leading principles in the theory of proportion. 
This theory was invented for the purpose of discovering certain 
quantities by comparing them with others. Latin names vere 
for a long time nsed to express the diiTerent changes or transfor- 
mations, which a proportion admits of. We are beginning to 
relieve the memory of the mathematical student from so unne- 
cessary a burden ; and this parade of proportions might be en- 
tirely superseded by substituting the corresponding equations, 
which would give greater uniformity to our methods, and more 
precision to our ideas. 

228. We pass from proportion to progression by an easy 
transition. After we have acquired the notion of three quanti- 
ties in continued equidifiereUce, the last of which exceeds the 
second, as much as this exceeds the first, we shall be able, with- 
out difficulty, to represent to ourselves an indefinite number of 
quantities, a, h, c, d, &c., such, that each shall exceed the pre- 
ceding one, by the same quantity ?, so that 

b = a + g, c = b + S, d = c + S, t = d + S,Si£. 
A series of these quantities is written thus ; 

-r-a.b.c.d.e.f, &c. 
and is termed an arithmetical progression ; I have thought it pro- 
per, however, to change this denomination to that of progression 
by differmces. (See ^ri(A. art. 127, note.) 

We may determine any term whatever of this progression, 
without employing the intermediate ones. In fad, if we substi- 
tute for h its value in the expression for e, we have 
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c=o+2tf; 
by meaDS of this last, we find 

d — o + 3#, then e = o + 4*, 
and so on ; whence it is evident, that representing by t the term, 
the place of which is denoted bj n, we have 

i = a + (n-l)«- 
Let there be, for exaoaple, the progression 

^ 3 . 5 . -7 . 9 . 11 . 13 . 15 . !7, &c. 
here the first term a =: 3, the difference or ralto ^ = S ; we find 
for the eighth term 

3 + (8— 1) 2= 17, 
the same result, to which we arrive by cakulating the several 
l^eceding terms. 

The progression we have been considering is called mcrtonng ; 
by reversing the order, in which the terms are written, thus, 

-T- 17 . 15 . 13 . U . 9 . 7 . 5 . 3 . 1 1 3, &C. 

we form a Hertaiing pn^ression. We may Still find any term 
whatevef by means of the formula a -f- (n — 1) f, ol^rving 
only, that S k to be considered as negative, smce, in this case, we 
must subtract the difference from any particular term in order to 
obtain the following. 

939. We may also, by a very simple process, determine the 
sum of any number whatever of terms in a progression by dif> 
ferences. This progression being represented by 

-^a.h .c.V i.k.l, 

and S denoting the sum of alt the terms, we have 

S^a + hJrc 4.i + ft_j./. 

Reversing the order, in which the terms of the second member 
of this equation are written, we have still 

S=/+& + i... -|,c + i + «. 

If we add together these equations, and unite th^ corresponding 
terms, we obtain - . 

S S=(»+i)+(i+t)+(»+.>-+Ci+«)+('+')+(l+«) i 
but by the nature of the progression, we have, beginning with 
the first term, 

o + * = 6, ft-ftf = c, i + tf = ft, A:-fd = i, 

and, consequently, beginning with the last 

1^9 = k, k~S=i^ c — #!=t, 6 — J = «; 

by adding the ctHreepondiDg equ^ions, we shall perceive at 
once, that 
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and, coQsequeDtl^, that 

whence it follows, ifaat 

2 
Applying this formula to the progression 
-i- 3 . 5 . 7 . 9 &c. 
we find for the sum of the first eight terms 

fctHL' = 80. 

330. The equation 

/ = 
logether with 



furnishes us with the means of finding any two of the five quan-' ~ 
titles, tt^S^n, I, and S, when the other three are known ; I shall 
not stop to treat of the several cases, which may be presented. 

331, FVom proportion is derived progression by quotienh or 
geometrical pn^ression, which consists of a series of terms, such, 
that the quotient arising from the dtviarbn of one term by that 
which precedes it, is (he same, from whatever part of the series 
the two terms are taken. The series 

^ 2:. 6: 18: 54 : IfiSiitc. 
4f 45: 15: 5: f : | : &c. . 
arc progressions of this kind; the quotient or ratio is 3 in the 
first, and ^ in the otherj the first is increasing, and the second 
decreasing. Each of these progressions fonns a series of equal. , 
ratios, and for this reason is written, as above. 

Let 

a,b,c,d, fc, /, 

be the terms of a progression by quotients ; making - = j, we 

have by the nature of the pr(^ression, 

b e d e I 

« = o=fc = «-d*---A' 
or b = aq, c =i b^,d = cq, ^ = dg, . •.. I =.kq. 
Substituting, successively, the value of & in the expression for c, 
and the value of c in the expression for d, Ate, we have 
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h = aq, c =: aq*, d'= aq^, e = aq*, . . . I = aq'-^, 
laking n to represent the place of the term I, or the number of 
terms considered in the proposed [ffogression. 

By means of the formula i = o 9""' we may determine any 
term whatever, without making use of the seVeral intermediate 
ones. The (enth term of the progression 
-H-2: 6: 18 :&c., 
for example, is equal to 3 X 3* = 39366, 

232. We may also find the sum of any number of terms w« 
please of the progression 

•a- a : b : c : d. Sec. 
by adding together the equations 

b 1= aq,e = bq, d = cq, e^d^, ....i = kqi 
for the result will be 

b + c + d + e . . . + I = ia + b + c + d . . . + k)q; 
and representing by S the sum sought, we have 

b + c + d + t + l = S—a, 

a + b + c +d \-k:=S — _l, 

whence S — a =. q(S — i), 

and, consequently, 

ff— 1 

t The truth of this result may be rendered very evident, indepen- 
dently of aualysis. If it were required, for example, to find the sum 
of the progression - 

-H-2 :_6: 18 : 54 : 162, 
multiplying by the ratio, we have 

4^6: 18 : 54 : 162 : 486. 
The first series being subtracled from this gives 486 — 2, equal to so 
many times the first series, as is denoted by the ratia minus one, that is 

; + 6+18 + 54+l62=. ''Y-T' - 
U we multiply by the ratio q the general series 

~a:b:c:dte i, 

we have -ii- aq : bq t cq : dq : eg '7- 

Then,- because & = a{,&c., the second series minus the first is /^ — a, 
equal to so many times the first series, as is denoted by the ratio 
minus one. 

Iq — a 



Hence a + b + c + d + e .,+ /— _^ . 
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In the above example, we find for the sum of the first ten 
terms of the progreftsion 

-^ 2 : G : 18 : &c. 



ax3" — 2 



z=3'» — 1 = 59048. 



353. The two equations, 

^ y — 1' 

comprehend the mutual relations, which exist among the five 
quantities, a, 9, n, A ^i^d 5, in a progression by quotients, and 
enable us to find any two of these quantities, when the oiher 
three are given. 

334. If we substHote a f*~* in the place of ^ in the expreasion 
for rS, we have 

5 — 1 

When 9 is a whole number, the quantity }* will become greater 
and greater in proportitMi to the increased magnitude of the 
numbern; and S may be made to exceed any quantity what- 
ever, by assigning a proper value to n, that is, by taking a suffi- 
cient number of terms in the proposed progression. But if 9 is 
a fraction, refvesented by — , we have 

4h^^^ Ux-'-^ ««--^ 



and it is evident, that as the number n becomes greater, the term 
— ^ will become smaller, and, consequently, the value of S will 

approach nearer and nearer to the quantity -, fifom which 

it will differ only by 



C« - 1) »"-' ' 
therefore, the greater the number of terms we take in the pro- 
posed progression, the more nearly will their sum approach to 

t Multiplying the numerator and denominator by — m. 
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""* . It may even difier iroox — -^ by a quantity less than 
any assignable quantity, without ever becoming in a rigorous 
sense equal to it. 

The quantity 1— , which I shall designate by L, forms, we 

perceive, a limit, to which the particular sums represented by S, 
approach nearer and nearer. 
Applying what has been said to the progression 
^. 1 : i : i : i : tV, &c. 
we hare 

whence 

m = 2, L = ■ J'^ - = 2; 

and the greater the number of terms we take in the above pro- 
gression, the nearer their sum will approach to an equality 
wiih 2. 

We have, in fact 

1 = I = 2—1, 

1+1 = i = 2 - i, 

1 + i + i = i =i-i, 

i+i+i + i =V=2 — J, 

> + 4 + i + l + ^=li = 2— A- 
&c. 
The expression f«r L may be considered as the sum of the 
decreasing prc^ression by quotients, continued to infinity, and it 
is thus, that it is usually presented ; but in order to form a clear 
Idea of it, we must represent it in a limited view. 
335. We may obtain from the expression 

J — 1 ' 

all the terms t^ the progression, of which it denotes the som ; 
for, if we divide q* — 1 by j — 1 (t58), we find 

^ = 'rEf = 1 + 5 + 9- + 5 ■ + ? • + 9-, 

which gives 

S=a + aq + aq* + aq"^. 

We may employ the value of I. for the same purpose ; in this 
case, m is to be divided by m — 1, as foliow»j 
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m Im— 1 

»i» "^ a? 

&C. 

We begin, by dividing, according to the usual method, by the 

first term, and find 1 for the quotient ; we multiply this quotient 

by the divisor and subtract the product from the dividend ; then, 

dividing the remainder by ihe first term of the divisor, we obtaio 

— for t|ie quotient, and have — for a remainder ; we go through 

the same process with this remainder as with the preceding. 
Pursuing thb method, we soon discover the law, to which the 
several particular quotients are subjected, and perceive that the 

expression is equivalent to the series 

1 + 1 + ^+^+ fee- 
continued to infinity. Substituting for m its value -, and multi- 
plying by a, we find as before 

a-\-aq + aq» +oj' + fee. 
for the progression of which L represents the limit. 
336. The series 

1 ti+;ii+;7. + &<=• 

is considered as the value of the fraction , whenever it is 

M — 1 
converging, that is, when the terms, of which it is ctHnposed, be- 
come smaller and smaller the further they are removed from the 
first. 

Indeed, if we make the division cease successively at the first, 
second, third remainder, we have 
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the quotients I and the remainders 1 

■+-; .. 

the former of which approach the true value, exactly in propor- 
tion as the latter are diminished; and this takes place, only 
when m exceeds unity. In all other cases we must have regard 
to the remainders, which, increasing without limit, make it evi- 
dent, that the quotients are departing further and further from 
the true value. 

To render this clear, we have only to make, successively, 
m ^ 3, t» ^ 1, m =: ^. Upon the first supposition, we have 

-~^ = 2 = 1 + i + J + i + tV + &c. 

and it has been shown (334), that the series, which constitutes 
the second member, approaches, in fact, nearer and nearer to 2. 
The second supposition leads us to 

—^ =i=l-l.] + l + l + l + I + l&c. 

This result, !+*+•+•+! &<=., continued to infinity, pre- 
sents in reality an infinite quantity, as the nature of the expres- 
sioD I implies ; yet if we neglect the remainders in this example, 
we are led into an absurdity ; for since the divisor, multiplied by 
the quotient, must produce the dividend, we have 

1 =(1-1-1 +1 + 1+ )0; 

but the second member is strictly reduced to nothing, we have 
therefore 1=0. 

The third supposition leads to consequences not less absurd, if 
we neglect the remainders, and consider the series, which is ob- 
tained, as expressing the value of the fraction, from which it is 
derived. Making m = |, we find 

—^ = — 1 = 1+2 + 4 + 8+ ie+ &c., 

which is evidently false. 

There will be no contradiction of this kind, if we observe, thai, 
in the second case, the remainders 
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are each equal to 1, and that, since they do not dimtoish, they 
can never be neglected, to whatever extent the series h con- 
tinued. If we add, therefore, one <tf these remainders to the 
second member of the equation 

1=(1 + 1 + I + 1 + 1+ )0, 

the equation becomes true. In the third case, the remainders^ 

.11 1 ft. 

I,—, -J, — , «cc., 

form the increasing progression, 1,3,4, 8, 16, &c. and, if we add 
to the several quotients the fractions, arbing from the corres- 
ponding remainders, tbe.exact expressions for will be 



1 1 ' 1 ' 




'+.+ .(»_!) 




1 1 ' 1 ' 1 ' 




'+»+«. + .' (»-l 





to., 




each of which gives — 1, when m = i- 




If we take m = — n, the fraction ■-"■— 


- becomes 



series, which is produced bj developing this fraction, assumes 
the form 

and making n = 1, we have 

1 — 1 + 1 — 1 +1 — 1 +&X;., 
a series, which becomes alternately 1 and 0, and which, con- 
sequently, as often exceeds, as it falls below, the true value of 

■ " , equal in this case to ^ ; but as the above series is not con- 
verging, it cannot give this true value ; and we must, therefore, 
take into consideration the remainder, at whatever term we 
stop. 

If we suppose, in the preceding series, n =: 3, we hare 
1 — i + J — I + tV, — &C-, 
a series, in which the particular sums, 1, J, J, {, &c. are, altcr- 
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b |, but to which ihey approach contioually, because the pro- 
posed series is converging. 

Although diverging series, that is, those, the terms of which go 
on increasing, continue to depart further and further from the 
true value of the expressions from which they are derived, yet 
COQsid«%d as developments of these expressions, they may serve 
to show such of their properties, as do riot depend on their sum- 
mation. 

237. If we continue any process of division in algebra, accord- 
ing to the method pursued above (335), with respect to the quan- 
tities m and m — 1, the quotient wili always be expressed by an 
infinite series composed of simplt Itrms. Infinite series are also 
formed by extracting the roots of imperfect powers, and contin- 
uing the operation upon the several successive remainders ; but 
they are obtained more easily by means of the formula for bino- 
mial quantities, as will be shown in the Si^iement, where I shall 
treat of the more common series. 

* T^ory of Ea^Kmential Quantilies and of Lf^arilhms. 

338. In the several questions, we have resolved thus far, the 
unknown quantities have not been made subjects of considera- 
tion as exponents ; this will be requisite, however, if we would 
determine the number of terms ui a progression by quotients, of 
which the first term, the last term, and the ratio are given. In 
foct, we are furnished by a question of this kind with the equa- 
tion 

/sragr— ' (231), 
in which n will be the unknown quantity ; abridging the expres- 
sion, by making n — I = a:, we have / = a 9*. This equation 
cannot he resolved by the direct methods hitherto explained ; 
and quantities like x cannot be represented by any c^ the signs 
already employed. In order to present this subject in a man 
clear light, I shall go back to state, according to Euler, the con- 
nexion which exists between the several algebraic operations, 
and the manner, in which they give rise to new species of 
quantities. 

239. Let a and b be two quantities, which it is required to 
add together ; we have 

and in seeking a or b from'this equation, we find 
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(t = c — 6, h ^ c~-a; 
hence the origin of subtraction ; but when this last operation 
cannot be performed in the order in which it is indicated, the 
result becomes negative. 

The repeated addition of the same quantity gives rise to mul- 
tiplication ; a representing the multiplier, b the multiplicand, and 
c the product, we have ' 

ab = e, 
whence we obtain 

a=L b--; 
b a 

«nd hence arises division, and fractions, in which this division 

terminates, when it cannot be performed without a remainder. 

The repealed multiplication of a quantity by itself [»x)duces 
the powers of this quantity ; if b represent the number of times 
a is a factor in the power under consideration, we have 

B* =: c. 
This equation differs essentially from the preceding, as the quan- 
tities a and b do not both enier into it of the same form, and hence 
the equation cannot be resolved in the same way with respect to 
both. If it be required to find a, it may be obtained by simply 
extractbg the root, and this operation gives rise to a new species 
of quantities, denominated irrational ; but h must be determined 
by peculiar methods, which T shall proceed to illustrate, after 
having explained the leading properties of the equation a^ ^ c 

340. It is evident, that if we assign a constant value greater 
than unity to a, and su[^>ose that of b to vary, as may be requir 
site, we may obtain successively for c alt possible numbers. 
Making 6 = 0, we have c = 1 ; then since b increases, the cor- 
responding values of c will exceed unity more and more, and 
may be rendered as great as we please. The contrary will be 
the case, if we suppose 6 negative ; the equation a* = c being 
then changed into a~* = c, or -j ^ c, the values of c will go on 

decreasing, and may be rendered indefinitely small. We may, 
therefore, obtain from the same equation all possible positive 
numbers, whether entire or fractional, upon the supposition, that 
a exceeds unity. The same is true, if we have a<^l; only the 
order, in which the values stand, will be reversed ; but if we 
suppose a~l, we fthall -always find c =: I, whatever value be 
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assigned to b; we must, therefore, consider the observations 
which follow, as applying only to cases, ia which a differs essen- 
tially from uDity. 

In order to express more clearly, that a has a constant value, 
and that the two other quantities b and c are indeterfDinate, I 
shall represent them by the letters x and y ; we then have the 
equation o' =: y, in which each value of y answers to one value 
of«, so that either of these quantities may be determined by 
means of the other. 

241. This fact, that all numbers may be produced by means 
of the powers of one, is very interesting, not only when consid- 
ered in relation to algebra, but also on account of the facility 
with which it enables us to abridge numerical calculations. In- 
deed, if we take another number y, and designate by x' the cor- 
responding value of a;, we shall have o^ = y, aad, consequently, 
iif we multiply y by y*, we have 

yy" — a' y. af^ = o***'; 
if we divide the same, the one by the other, we find 

y a* 

lastly, if we take the m"' power of y, and the n** root, we have 

y- = (fl*)- = rf" 
for the one, and 

y- = (iff = (^ 
for the other. 

It follows from the first'two results, that knowing the expo- 
nents x and a/ belonging to the numbers y and y, we may, by 
taking their sum, find the exponent which answers to the pro- 
duct yy, and by taking their difference, that which answers to 
the quotient — . From the last two equations it is evident, that 

the exponent belonging to the m* power of y may be obtained 
by simple multiplication, and that which answers to the n*^ root, 
by simple division. 

Hence it is obvious, that by means of a table, in which against 
the several numbers y, are placed the corresponding values of 
X, y being given, we may find x, and the reverse ; and the mu/fi- 
phcation ofary tao numhtri is reduced to tin^tt addition^ because, 
instead of employing these numbers in the operation, we may 
add the ctaresponding values of «, and tbeb seeking in the table 
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the num1)er, to which this sum answers, we obtain the product 
required. The quotient of the proposed numbers, may be found, 
in the same table, opposite the difference between the corres- 
ponding values of x, and, therefore) dioision it performed by meant 
of eubtraclion. 

These two examples will be sufficient to enable us to form an 
idea of the utility of tables of the kind here described, which 
have been applied to many other purposes since the time of Ha- 
pier, by whom they were invented. The values of x are termed 
li^arillitiu, and, consequently, i^arUlmu art tke exponents of the 
poatrt, to which a contlant number mtut be raised, in order Ouit all 
ponible nvmbert may be ntccueivebf deduced from it. 

7%e cotutant number it calU4 the base of the table or system of 
tt^arithmt. 

I shall, in future, represent the logarithdi of y by \y ; we have 
then X = \y, and since y =: a', we are furnished with the equa- 
tion y = a*. 

343. As the properties of ic^iarithms are independent of any 
particular value of the number a, or of their base, we may form 
an infinite variety of different tables by giving to this number all 
possible values, exbept unity. Taking, for example, a = 10, w« 
have y = (lO)''', and we discover at once, that the numbers 

1, 10, 100, 1000, 10000, 100000, &c., 
which are all powers of 10, have for l(^arithms, the numbers 
0, 1> 2, 3, 4, 5, &c. 

The properties mentioned in the preceding article may be 
verified in this series ; thus if we add together the logarithms 
of 10 and 1000, which are 1 and 3, we perceive, that their sum, 
4, is found directly under 10000, which is the product of the pro- 
posed numbers. 

343. The logarithms of the intermediate numbers, between 1 
and 10, 10 and 100, 100 and 1000, &c. can be found only by 
approximation. To obtain, for example, the logarithm of 3, we 
must resolve the equation (10)* = 3, by the method given in art. 
331, finding first the entire number approaching nearest to the 
value of X. It is obvious at once, that x is between and 1, 
since (10)° = 1, (10)> = 10; we make therefore « = -, the 

equation then becomes (10)' = 2, or 10 == 2* ; now z is fotmd 
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between 3 and 4 ; we suppose, therefore, ; =: 3 -|- -, and hence 

10 = 2**^ = 2' X ^ = 8 X A 

or ^ = y = {, 

or, laatlj, 2 =: (J)". 

As the value of z' is between 3 and 4, we make 

y = 34. 4;; 

we have then 

2 = (})**• =(})■.«:?, 

whence we obtain 



(«* = 



S(»)* = H1, <>r(Hi)' = Ji 
and after a few trials we discover that 2" is hetween 9 and 10> 
The operation may be continued further ; but as 1 hsve exhibited 
this process merely to show the possihility of finding the loga- 
rithms of all numbers, I shall confine myself to the supposition 
of 2" = 9; we have then, going back through the several steps, 

This value of x, reduced to decimals, is exact to the fourth figure^ 
as it gives 

» = 0,30107. 
By calculations carried to a greater degree of exactness, it is 
found, that 

a: = 0,3010300, 
the decimal figures being extended to seven places. 

Regarding this value of x as an exponent, we must conceive 
the number 10 to be raised to the power denoted by the number 
3010300, and the root of the result to be taken for the degree 
denoted by 10000000 ; we thus arrive at a number approaching 
very nearly to 2 ; that is {10)^"!^^'^^ = 2, very nearly j the 

first member is a little greater than 2; but (lo)"*'"" a 
smaller.* 

* The method explained in this article becomes impracticable, 
when the numbers, the logaritfanu of which are required, are large ; 
another method however, which may be very nseful, is given by Long, 
an Eoglish geometer, in the FUhsepMcal TransacHoni for the year 
1724, No. 339. 
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344. 67 muttiptying the logarithm of % successively, by % 3, 
4, &c., we obtain logarithms or theaumbers, 4,8, 16,&Ct, wbicli 
are the 3*, 3', 4^, itc. powers of 3. 

By adding to the logarithm of 3 the logarithms of 10, 100, 
1000, &c. we obtain those of 30, 300, 3000, &c., it is evideat, 
therefore, that if we have the logarithms of the former aiimberB) 
we may find the logarithm! of all uumbers composed of them, 
which latter can be only powers or products of the fonner> 
The number 310, for example, being equal to 

3X3X4X7, 
its logarithm is equ^l to 

1 3 + ! S + 1 5 + 1 7, 
and since 5 = V> "^ ^^^ 

1 5 = 1 10 — 1 3. 

Aa the proceu for detenniniog x in the equation (10)* = y b 
very labotttus, we may, reversing the order, furnish oursrWes with 
the MTeral expreuioos for x, then forming s table of the values of y 
corresponding to those of i, we shall afierwards, as will be perceived, 
be able, in any particular case, to determine x by means of y. 

We take first for x the values comprehended between 0,1 and 0,9 { 
we have then only to delennine the value of y, which answers to 
x^0,l, or (10)^, because the several other values of y, namely, 

(X0)'», (10)A, &c. 
are the 2', 3', &c. powers of the first. 

By extracting the square root, we discover at once, that 

(10)* or (10)A = 3,162277660 ; 
then taking the fiAh root of this result, we have 
(lO)Tlr = 1,258925412. 
By a similar process, we deduce from 

(10)^= 1,258925412, 
the value of 

V (10)^ = (10)^^ = ClO) r^' = 1,122018454 ; 
then taking the fifth root, we have 

{lO)T+f = 1,023292992 ; 

and raising the result to the 2', S**, 9"' powers, we obtain the 

values of y, corretponding to those of x comprehended between 0,01 
and 0,09- 
It will be readily seen, diat by this method, we may also find the 
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- 845. Logarithms, which are always expressed by decimals, 
ftre composed of two parts, namely, the uniis placed on the left 
of the comma, and the decimal figures found on the right. Tlie 



Values of jr for those of x between 0,001 and 0,009, between 0,0001 
and 0,0009 ; thus we shall be furnished with the fullowing table. 



-tv- 


NaLNum. Log. | Mu. .Nunt | 


0,9 
8 
7 
6 
5 
4 
S 
' 2 


7,943282347 
6,309573445 
5,011872336 
3,981O7I70(i 
3,16227766(1 
2,511886432 
1,995262315 
1,584893193 
1,258925412 


0,00009 

8 
7 
6 
5 
4 
3 
2 
I 


1,000207254 
1,000184224 
1,000161194 
1,000138165 
1,000115136 
1,000092106 
1,000069080 
1,000046053 
[,000023026 


0,09 
8 
7 
6 
5 
A 
3 
2 
1 


1,230268771 
1,202264435 
1,174897555 
1,148153621 
1,122018454 
1, 096478 19t 
1,071519305 
1,047128548 
1,023292992 


0,000009 

8 
7 
6 
5 
4 
3 

1 


1,000020724 
1,000018421 
1,000016118 
1,000013816 
1,000011513 
1,000009210 
1,000006908 
1,000004605 
1,000002302 


0,009 

8 

z 

6 
5 

4 
3 

2 
I 


1,020939484 
1,018591388 
1,016248694 
1,013911386 
1,011579454 
1,009252886 
1,006931669 
1,004615794 
1,002305238 


0,0000009 
8 
7 
6 
5 
4 
S 
2 


1,000002072 
1,000001842 
1,000001611 
1,000001381 
1,000001151 
1,000000921 
1,000000690 
1,000000460 
1,000000230 


0,0009 

8 
7 
6 
5 
4 
3 
2 
1 


1,002074475 
i,00184376<i 
1,001613109 
1,001382.^06 
1,001151956 
1,000921459 
1,000691015 
1,000460623 
1,000230285 


0,00000009 
8 
7 
G 
5 
4 
3 

1 


1,000000207 
1,000000184 
1,000000161 
1,000000138 
1,000000115 
1,000000092 
1,000000069 
1/)00000046 
1,000000023 



By means of kiiis table, we may find the logarithm of any number 
whatever, by dividing it by 10 a sufficient number of times. To 
obtain, for example, the logarithm of 2549, we first divide this aum- 
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first of these is called Ibe characUriilk, because in the logaritbois 
under consideration, which are adapted to the supposition of 
a = 10, and which are called common logaritkmt, this part shows, 



ber by (10)' or lOOO, which is the greatest power of 10 it coDiains ; 
we have tbeo 

2549 = (10)' X 2,549; 
wo tbeo seek in tho taUe the power of 10 immediately below 2,349, 
and find 

(10)^* = 2,511886432; 
dividing 2,549 by this last number, we have 

2,549 = (10)V X 1,014775177, 
Again seelting in the table the power of 10 immediately below 
1,014775177 we find 

(lO)*"*- = 1,013911386; 
then dividing the preceding quotient 1,014775177 by this number, 
we obtain a third quotient 1,000851743. This process is to be con- 
tinued, until we arrive at a quotient, which differs from uaity only in 
those decimal places wo propose to ne^ect 

If we consider, in the present case, the third qnotieni as equal to 
unity, the proposed number will be resolved into factors, which will 
be powers of 10, for we shall have 

2549 = (10)" X ClO)V X (I0)«y*»= (I0)M», 
, from which it is evident, that 3,406 is the logarithm of the number 
2549> By extending the divisions to J in number, this logarithm will 
be found to be 3,406869. 

The same table enables us with still more ease to find a number 
by means of its logarithm, as in the following example. 

Let 2,547 be the given logarithm ; the number sought will be 
(10)*^' = {\oy X (10)"^ X (10 )«^X (10)°^; 
>t will, therefore, be equal to the product of the numbers 
(10)» = too, 
(lO)"-* = 3,162277660, 
(10)"^ = 1,096478196, 
<10)"vw _ 1,016248694, 
Taken from tbe table ; and will, consequently, be 
2,547 = 1.352,357. 
A table of the same kind with die above, but much more extended, 
has been published in England, by Dodson, the object of which b to 
fiimish die neaas of finding the number answering to a gives loga- 
jrithm. 
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to what order of units the number corresponding (o the loga- 
rtlhm belongs. The several logarilbms of the nuaibora between 
I and 10, as they are between and 1, have, necessarily, for 
their characteristic; those of ihe numbers between 10 and 100 
have 1 for their characteristic; those of the numbers between 
100 and 1000 have 3; in general, (he characterislic of a loga- 
rithm contains as many units, as the proposed number has figures, 
minus one. 

246. It is important also to remark, that the decimil part of 
the logarithms of numbers, which are decuple the one of the 
other, is the same; for example, 
the logarithm of S4360 is 4,7362794, 
5436 3,7352794, 

543,6 2,7352794, 

54,36 1,7352794, 

5,436 0,7352794; 
for, as each of these numbers is the quotient of (hat which pre- 
cedes it, divided by 10, the logarithm of the one is found by tak- 
ing an unit from (he character!5(ic of that of (be other (241,342). 

347. According to what has been said in art. 240, the loga- 
rithms of fractional numbers are, upon our present hypothesis, 
negative ; and we may easily deduce them from those of entire 
numbers, if we observe that a fraction represents (he quotient 
arising from the division of the numerator by the denominator. 
When the numerator is less than (he denominator, its logarithm 
is also less than that of the denominator, and, conset^ucntly, if we 
subtract the latter from the former, the result will be negaUve. 

In order to obtain the logarithm of the fraction j, for example, 
we subtract from 0, which denotes the logarithms of I, the frac- 
tion 0,3010300, which represents (hat of 2 ; ihe result is 

— 0,3010300. 
If vfc subtract from the number 1,3010300, which is the loga- 
rithm of 30, we have the logarithm of ^, equal to 

— 1,3010300. 
The logarithm of S being 0,4771313, that of | will be 
0,3010300 — 0,47':i213 = — 0,1760915. 

348. It is evident from (he manner in which the logarithms of 
fractions are obtained, that, considered independently of their 
signs, they belong (241) to the quotients, arising from the divis- 
ion of the denominator by the numerator, and, consequently, ao- 
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8wer to the number, by whicfa it b necessary to divide uaity in 
order to obtain the proposed fraction. Indeed, f, for example, 
may be exhibited under the form |, and l| = 13 — 13=0,1760913. 

It would be inconvenient, in order to find the value of a frao- 
tion, to which a given negative logarithm belongs, to employ the 
number to which the same logarithm answers when positive, 
since it would be necessary to divide unity by this number ; bat 
if we subtract this logarithm from I, 3, 3, &c. units, the remain- 
der will be the logarithm of a number, which expresses the frac- 
tion sought, when reduced to decimals, since this subtraction 
answers to the divisipn of the numbers, 10, 100, 1000, &c. by 
the number to which the proposed logarithm belongs. 

Let there be, for example, — 0,3010300; if tvithout regard- 
ing the sign, we take this logarithm from 1, or 1,0000000, the 
remainder 0, C989700, being the logarithm of 5, shows, that the 
fraction sought is equal to 0,9, since we supposed unity to be 
composed of 10 parts. 

If, in seeking the logarithm of a fraction, we conceive unity to 
be made up of 10, or 100, or 1000, &c. parts, or which amounts 
to the same thing, if we augment the characteristic of the loga- 
rithm of the numerator by a number of units sufficient to enable 
ITS to subtract that of the denominator from it, we obtain in this 
way a positive logarithm, which may be employed in the place 
of that indicated above. 

In order to introduce uniformity into our calculations, we 
most frpquently augment the characteristic 'of the logarithm of 
the numerator by 10 units. If we do this with respect to the 
fraction f , for example, we have 

10,3010300 — 0,4771213 == 9,8239087. 

It will be readily seen, that this logarithm exceeds the nega- 
tive logarithm — 0,1760913 by 10 units, and that, consequently, 
whenever we add it to others, we introduce 10 units too much 
into the result ; but the subtraction of these ten units is easily 
performed, and by performing it we effect at the same time the 
subtraction of 0,1760913. Let .AT be the number, to which we 
add the positive logarithm 9,8239087 ; the result of the operation 
will be represented by 

JV+ 10 — 0,1760913; 
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aad if we subtract 10, we have nrnplj 

JV — 0,1760913. 

According to the precediag observations, we cause addition t» 
take the place of subiraciion, by employing, in&iead of the uum- 
ber to be subtracted, its ariikmelkal compltment, that is, what 
remains, whea this muiiber is subtracted from one of the num- 
bers, 10, 100, 1000, &.C., a result which is obtained by taking 
the units of the proposed number from 10 and the several other 
figures from 9. We add ibis complement lo the number, from 
which the proposed logarithm is to be subtracted, and from the 
sum subtract an unit of the same order as (he complement. 

It is evident, that if the complement is repealed several times, 
we must subtract, after the addition, as many units of the same_ 
order with the complement, as there are in the number, by which 
it is multiplied ; and, for the same reason, if several complements 
are employed, we must subtract for each an unit of the same 
order, or as many units as there are complements, if they are all 
of the same order. 

Sometimes this subtraction cannot be effected ; in this case, 
the result is the arithmetical complement of the logarithm of a 
fraction, and answers in the tables lo the expression of this frac> 
tion reduced to decimals. If 10 units remain lo be taken from 
the characteristic, as is most frequently the case, the result is the 
same as if we had multiplied by 10000000000, the numerator of 
the fraction sought, in order to render it divisible by the denom- 
inator ; ihe charade ristic of the logarUhm of the quotient shows, 
the highest order of the units contained in this quotient, consid- 
ered with reference to those of the dividend. In 9,8239087, the 
characteristic 9 shows, that the quotient must have one figure 
less than the number, by which we 1)3"^ multiplied unity; and, 
consequently, if we separate 10 figures for decimals, the first 
significant figure on the left will be tenths ; and we shall find only 
hundredths, thousandths, &:c., for the numbers the arithmetical 
complements of which have 8, 7, &c. for their characteristics. 

249. What has been said respecting the syiletn of logarithms, 
in which a = 10, brings into view the general principles neces- 
sary for understanding the nature of ihe tables ; for more par- 
ticular information the learner is referred to the tables themselves, 
which usually contain the requisite instnictioD relating to their 
arrangement and the method of using them. I will merely 
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mention the tables of Callet, stereotype edition, and those cf 
Borda, as very complete and very convenient. 

350. If we have the loj^rithm of a number y for a particular 
value of 0, or for a particular base, it is easy to obtain the loga- 
rithiq of the same number in any other syscem. If we have 
a* = y ; for another base A, we have A* ^t/, X being different 
from X ; hence we deduce ^ = a*. Taking the logarithms ac- 
cording to the system the base of which is a, we have 

l^ = la'; 
now la* = a; by hypothesis, and 1.4" =^1.4(241); therefore, 
Xl^ =L Xj or X := -ji but if we consider ^ as a base, Jt wilt be 

the logarithm of y in the system founded on this base ; if, there- 
fore, we designate this last by L^, in order to distinguish it from 
the other, we have 

and wt Jind the logarithm of j tn the lecond syttem, by dividir^ 
its logarithm taken tn the firtl bj/ the hgaritkm of the base of lAe 
second system. 

The preceding equation gives also ~ = 1 .4 ; from which it 

is evident, that whatever be the number y, there is between the 
logarithms ly end Ly, a ratio invariably represented by I^. 

2&t. In every system the logarithm of 1 is always 0, since 
whatever be the value of a we have always a* = 1. As loga- 
rithms may go on increasing indeHnitely, they are said to be- 
come in^nite at the same time with the corresponding numbers ; 

and as, when y is a fractional number, we have t/ = — = ff**, it 

is evident, that in proportion as y becomes smaller, x in its nega-. 
tive slate becomes greater, but we can never assign for x a num- 
ber, which shall render y strictly nothing. In this sense it is 
said, that the logarithm ofztro is equal to an infinite negative quarts 
lily, as we find in many tables. 

252. I now proceed to give some examples of the use, which 
may be made of logarithms in finiling the numerical value of 
formulas. It follows from what is said in art. 241, and from the 
definition of logarithms, by which we are furnished with the 
equation a'^ = y, that 
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l(AB) = ]A + IB, l(^= M — IB, 

M» = mM, \A'=:Ua. 
Appljing tbese pmciples to the formula 
A*s^B'—C' 

C a/D' EF 
wfaicb b very complicated, we find 

1<^' l/B" — C) = MA* xf'{B+q{B^C)} ec 
2M + il(B+0 + ilCB-C), 

\{C^/WEF) = \C + i\D+ Jl£+ JIf, 
and, coDsequently, 

/ J' yfB' — C' \ _ 

\ C\/D^^P / 

2M + il(B+C) + il(B— CJ— ^C— JID— ilE— JIF. 
If we take the arithmetical complements of 1 C, 1 1 i7, ^ 1 £, } I J\ 
designating them by C, D", £', F', instead of the preceding re- 
sult, we have 

S\A + il{B + C) + i\{B—C)+C + D'+E' + P, 
only we must observe to subtract from the sum as many units of 
the same order with the complements, as there are complements 
taken, that is 4. When we have found the logarithm of the pro- 
posed formula, the tables will show the number, to which tbi( 
logarithm belongs, which will be the value sought. 

253. Logarithms are of most frequent use in ^dingthe fourth 
term of a proportion. It is evident, that if a : 6 : : c : d we have 
d = — , whence ld = H-t-Ic — la; 

that is, the logarithm of ike fourth term sought it equal to Ihe sum 
vf the logaritknu of the two means, diminished iy the logarithm of 
lfc« known extreme, or rather, to the sum of the logarithms of the 
means, pins the arithTnetical complement of ike logarithm of the 
^novm extreme. 

354. If we take the logarithms of each member of the equa- 
tion - = -, which presents the character of a proportion, we 
have 

Ifc — la = U— U (252); 
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whence it follotn, that the four logaTtthms 

lo.Uilc.lrf 
form an equidiffereoce (923. 
The series of equations, 

leads also to 

Ift — lo=lc — U = ld— lc = U — ld,fcc., 
and hence we infer, that the progression b^ quotients, 

-H- a : 4 ; c : d : e, &c. 
oorresponds to the pr<^ression hy differences, 
-i-la.\b.\c.\d.le,&.c., 
and. consequently, ihe logarithms of numbers in progression by 
quotients, form a progrtsston 6y differences. 

S.'iS. If we have the equation 6* = c, we may easily resolve 
k b^ means of logarithms ; for as 1 b* is equal to z 1 6, we have 

z\b=.\c, and, consequently, r = — • The equation bf =2d may 

be resolved in the same manner ; making c* z= w, we have 

'■ = * "" = >". "'U' " "^n-- 

•gain taking the logarithms, we find 

II J ItA 1 lid— 11* 
zlid — 1 1 and r = ■ 



■Q=' 



In this last expression, 1 1 6 represents the logarithm of the loga- 
rithm of h, and is found by considering this logarithm as a nnm- 

ber. The quantities, I', I' , and all which are derived from 
tbem, are called esponenliat qrumtities. 

Queitions relating to ihe fnieresl of Money, 

256. The principles of progression by quotients and of loga- 
rithms will be found to occur in the calculations relating to inter- 
est. To understand what 1 have to offer on this subject it must 
be recollected, that the income derived from a sum of money 
employed in trade, or in executing some productive work will 
be in proportion to the frequency with which it is exchanged in 
either case. Hsnce it follows, that he, who borrows a sum of 
money for any purpose, ought, upon returning this money at the 
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Q^nralion ef a given time, to allow the lender a premium equiv- 
alent to the profits, which he might have received, if he had 
emplojed it himself. Such is the view in which the subject of. 
interest presents itself. In order to determine the interest of 
any sum, we compare this sum with 100 dollars taken as unitj, 
having fixed the premium, which ought to be allowed for this 
last at the end of a particular term, one year for example. I 
shall not here consider those things, which in the different kinds 
of speculation, occasion the rise and fall of interest ; this belongs 
tQ the elements of political and commercial arithmetic, which 
should be preceded bj some account of the doctrine of chances. 
My object in what follows is simply to resolve certain questions, 
which refer themselves to progression by quotients. 

To present the subject in a general point of view, I shall sup- 
pose the annual premium, allowed for a sum I, to be represented 
by r, r being a fraction ; it is evident, that the interest of a sum 
100, for the same time, will -be 100 r, that of any sum whatever 
a will be denoted by a r ; if we designate this last by a, we have 

a = ar. 
By means of this formula, it is easy to find the interest of any 
sum whatever, when that of 100 or of any other sum, for a known 
time, is given ; questions of this kind belting to what is called 
simpk interest. 

357. But if the lender, instead of receiving annually the inter- 
est of his money, leaves it in the hands of the borrower to ac- 
cumulate, together with the original sum, during the following 
year, the value of the whole at the end of this year may be 
found in the following manner. The original sum being a, if 
we add to it the interest a r, it becomes at the end of the first 
year 

a -^ ar ^: a(\ •\- r), 
Now if we make 

a (I + r) = «-, 
Uie interest of the sum tf for one year being a' r, that of the sum 
o(l + r) will be, for a second year, ar (1 + r); and as, at the 
end of the first year, the principal a, augmented by the interest, 
becomes a (1 + r), the principal of amounts, at the end of the 
second year, to 

tfO +0 = 0(1 +ry =0". 

Aig. 33 
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If the lender does not now withdraw the sum a", but leaves it to 
accumulate during a third year, at the end of thiB, it will become, 
according to what precedes, 

a" (1 + r) = B (I + f)' = «"'. 
It will be readily perceived, that a"' will become at the end of 
tbc fourth jear 

«"'(l+r) = <i(l+r)S 
and so on ; and that, consequently, the sum first lent, and the 
several sums due at the end of the first, second, third, fourlb, &c. 
years, form the following prt^ression by quotienis; 

-iv-a:B(l +r):a(l + r)»:a(l+r)':a(i-|-0*'&c. 
of which the quotient is 1 -|- r, and the general term 

a{l + ry = A, 
the number n representing ibe number of years, during which 
the interest is suffered to accumulate. 

If the rate of interest be 5 per cent., for example, that is, if for 
too dollars during one year 105 dollars are paid back ; we have 

100 r =: 5, or r = yfy = Vr> ^"'^ 1 +r = |J. 
If we would know to what the sum a amounts, when left to acca- 
malate during 2S years, we have 

ti = 25, and o (^)" 

instead of the original sum. The 25th power of }i may be easily 
found by means of logarithms, since we have (3fi2) 

l^|iY*=: 25lU= 25(121 — 1 20) = 0,5297322, 

which gives 

: 3,386 nearly, A = 3,386 a ; 



Q"'- 



and hence it may be readily seen, that 1000 dollars will in this 
way amount at compound interest to 3386 dollars, at the end of 
25 years. 
If the sum lent were for 100 years, we should haVe 



ti 
e 



nearly ; thus 1000 dollars would produce, at the end of this pe- 
riod, a sum of 131000 dollars nearly. These examples will be 
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sufficient to show with what rapidity Bums accumulate by means 
of compound interest. 

258. The equation 

J = fl (I + r)-, 
gives rise to four questions j the first, which is to 6nd ^, when 
a, r, and n, are known, presents itself, whenever we seek the 
amount of the principal al the end of a number n of years. I 
have already given an example of this. 

The second, which is to find r, when a. A, and n, are known, 
occurs whenever it is required to determine the rate of interest 
by means of the original sum, the whole amount that has become 
due, and the time during which it has been accumulating; we 
have in this case . 

The third, which is t« find a, when A, r, and n are known, the 
fonnula for which is 

— ^ 

has for its object to determine the principal, which it is neccs- 
saiy to employ in order to be entitled, after a number n of years, 
to a sum A. 

The fourth, which is to find n, when A, a, and r are known, 
can.be resolved only by means of logarithms (238,252). Taking 
the logarithm of each member of the proposed equation, we have 

/.a = U + nl(I +r), 
whence 

_lA — \a 

" 1(1 + r)* 

By means of this last equation wc determine how many years 

the principal a must remain at interest in order to amount (o a 

gum A. 

To illustrate this by an example, I shall suppose that it is re- 
quired to find the lime in which the original sum wiH be doubled, 
the rale of interest being 5 per cent. ; we have 
A = -2a, I.4 = U + i2, 
and, consequently} 

_ |2^ __ 12 0,3010300 _ 

" "~1H ~ 121 — 120 ~ 0,0211893 ~ ' * 
nearly. 

259. The following question is one of the most complicated, 



n,g,t,7rJM,GOOglC 



960 EUmenti t^Algthm. 

that we Dieet with relating to tbia subject. W« suppose, that 
the lender during a number n of years, adds each year a Reff 
sum, to the amount of this year ; it is required to find what will 
be the value of these several sums, together with the compound 
interest that may thence arise at the expiration of the term pro- 
posed. Let a, b, c, d,.... k, be the sums added the 6m, 
second, third, fourth, &:c. yeare ; the sum a remaining in the 
bands of the borrower during a number n of years, amounts to 

«(> + >■)•; 

the sum h, which remains n — 1 years only, becomes 

*(' + <•)-•, 

the sum c, which remains n — 2 years only, becomes 

c (1 + ry^, 
and so on ; the last sum, k, which is employed only one year, 
becomes simply 

'd. + Oi 

we have, therefore, 

^ = a ( 1 + r)- + 6 ( 1 + r)»-> + c < 1 + 0"-* • ■ ■ • + i (l + r). 
By calculating the several terms of the second member sepa- 
rately, we obtain the value-of A. 

The operation is very much simplitied when 

o=:6 = e = d = fe, 

for in this case we have 

the second member of this equation forms a progression by quo- 
tients, of which the Srst term is o (1 + r), the last term o (1 + r)", 
the quotient 1 + ^ ^'^^ ^^ sum, consequently, 

we have, therefore, in this case, 

^^ «(^+'-)Ea+'-)"-i] . 

This equation gives rise also to four questions corresponding to 
those mentioned in connexion with the equation 
A^a(\ + r)-. 
2G0. By reversing the case we have been considering, we may 
represent those annual sums, or sums due at stated intervals, 
called annuities ; here the borrower discharges a debt with the 
interest due upon it, by difierent payments made at regular peri- 
ods. These payments, made by the borrower before the debt 
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In question is dischai^ed, may be considered, as sums advanced 
to the lender toward the discharge of the debt, the value of 
which sums will depend upon the interval of time between the 
payment and the expiration of the annnity. Thus, if we repre* 
sent each sum by a, the first payment, which will take place 
n — t years before the expiration of the term of the annuity, 
referred to this time, is worth a (1 + rf~^ ; the second, referred 
to the same epoch, is worth only a (1 + r)»-*; the third^ 
a (1 -f- r)"'', and so on to the last, which amounts only to the 
value of a. But on the other hand, the sum lent being repre* 
seated by A, will be worth in the hands of the borrower, after n 
years, J4 (1 + r)' , which must be equal to the amount of the sev- 
eral paymenu advanced by him to the lender ; we have, therefore, 
^(l + r)-=a(l-(-r)-' + fl(l + '-)"-' + a(l+^)"-».-. + «, 
or taking the sum of the progression, which constitutes the sec- 
ond member 

■^o+r)-=°K'+;y-'^, 

in equation, in which we may take for the unknown quantity, 
successively, the quantity A, which I shall call the valw of the 
aiuiuity, because it is the sum, which it refM^sents, the quan- 
tity a, which is the gaoUt of the annuity, the quantity r, which 
is the rate of interest, and lastly, the quantity n, which denotes 
the term of the annuity. In order to find this last we must have 
recourse to logarithmf. We first disengage (1 -\-r)*, which gives 

then taking the logarithms, we have 

nl(l + r) = la — \(a — Ar), 
whence 

_ |i< — i(a — ^r ) 
"- 1(1 +r) • 
361. To give an instance of the application of the above for- 
mulas, I shall take the following question ; ' 

To find what sum mutt be paid annuallj/ to cancel in 12 years a 
debt of 100 dolls, with the interest during that time, the rate ofititer' 
est being 5 per cent. 
In this example the quantities given are 

.4 = 100, «= 12, r = ^, 
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and tbe annuity a is required to be found; resolving the equation 

with reference to the letter a, we have 

-(, + ,)._,■ 
The valueg of the letters, A, r, and n, are to be substituted in thid 
expression ; and it will be found most convenient in the first place 
to calculate, by the help of logarithms, the quantity (1 + r)"» 
which becomes (}!)'■; and 

(}i)" = '.79586. 
By means of this value we obtain 

__ 100.^.1,79586 _ 5.1,79386 
" ~ 1,79586—1 "~ 0,79586 ' 
and, determining the values of this last expression either directly 
or by means of logarithms, we find 

a = 1 1,3828 ; 
an annuity of 11,38 dolb., therefore, is necessary to cancel in 13 
years a debt of 100 dolls., the rate of interest being 5 per cent. 
S63. I am prevented from entering into further details on this 
subject by tbe limits I have prescribed myself in this treatise ; I 
will merely add, therefore, that in order to compare the values <^ 
different sums, as they concern the person, who pays or receives 
them, they must be reduced to the same epoch, that is, we must 
find what they would amount to when referred to the same date. 
A banker, for instance, owes a sum a payable in n years ; as an 
equivalent he gives a note, the nominal value of which is repre- 
sented by b, and which is payable inp years, the first sum at the 

time the note is given, is worth only — - ^ — , because it must be 

be considered as the original value of a principal, which amounts 
to a at the expiration of n years ; the sum b, for the same reason 

is worth at the time the note is given ■ ^ ; the difference 

a b 

(1 +rr {1 + ry 
represents, therefore, according as it is positive or negative, what 
the banker ought to give or receive by way of balance ; if this 
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balance is not to be paid until after a number of years denoted 
by q, c representing its value at the time the exchange is made, 
it will amount at the expiration of this term, to 

BO that it «i]l be equivalent to 

((rF7r"-(rF/)<' + '^=""+''^-'<'+'>"- 

The several sums, a, b,. .... k, in art. 359, were reduced to 
the time of the payment of ihe sum A, and in art. 360, each of 
(he payments, as well as the sum A, was referred to the time, 
when the annuity was lo cease. 



.. -/.'^. 
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NOTES. 



(Inferred to Page SI.) 

In articles 66 and 75 I have interpreted the negative solutions by 
jhe examiaalion of the equation, which they immediately verify, as I 
had done hefore, and this method appeared to me always e^ct, as 
the object is merely to show, that these solutions have a rational 
lense, since they resolve questions analagous to the one proposed ; 
but there are often several ways of formiug these questions, and the 
following, whicb was communicated to me by M. Fran^ais, a distin- 
guished geometer, Professor at the School of Artillery of Mayence, 
seemed to me more simple, than that given in these 'Elements. 

" He thinks, that we ought to leave out of the enunciation of the 
question of art. 65 the idea of the departure of the couriers, and to 
suppose them to have been travelling from an indefinite time ; the 
question then would be stated thus. Tieo couriers traotl the same 
route in the same direction C A B C (page 72) ; after they hare pro- 
ceeded, each a certain lioie, one finds himself in A at the instant that 
the other is in B ; their distance and rate of going are knoton ; it is 
asked, at what point of the route they vnll encotmter each other f 

This enunciation leads to tbe same equation, as that of art. 65 ; 
but " the continuity of the motion being once established, the nega- 
tive solution admits of an explanation without the necessity of chang- 
ing the direction of one of the couriers. Indeed, since their motion 
does not commence at the points J and B, hut both, before arriving 
at these points, are supposed to have been going in the same manner 
for an indefinite time from C toward B, it is easy to conceive, that 
the courier, who at this point is in advance of the one at j4, wbo 
travels slower, must at a certun time have been behind him and over- 
' taken him before his arrival at the point A. The sign — then indi- 
cates (as in the application of Algebra to Geometry) that the distance 
AR' is to be taken in a direction opposite to AR, which is regarded 
as positive. The change to be made in the enunciation, to render 
the negative solution positive, is reduced to supposing, that the twq 

•dl^ 34 
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couriers mnst have come together before ifaeir arrival at the point A, 

instead of its taking place afterward." 

Indeed, vhen ve place the point R' between A and C, instead of 

putting it between A and B, we find AB = BR' — AR', whence 

results the equation jr — x =: a, iDitead of x — jr ^ a, which we 

first obtained ; and there is no need of changing the sign of e, the 

. . X V 
second equation remaining - = -. 

M. Fran^ais applies not less happily these considerations to the 
case of art. 79) by substituting, for the couriers, moTeable bodies, 
subjected to a continued motion commencing Irom an indefinite time. 
He enunciates the problem thus ; " Tnio moveable Acxfiet are carried 
Kniformly m a straight line CB (page 80) one in the direction BC, 
and the other in the direction CB aith gioen velocities ; that, vAtcft 
is carried tn the first direction, is found in'S, a knouia nusAer of hours 
before the other has arrived at A. ; it is asked, alurhatpoial of the in- 
dejinite straight Une BC their meeting lakes place .* 

The solution x ^ t- 48"'^ implies, that the two moveable bodies 
met at the point R, before that, which is carried from C lowards B, 
bad reached the point A, and that the second, which moves from B 
toward C, was at the point C, where he is -found when the other is 
at the point A." 

The position assigned to the point R, verifies itself by observing, 
that there resulu from it AC = BC — AB ==: c d — a, instead of 
a-^-cd, as first obtained (page 80,) and, conseqently, 

I cd — a — I 

A — I 1 

an equation which gives x — 48. 

In this manner there is no change to be made in the directioa of 
the motion ; indeed there is a difference in the circumstances of the 
problem, and as I said before, this proves, that there are several 
physical questions corresponding to the same mathematical relations. 
But the enunciations, here given, have the advantage of not breaking 
the law of continuity, and this is derived from the consideration of 
lines, which represent in a manner the most simple and general, the 
circumstances of a change of sign in magnitudes. (See the Elemen- 
tary Treatise of Trigonometry and AppUcation of Algela-a to Ge- 
emetry.) 
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It may be thought, that, in order to discover the roots of any equa- 
tion of the fourth degree 

X* -\-p%^ -{-qx.' -f- r I + s = 0, 
it would be sufficient to compare it with the product of article 188, 
observing to put equal to each otbet the quautities by which the 
same power of x !» multiplied ; and it is in this maaner that most 
elementary writers think to demonstrate, that ait equation of any 
degree tehateoer is the product of as many sitapk factors, as there are 
tmits in the exponent of its degree. It will be seen by what follows, 
that the reasoning by which this b attempted to be proved, is defec- 
tive. We slated the proposition with qualification in article 183, 
because it ia necessary, in order to establish it ud condition ally, to 
abow that an equation of whatever degree has a root, real or imagi- 
nary, which is not easily done in an elementary work, and which 
happily is not necessary. Some remarks relating to this subject may 
be found in the Supplement. 
By forming the equations, 

, — a — b — c — d = p, 
ab+ac + ad + bc + bd + cd=q, 
— abc— abd--~ aed — bed=: r, 
abcd=s, 
in order to deduce from them the value of the letters, a, b, c, d, the 
roots of the proposed equation, the calculation would be very com- 
plicated, if, in the determinatian of the unknown quantities, a, b, c, d, 
we adopt the method of article 7^ i but if we multiply the first of the 
above equations by a^, the second by a', the third by a, and add 
these three products to the fourth, member to member, we shall have 

-a^^pa' + qa' +ra + s, 
from which we derive, by simple transposition, 

a*+pa'-\-qa' + ra + s = 0. 
This equation contains only a, but it is entirely similar to the one 
proposed. The difficulty of obtaining a, therefore, is the same as 
that of obtaining z. 

"Thus," says Castillon (Mem. de Berlin, ann^e 17S9) "it is 
shown in every work on algebra, that an equation of any degree we 
please, is formed of several simple binomials, but it is not so evident 
that an equation, formed by the multiplication of several simple bino- 
mials, can have such coefficients as we please." 
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If, iuteBil or muhiplyiDg tbe firs( three iiquatioiu in a, h, c, d, by- 
a*, a*, and a, respectively, ire multiply them by 6', 6', and b, or by 
«', e*, e, or d>, tP, d, and add dm products to the fourth equation, 
we shall have in the fint 

— b* = ph' + q b* + rb + s, 
in the aecond 

-,'=,,■ + ,«• + ,. + ., 

in the third 

— d«=:p(P-f-y<P +rd-i- Si 
from which it fellows, that we are conducted to the same equation in 
the case of a, in that of b, &c. Indeed the quantities, a, b, e, d, being 
all disposed in the some manner in each equation, it is not to be 
supposed that one should be determined by a different operation 
from that of tbe others ; and, in general, if in tbe investigation of 
several unknown quantities, we are obliged to employ for each the 
same reasonings, the same operations, and the same known quanti- 
ties, all these quantities will necessarily be roots of the same equation- 
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LACROK'S ALGEBRA. 



I. Addition, Art. 18. 

1. Add the quantities a; +y? + 42 — 29 x — "^z — %. 

Ana, 83 — 28 x. 

2. Add 147 + 23 6 — o — 6+20. 

Am. 148 + 22i. 

3. Add 110+ 11 oft + II oJe— Ho + o6— 11 ofic. 
.^ An3. I2o6. 

4. Add43o— 27c — 200+ 7c — 616 — 21 + 57 6 + 20c. 

Ans. 2 o — 4 ft. 

5. Add o + 9d+a — 7c + 81— + 6d + 6 c— 7x— 14 d. 

Aiu. a •~~ c -\- d -{■ X. 

e. Add7o6c + 6o6 + 5c— a6c+21a;+9c — 27a!y + 
Softc + lOai — 93z+ 10 6 + 31*— 2oft — e + Saiy — oJe 
+ 33 «. 

Am. 13oftc + 4o6+ 13c+ 10 6+ 62ar— 22a!y — 60z. 

II. SwftiraciiOTi, Art. 20. 

7. From 61 — 85+ 3 

subtract 2ir + 9y — 2. Ans.Ax — 17y + 5. 

8. FrMn 5xy — 8 

subtract — 3xjr+ I. Am. ixy — 9. 

9. From 4a?i/ — x -\- xy 

subtract ^xy + 2 + xy. Am. 2xy — -x — 2. 

10. Prom 5x + X — 8 — 46 

sablract 6a! — 10 + 46 — x. Am. 2 + a; — 8 6. 
,11. From 148 o + 47 a ft — 23 aftc + 1 — x 
subtract 99a — 47a6 — Babe — 2 + 4x. 

Am. 49a+ 94 oft — 15a6c + 3 — 5x. 
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18. From 76 — 8c -j- 326 ly — 43 6 + 111c + ff 
subtract — 5006 — 22 a — 87 ay — 7 c. 

Am. 4646+ 33a + 110c + ilSxy. 

in. Multiplication, Art. 33. 

13. Multiply 13 3; by 3 a. ^ns. SSa'x. 

14. Multiply 3«y — 8 + Sly i by »y. 

Ant. 3 a;* y* — 8 j; y + 2x* y» 

15. Multiply 12i» — 4y* by — 2x'. 

Am. — 24 a;* + Qx'y- 

16. Multiply x' + x^n + xy' + y» by a: — y. 

Am. X* -^y* 

17. Mnltiply I" + xt/ +j/*hjx* —xff + y'. 

Ans. X* + x?y' -\- y' 

18. Multiply 31* — 2iy + 5 byi* + 2a:y — 3. 

Ant. 3x* + 4a;'y — 4a;' — 4a:*y' + 16a:y — 15, 

19. Multiply 3i» + 2a!»y» + 3y'by2»' — 3**y' + 5; 
Ant. &x* — 5a:»y» + 21a:»y» — 6i*y' +a;"y' +I5if* 

IV. Divisimi, Art. 46. 

20. Divide 10«*y — 15y» — 5y by 5y. 

Ans. 2x* — 3 y — 1 

21. Divide 3 a» — 15 + 6 o + 3 h by 3 o. 

.4«*. a — ^ + 2 + I 

22. Divide Gx* — 96 by 3 a; — 6.' 

Ans. 2a:» + 4a;» + 8 a! + 16. 

23. Divide 48a?' — 76aa;» — 64 a* ic + 105o' by2« — 

Ans. 24 a;* — 2 a; — 35 a' 



V. Reductitm of Fractions, Art. 60 and 52. 



ca' +a'x 
Ans. c + x. 
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25. What is the greatest comtnon measure of — -j--- T 



Arts. X + I. 



36. What is the greatest cofflmon divisor of 



Ans. x' — 6' gr. c. d. and — 
, 5a' + 10 a* z + 5 g' z' 



■ to its lowest terms. 



a common denominator. 

- 9a Bar ,1 

Ans. -— , ~ — and - 



30. Reduce -, — and — 4- — i** fractions havine a common 
2 3 x-\- a * 

denominator. 

^ Sx + Sa 2a'x + 2a' ,6x*+6tifi 

Ant. ■% — r-2~i — s — r^ j^n^-^ — r-2 — ■ 



4a* ' 4a* 4a* 



VI. Mult^lkation and Division of Fractions, Art, 51. 

2. What is the product of - and Lll£ ? 
a a + e 
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34. WlBli>llieindMa(^.=i^aiid^4^« 

. ■• — •■ 

35. Wliatiitlieqiiotieiit<rf|difii]edb/-^? 

36. What it Uk qooiieiit of ^-^ divided hj^t 



37. What ia the qootieol of , . ^ divided by 

VII. AdJStian mtd Sublreelim q^f rac^MU, ArL 53. 



39. Add ^, ^', and '-i±i togelliet. 

40. Add together 4 x, ^, and 3 + |. 

- 158* , ,23* 

,. „ X 4- a V. . « rf dx + ad — be 

41. From —3 — subtract -y .4w. — ^ . 

42. From — subtract — ■- .tfn*. -^. 

43. From 3* -f- 1 subtract x ^^^— 
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VIII. Problems in Simple Eqaatims, Art. 82. 

44. In 5a! — 16 = 2a: + 6 to find ihe value of i. 

Ans. X = 7. - 

45. In 3y — 2 + 24 = 31 to find y. 

Aru. y = 3. 

46. In the equations ^-i^ +8y = 31 and^^-+ 10a: = 

193 to find X andy. 

Ana. X = 19 and j/ z= 3. 

47. Out of axask of wine, which had leaked away one third, 
21 gallons were drawn, and then being gauged it was found to 
be half full: how much did it hold? Atu. 126 gallons. 

48. What two numbers are those, whose difierence is 7 and 
sum 33 ? Afu. 13 and 20. 

49. What number is that from which if 6 be subtracted, two 
thirds of :he remainder will be 40 ? Ans. 65. 

50. At a certain election 375 persons voted, and the candidate 
chosen hi^d a majority of 91 votes: how many voted for each 
candidate I ' Ans. 233 for one, and 142 for the othw. 

51. A post is J in the mud. ^ the water, and 10 fe^ above the 
water : what is its whole length f Ans. 24 feet. 

52. A man arriving at Paris, spent the first day ^ of tbe . 
money be brought with him, the second day |, and the third day 
}, after which be had only 26 crowns left : how much did he 

. have on arriving at Paris t Ant. 120 crowns. 

53. A horse said lo a mule, if I give you one of my sacks we 
shall be equally loaded, if I take one of yours I shall have 
twice as much as you : bow many sacks had each ? 

Am. The borse 7 and the mule 5. 

&4. A man being asked how many crowns he had, replied, tf 
you add together a half^ a third, and a quarter of what I have, 
the sum will exceed the number of crowns I have by one : what 
was the number ? Am. 1 2. 

55. A privateer running at the rate of 10 miles an hour dis- 
covers a ship 18 miles off makiog way at the rate of 8 miles an 
hour : how many miles can the ship run before being overtaken ? 
An-1, 73 miles, or 9 honrs. 

Alg. 35 
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